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Chapter 2

Section 2.1

1. P(does not fail = 1— P(fails) =1—-0.12=0.88

2. (8){1,2,3
(b) P(odd number=P(1)+P(3)=3/6+1/6=2/3
(c) No, the set of possible outcomes is sill, 2, 3}.

(d) Yes, a list of equally likely outcomes is thé¢h, 1, 1, 2, 2, 3, 3, soP(odd) = P(1) + P(3) =3/7+2/7=5/7.

3. (a) The outcomes are the 16 different strings of 4 trugefahswers. These &€TTT, TTTF, TTFT, TTFF, TFTT,
TFTF, TFFT, TFFF, FTTT, FTTF, FTFT, FTFF, FFTT, FFTF, FFFFRF}.

(b) There are 16 equally likely outcomes. The answers atb@lame in two of them, TTTT and FFFF. Therefore
the probability is 216 or 1/8.

(c) There are 16 equally likely outcomes. There are four efthTFFF, FTFF, FFTF, and FFFT, for which exactly
one answer is “True.” Therefore the probability 514 or 1/4.

(d) There are 16 equally likely outcomes. There are five afth€FFF, FTFF, FFTF, FFFT, and FFFF, for which
at most one answer is “True.” Therefore the probability j1$&

4. (a) The outcomes are the 27 different strings of 3 chosan fronforming (C), downgraded (D), and scrap (S).
These ar§ CCC, CCD, CCS, CDC, CDD, CDS, CSC, CSD, CSS, DCC, DCD, DCS, OnRD, DDS, DSC,
DSD, DSS, SCC, SCD, SCS, SDC, SDD, SDS, SSC, SSD} SSS

(b) A={CCC, DDD, SS$
(c) B={CDS, CSD, DCS, DSC, SCD, SBC
(d)C={CCD, CCSs, CDC, CSC, DCC, SCC, CEC

(e) The only outcome common foandC is CCC. Thereford NC = {CCC}.
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(f) The setAUB contains the outcomes that are eitheAjrin B, or in both. TherefordUB = {CCC, DDD, SSS,
CDS, CSD, DCS, DSC, SCD, SpC

(g) C° contains the outcomes that are no€&nANCE contains the outcomes that areArbut not inC. Therefore
ANC®={DDD, SSg.

(h) A® contains the outcomes that are noAinA® N C contains the outcomes that aredrbut not inA. Therefore
A°NC={CCD, CCS, CDC, CSC, DCC, SGC

(i) No. They both contain the outcome CCC.

() Yes. They have no outcomes in common.

5. (a) The outcomes are the sequences of candidates thatiteneitiver #1 or #2. These afd, 2, 31, 32, 41, 42,
341, 342,431, 43

(b)A={1,2}

(c) B={341,342, 431, 43p

(d)C = {31, 32, 341, 342, 431, 432
(e)D={1,31,41, 341,43}

(f) A and E are mutually exclusive because they have no outsamcommom.
B and E are not mutually exclusive because they both corttaintitcomes 341, 342, 431, and 432.
C and E are not mutually exclusive because they both corftainatcomes 341, 342, 431, and 432.
D and E are not mutually exclusive because they both corfteiotitcomes 41, 341, and 431.

6. (a) The equally likely outcomes are the sequences of tetindt candidates. These af#2, 13, 14, 21, 23, 24,
31,32,34,41,42,43

(b) Of the 12 equally likely outcomes, there are 2 (12 and 2t)which both candidates are qualified. The
probability is therefore 212 or 1/6.

(c) Of the 12 equally likely outcomes, there are 8 (13, 14, 28, 31, 32, 41, and 42) for which exactly one
candidate is qualified. The probability is thereford 8 or 2/3.
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SECTION 2.1

7. (@) P(livingroomorden = P(living room)-+ P(den
= 0.26+0.22
0.48

(b) P(not bedroom = 1—P(bedroon)
= 1-0.37
= 063

8. (a) 0.7

(b) P(not poor risk =1 —P(poorrisk =1—0.1=0.9

9. (a) The events of having a major flaw and of having only mftaavs are mutually exclusive. Therefore
P(major flaw or minor flawy = P(major flaw) 4+ P(only minor flawg = 0.15+ 0.05= 0.20.

(b) P(no major flaw = 1 — P(major flaw) = 1 — 0.05= 0.95.

10. (a) False
(b) True

(c) True. This is the definition of probability.

11. (a) False

(b) True

12.(a) P(VNW)

P(V)+P(W)—-P(VUW)
= 0.15+0.05-0.17
= 0.03
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(b) P(VENWE) = 1— P(VUW) = 1—0.17=0.83.

(c) We need to findP(V NW¢). Now P(V) = P(VNW) + P(V NW°¢) (this can be seen from a Venn diagram). We
know thatP(V) = 0.15, and from part (a) we know thB{V NW) = 0.03. Thereford®(V NW¢) = 0.12.

13.(@) P(SUC) = P(S)+P(C)—P(SNC)
0.4+0.3-0.2
0.5

(b) P(S*NC’) =1-P(SUC)=1-05=0.5.
(c) We need to findP(SNC°®). Now P(S) = P(SNC) + P(SNCF) (this can be seen from a Venn diagram). Now

P(SNC) = P(S)+P(C)—P(SUC)
= 04+03-05
= 02

SinceP(S) = 0.4 andP(SNC) = 0.2,P(SNCF) = 0.2.

14. (a) Since 562 stones were neither cracked nor discql88estones were cracked, discolored, or both. The proba-
bility is therefore 3600= 0.0633.

(b) LetA be the event that the stone is cracked andlbe the event that the stone is discolored. We need to find
P(ANB). We know thatP(A) = 15/600= 0.025 andP(B) = 27/600= 0.045. From part (a) we know that
P(AUB) = 38/600.

Now P(AUB) = P(A) 4+ P(B) — P(ANB). Substituting, we find that 3&00= 15/600+ 27/600— P(ANB).
It follows thatP(ANB) = 4/600= 0.0067.

(c) We need to findk?(ANB°). Now P(A) = P(ANB) + P(ANB°®) (this can be seen from a Venn diagram). We
know thatP(A) = 15/600 andP(ANB) = 4/600. Thereford>(ANBf) = 11/600= 0.0183.

15. (a) LetR be the event that a student is proficient in reading, anWIée the event that a student is proficient in
mathematics. We need to filR[R°NM). Now P(M) = P(RNM) + P(R° NM) (this can be seen from a Venn
diagram). We know tha&®(M) = 0.78 andP(RNM) = 0.65. Thereford®(R°*NM) = 0.13.
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SECTION 2.1 31

(b) We need to findk?(RNMC). Now P(R) = P(RNM) + P(RNM?€) (this can be seen from a Venn diagram). We
know thatP(R) = 0.85 andP(RNM) = 0.65. Thereford®(RNM°®) = 0.20.

(c) First we comput®(RUM):
P(RUM) = P(R) +P(M) — P(RNM) = 0.85+ 0.78— 0.65= 0.98.
Now P(RENM°®) = 1— P(RUM) = 1—0.98= 0.02.

16. P(AUB) = P(A)+P(B)—P(ANB)
= 0.95+40.90-0.88
= 097
17.  P(ANB) = P(A)+P(B)—P(AUB)
= 0.98+40.95-0.99
= 094
18. (@)P(O) = 1—P(notO)
= 1-[P(A)+P(B)+P(AB)
= 1-[0.3540.1040.05
0.50

(b) P(does not contaiB) = 1— P(containsB)
1- [P(B) + P(AB)]

= 1-[0.10+0.05
0.85

00

19. (a) False

(b) True
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(c) False

(d) True

20. (a)A andB are mutually exclusive, since it is impossible for both eég¢a occur.

(b) If bolts #5 and #8 are torqued correctly, but bolt #3 is teotjued correctly, then evenBsandD both occur.
ThereforeB andD are not mutually exclusive.

(c) If bolts #5 and #8 are torqued correctly, but exactly ofithe other bolts is not torqued correctly, then events
C andD both occur. Therefor€ andD are not mutually exclusive.

(d) If the #3 bolt is the only one not torqued correctly, thearmsB andC both occur. ThereforB andC are not
mutually exclusive.

Section 2.2
1. (a)(4)(4)(4) =64

(b) (2)(2)(2) =8

(c) (4)(3)(2) = 24

8 8!
3. (4)_m_70
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33

18\ 18!
4. (9) = 55 = 48620

5. (a) (8)(7)(6) = 336

(b) (2) - % — 56

6. (10)(9)(8) =720

7. (219)(45)=1,048576

8. (a)(26%)(10%) = 17,576,000
(b) (26)(25)(24)(10)(9)(8) = 11,232,000

11,232,000 _ o0,

©) 7576000

9. (a) 3¢ =2.8211x 102
(b) 36° — 268 = 2.6123x 1012

©) % =0.9260
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15 15!
10. (6, 5’4) =65 — 630,630

11.  P(match = P(BB)+P(WW)
= (8/14)(4/6) + (6/14)(2/6)
= 44/84=0.5238

12. P(match = P(RR +P(GG)+ P(BB)
= (6/12)(5/11) + (4/12)(3/11) + (2/12)(1/11)
1/3
Section 2.3

1. AandBare independent P(ANB) = P(A)P(B). ThereforeP(B) = 0.25.

2. AandB are independent P(ANB) = P(A)P(B). Now P(A) = P(ANB) + P(ANBF). SinceP(A) = 0.5 and
P(ANB°) =0.4,P(ANB) = 0.1. Therefore @ = 0.5P(B), soP(B) = 0.2.

3.(a) 515

(b) Given that the first resistor is 8) there are 14 resistors remaining of which 5 are Q00Therefore
P(2nd is 10@|1stis 5@) =5/14.

(c) Given that the first resistor is 100 there are 14 resistors remaining of which 4 are Q00Therefore
P(2nd is 10@|1stis 10@) = 4/14.

4. (a)(10/15)(9/14) = 3/7
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SECTION 2.3 35

(b) P(2 resistors selectgd = P(1stis 5@ and 2nd is 10Q)
= (10/15)(5/14)
= 5/21

(c) P(more than 3 resistors selecjed= P(1st 3 resistors are all 8D
(10/15)(9/14)(8/13)
24/91

5.  Given that a student is an engineering major, it is almetam that the student took a calculus course. There-
fore P(B|A) is close to 1. Given that a student took a calculus coursenitich less certain that the student is
an engineering major, since many non-engineering majéesdalculus. ThereforB(A|B) is much less than
1, soP(BJA) > P(AB).

6. (0.056)(0.027)=0.001512

7. LetArepresent the event that the biotechnology company is gbddit and leB represent the event that the
information technology company is profitable. TH&@#) = 0.2 andP(B) = 0.15.

(2) P(ANB) = P(A)P(B) = (0.2)(0.15) = 0.03.

(b) P(ANBE) = P(AS)P(BS) = (1—0.2)(1— 0.15) = 0.68.

(c) P(AUB) P(A) + P(B) — P(ANB)
— P(A)+P(B)— P(A)P(B)
0.2+0.15— (0.2)(0.15)

= 032
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8.

10.

Let M denote the event that the main parachute deploys, ari8l detnote the event that backup parachute
deploys. TherP(M) = 0.99 andP(B|M®) = 0.98.
@P(MUB) = 1-P(M°NB°
= 1-P(B°|M®)P(M®)
= 1-(1-P(BIM%))(1-P(M))
= 1-(1-0.98)(1—-0.99)
= 0.9998

(b) The backup parachute does not deploy if the main paraatefloys. Therefore

P(B) = P(BNM®) = P(B|M®)P(M®) = (0.98)(0.01) = 0.0098

LetV denote the event that a person buys a hybrid vehicle, andl titnote the event that a person buys a
hybrid truck. Then

P(TNV)
P(V)
P(T)
P(V)
0.05

0.12
= 0417

P(TIV)

LetA denote the event that the allocation sector is damaged eahbldenote the event that a non-allocation
sector is damaged. Thé{ANNC) = 0.20,P(A°NN) = 0.7, andP(ANN) = 0.10.

() P(A) = P(ANNE) + P(ANN) = 0.3
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(b) P(N) = P(A°NN) + P(ANN) = 0.8

(© P(NIA) =

P(ANN)
P(ANN) +P(ANNC)
0.10

0.10+0.20
= 1/3

P(ANN)
P(N)
P(ANN)
P(ANN) + P(A°NN)
0.10
0.10+0.70
= 1/8

(d) PAIN) =

P(ANNS)
P(A)
P(ANN®)
P(ANNC) +P(ANN)
0.20

0.2040.10
= 2/3

(€) P(N°|A)

Equivalently, one can compuB¥N°|A) =1—-P(N|A)=1-1/3=2/3

P(A°NN)
P(N)
P(A°NN)
P(A°NN) + P(ANN)
0.70
0.70+0.10
= 7/8

(0 PAIN) =

Equivalently, one can compuBfA°|N) =1—-P(AN)=1-1/8=7/8
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11. LetOK denote the event that a valve meets the specificatiomR titnote the event that a valve is reground,
and letS denote the event that a valve is scrapped. TREDKNR®) = 0.7, P(R) = 0.2, P(SNR°) = 0.1,
P(OK|R) = 0.9, P(SR) = 0.1.

(@)P(R)=1-P(R)=1-02=0.8

() P(sRe) — PSORY) _ 0.1

(©)P(S) = P(SNR°)+P(SNR)
P(SNR°) + P(SR)P(R)
= 01+(01)(0.2)

0.12

P(SNR)
P(S
P(SRP(R)
P(S)
(0.1)(0.2)

0.12
= 0.167

@PRS =

(€)P(OK) = P(OKNR)+P(OKNR)
P(OKNR®) +P(OK|R)P(R)
0.7+ (0.9)(0.2)

— 088

P(RNOK)
P(OK)
P(OK|R)P(R)
P(OK)
(0.9)(0.2)

0.88
= 0205

(f) P(RIOK)
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SECTION 2.3 39

P(R°NOK)
P(OK)
0.7

0.88
0.795

(9) P(R°[OK) =

12. LetSdenote Sarah'’s score, and Tetlenote Thomas's score.

(a)P(S>175NT > 175) = P(S> 175)P(T > 175) = (0.4)(0.2) = 0.08.

(b) P(T >17501S> T) = P(T > 175P(S> T| T > 175) = (0.2)(0.3) = 0.06.

13. LetT1 denote the event that the first device is triggered, anti2adenote the event that the second device is
triggered. TherP(T1) = 0.9 andP(T2) = 0.8.

(@) P(T1UT2) = P(T1)+P(T2)—P(T1INT2)
P(T1)+P(T2) - P(T1)P(T2)
= 0.9+0.8-(0.9)(0.8)

0.98

(b) P(T1SNT2%) = P(T1C)P(T2°) = (1— 0.9)(1— 0.8) = 0.02

(©) P(T1NT2) = P(T1)P(T2) = (0.9)(0.8) = 0.72

(d)P(T1NT2% =P(T1)P(T2° = (0.9)(1-0.8) =0.18
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14. LetL denote the event that Laura hits the target, andPlebe the event that Philip hits the target. Then
P(L) = 0.5 andP(Ph) =0.3.

(@ P(LUPh) = P(L)+P(Ph)—P(LNPh)
P(L) + P(Ph) — P(L)P(Ph)
0.5+0.3— (0.5)(0.3)

= 065

(b) P(exactly one hit= P(LNPH) +P(L°NPh)

= P(L)P(PK®)+ P(L)P(Ph)
(0.5)(1—0.3) — (1 - 0.5)(0.3)
0.5

P(Lnexactly one hit
P(exactly one hit

(c) P(L|exactly one hit =

B P(LNPH%)
~ P(exactly one hix
_ P(L)P(PH°)
~ P(exactly one hix
_ (05)(1-03)
B 0.5
= 07
88
88
() 88+ 165+260 0.1715
88+ 165
©) 88657260 4932
88+ 165
@ 88+12+165+35 08433
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41

88+165+260 513

16. P(E;)= —————— = — =0.855. From Problem 15(aR(E2 |E1) = 0.88. SinceP(E,|E;) # P(E3),

600 600
E; andE; are not independent.

17 @2 o

56+ 14

(b) =55 =0.70

P(Gene 1 dominam Gene 2 dominant
P(Gene 1 dominant
56/100

0.8
= 07

(c) P(Gene 2 dominaritGene 1 dominant =

(d) Yes.P(Gene 2 dominartGene 1 dominant= P(Gene 2 dominat

71 71

18, _n1
@) T037 711337132 340

0) o=
102486426 107

©) 55 5rs5 a0~ &
26+32+22+40 60

22 22
(d) 33136+22 91

© 86+ 63+ 36+26+32+22 53
86+ 63+ 36+ 105+26+32+22+40 82
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19. LetR, D, andl denote the events that the senator is a Republian, Demociatlependent, respectively, and
let M andF denote the events that the senator is male or female, resggct

(8) P(RNM) = 0.41

(b) P(DUF) = P(D)+P(F)—P(DNF)
= (0.37+0.16) + (0.16+0.04) - 0.16
= 057
©P(R) = P(RNM)+P(RNF)
= 041+0.04
0.45

(d) P(R®) = 1— P(R) = 1— 0.45=0.55

(e)P(D) = P(DNM)+P(DNF)
0.37+0.16
= 0.53

) P(1) PINM)+P(INF)
0.02+0

= 002

(9) P(DUI) = P(D) + P(1) = 0.53+ 0.02= 0.55

20. LetGdenote the event that a customer is a good riskylleienote the event that a customer is a medium risk,
let P denote the event that a customer is a poor risk, an@ ket the event that a customer has filed a claim.
ThenP(G) =0.7,P(M) =0.2,P(P) = 0.1, P(C|G) = 0.005,P(C|M) = 0.01, andP(C|P) = 0.025.

(a) P(GNC) = P(G)P(C|G) = (0.70)(0.005) = 0.0035

(b) P(C) = P(GNC)+P(MNC)+P(PNC)
P(G)P(C|G) + P(M)P(C|M) + P(P)P(C|P)
(0.7)(0.005) + (0.2)(0.01) + (0.1)(0.025)

= 0.008
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(©) P(G|C) = P(CL((?;(G) = (O'%(_)?O(gj) — 0.4375.

21. (a) That the gauges fail independently.

(b) One cause of failure, a fire, will cause both gauges to Taikrefore, they do not fail independently.

(c) Too low. The correct calculation would uBésecond gauge faifirst gauge failsin place ofP(second gauge fails
Because there is a chance that both gauges fail togetherri, &hé condition that the first gauge fails makes
it more likely that the second gauge fails as well.

ThereforeP(second gauge failirst gauge fails > P(second gauge fails

22.  No.P(both gauges fajl= P(first gauge fail$P(second gauge failfirst gauge fail$.
SinceP(second gauge fajlirst gauge fail$ < 1, P(both gauges fajl< P(first gauge fails = 0.01.

23. (a)P(A) = 3/10

(b) Given thatA occurs, there are 9 components remaining, of which 2 aretiefe
ThereforeP(B|A) =2/9.

(c) P(ANB) = P(A)P(BJA) = (3/10)(2/9) = 1/15

(d) Given thatA® occurs, there are 9 components remaining, of which 3 areti\ede
ThereforeP(B|A) = 3/9. NowP(A°NB) = P(A%)P(B|A®) = (7/10)(3/9) = 7/30.

(e) P(B) = P(ANB) +P(A°NB) = 1/15+7/30= 3/10
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(f) No. P(B) # P(BJA) [or equivalentlyP(ANB) # P(A)P(B)].

24. (a)P(A) = 300/1000= 3/10

(b) Given thatA occurs, there are 999 components remaining, of which 298efestive.
ThereforeP(B|A) = 299/999.

(c) P(ANB) = P(A)P(BJA) = (3/10)(299/999) = 299/3330

(d) Given thatA® occurs, there are 999 components remaining, of which 308efestive.
ThereforeP(B|A) = 300/999. NowP(A® N B) = P(A%)P(B|A®) = (7/10)(300/999) = 70/333.

(€) P(B) = P(ANB) + P(A°N B) = 299/3330+ 70/333= 3/10

P(ANB)  299/3330 299
P(B)  3/10 999

() P(AB) =

(9) A andB are not independent, but they are very nearly independente® this note tha&®(B) = 0.3, while
P(B|A) = 0.2993. SoP(B) is very nearly equal td®(B|A), but not exactly equal. Alternatively, note that
P(ANB) =0.0898, whileP(A)P(B) = 0.09. Therefore in most situations it would be reasonablecat# and
B as though they were independent.

25.  n=10,000. The two components are a simple random sample from thelggion. When the population is
large, the items in a simple random sample are nearly indigdn

26. LetE denote the eventthat a parcel is sent expres&{sienotes the event that a parcel is sent standard), and let
N denote the event that a parcel arrives the next day. PEn= 0.25,P(N|E) = 0.95, andP(N|E®) = 0.80).

(8) P(ENN) = P(E)P(N|E) = (0.25)(0.95) = 0.2375.
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(b) P(N) P(N|E)P(E) + P(N|E®)P(E®)
(0.95)(0.25) + (0.80)(1— 0.25)

= 0.8375

P(N|E)P(E)
P(N|E)P(E) + P(N|E)P(E®)
(0.95)(0.25)
(0.95)(0.25) + (0.80)(1— 0.25)
= 02836

(c) P(EIN)

27.  LetRdenote the event of a rainy day, and@tlenote the event that the forecast is correct. TP@R) = 0.1,
P(C|R) = 0.8, andP(C|R°) = 0.9.

(@) P(C) P(CIR)P(R) + P(C|R°)P(R°)
(0.8)(0.1) + (0.9)(1—0.1)

= 0.89

(b) A forecast of no rain will be correct on every non-rainydéherefore the probability is 0.9.

28.  LetA denote the event that the flaw is found by the first inspectat,let B denote the event that the flaw is
found by the second inspector.

(8) P(ANB) = P(A)P(B) = (0.9)(0.7) = 0.63
(b) P(AUB) = P(A) + P(B) — P(ANB) = 0.9+ 0.7 — 0.63= 0.97

(c) P(A°NB) = P(A°)P(B) = (1—0.9)(0.7) = 0.07

29. LetF denote the event that an item has a flaw. Redenote the event that a flaw is detected by the first
inspector, and leB denote the event that the flaw is detected by the second itmspec
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P(AC|F)P(F)
P(AC|F)P(F) + P(AS|F¢)P(F¢)
(0.1)(0.1)
(0.1)(0.1) + (1)(0.9)
= 0011

(@) P(FIAY) =

P(A°N BS|F)P(F)

P(A°N BS|F)P(F) + P(A°N BY|FC)P(F°)
P(A°|F)P(BS|F)P(F)
P(A%|F)P(BS|F)P(F) + P(A%|F¢)P(BS|F¢)P(F¢)
(0.1)(0.3)(0.1)
(0.1)(0.3)(0.1) + (1)(1)(0.9)

— 0.0033

(b) P(FIA°NBY) =

30. LetD denote the event that a person has the disease, anddenote the event that the test is positive. Then
P(D) = 0.05,P(+|D) = 0.99, andP(+|D®) = 0.01.

P(+|D)P(D)
P(+|D)P(D) + P(+|D%)P(D°)
(0.99)(0.05)
(0.99)(0.05) + (0.01)(0.95)
— 0.8390

(@) P(DI+)

P(—|D°)P(D°)
P(—|D°)P(D¢) +P(—|D)P(D)

(0.99)(0.95)
(0.99)(0.95) + (0.01)(0.05)
0.9995

(b) P(D°|-) =
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31. (a) Each child has probability 0.25 of having the dise&ece the children are independent, the probability that
both are disease-free isf® = 0.5625.

(b) Each child has probability 0.5 of being a carrier. Sirfee ¢hildren are independent, the probability that both
are carriers is 32 = 0.25.

(c) Let D denote the event that a child has the disease, ar@ldenote the event that the child is a carrier. Then
P(D) =0.25,P(C) = 0.5, andP(D°®) = 0.75. We first comput®(C|D¢), the probability that a child who does
not have the disease is a carrier. FIF{CN D) = P(C) = 0.5. Now

P(CND® 05 2
P(C|D%) = DY =075 3

Since children are independent, the probability that bbtldeen are carriers given that neither has the disease
is (2/3)%2 = 4/9.

(d) LetWp denote the event that the woman has the diseas&\d elenote the event that the woman is a carrier,
and letWe denote the event that the woman does not have the disease rawtchi carrier. TheR(Wp) = 0.25,
P(We) = 0.5, andP(Wg ) = 0.25, LetCp denote the event that the child has the disease.

P(Cp) = P(ConNWb)+P(CoNWe)+P(CoNW)
= P(Co|Wo)P(Wb) + P(Cp [We)P(We) + P(Cp [We )P(VW)
= (0.5)(0.25) +(0.25)(0.5) + (0)(0.25)
= 0.25

32. LetFl denote the event that a bottle has a flaw. Eedenote the event that a bottle fails inspection. We are
givenP(Fl) = 0.0002,P(F|FIl) = 0.995, andP(F¢|FI¢) = 0.99.

P(F|FI)P(FI)
P(F|FI)P(FI) + P(F|FIS)P(FI°)
P(F|F1)P(FI)
P(FIFIP(FI) + [1— P(F[FI)|P(FIC)
(0.995)(0.0002)
(0.995)(0.0002 + (1— 0.99)(0.9999
~ 001952

(@) P(FI|F)

(b) i. Given that a bottle failed inspection, the probapithat it had a flaw is only 0.01952.
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33.

P(FC|FI®)P(FI®)
P(FS[FI)P(FIc) + P(FS|FT)P(FI)
P(FC|FI®)P(FI°)
P(F|FIS)P(FI°) + [1— P(F|FI)|P(FI)
(0.99)(0.9998)
(0.99)(0.9998 + (1— 0.995)(0.0002)
= 0.999999

(c) P(FI|F®)

(d) ii. Given that a bottle passes inspection, the probgtitiat is has no flaw is 0.999999.

(e) The small probability in part (a) indicates that somedjbottles will be scrapped. This is not so serious. The
important thing is that of the bottles that pass inspectieny few should have flaws. The large probability in
part (c) indicates that this is the case.

LetD represent the event that the man actually has the diseasktanrepresent the event that the test gives
a positive signal.

We are given thaP(D) = 0.005,P(+|D) = 0.99, andP(+|D) = 0.01.

It follows thatP(D®) = 0.995,P(—|D) = 0.01, andP(—|D¢) = 0.99.

P(-|D)P(D)
P(~|D)P(D) + P(~|D¢)P(D)
(0.01)(0.005)
(0.01)(0.005) + (0.99)(0.995)

5.08x 10 °°

(@) P(D|-)

(b) P(+ + |D) = 0.99 = 0.9801
(c) P(+ + |D) = 0.012 = 0.0001

P(++|D)P(D)

P(++ |D)P(D) 4 P(+ +|D°)P(D¢)
(0.9801)(0.005)
(0.9801)(0.005) + (0.0001)(0.995)

0.9801

(d) P(D[++)
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34.  P(system functions= P[(ANB)U(CUD)]. Now P(AnB) = P(A)P(B) = (1— 0.10)(1 - 0.05) = 0.855, and
P(CuD)=P(C)+P(D)—-P(CND)=(1-0.10)+ (1—-0.20) — (1—0.10)(1— 0.20) = 0.98.
Therefore

P[((ANnB)U(CuUD)] = P(ANB)+P(CuUD)—-P[(ANB)N(CUD)]
P(ANB)+P(CuD)—P(ANB)P(CUD)
0.855+ 0.98— (0.855)(0.98)

0.9971

35.  P(system functions= P[(ANB)N(CuUD)]. NowP(ANB) =P(A)P(B) = (1—0.05)(1—0.03) = 0.9215, and
P(CUD) = P(C)+P(D) —P(CND) = (1—0.07) + (1— 0.14) — (1—0.07)(1— 0.14) = 0.9902.

Therefore
P[(ANB)N(CUD)] = P(ANB)P(CUD)
= (0.9215(0.9902
0.9125

36. (a)P(ANB) = P(A)P(B) = (1—0.05)(1— 0.03)= 0.9215
(b) P(ANB) = (1— p)? = 0.9. Thereforep = 1— /0.9 = 0.0513.

(c) P(three components all functipr= (1— p)® = 0.90. Thereforgp = 1 — (0.9)1/3 = 0.0345.

37. LetC denote the event that component C functions, anb léénote the event that component D functions.

(a) P(system functions = P(CUD)
= P(C)+P(D)—-P(CND)
= (1-0.08)+(1-0.12) — (1—0.08)(1—0.12)
= 0.9904

Alternatively,

P(system functions = 1—P(system fail$
= 1-P(C°ND°)
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1—P(C%)P(D°)
1—(0.08)(0.12)
0.9904

(b) P(system functions= 1— P(C°ND°) = 1— p? = 0.99. Thereforep = /1—0.99=0.1.
(c) P(system functions= 1 — p® = 0.99. Thereforep = (1—0.99)}/3 = 0.2154.

(d) Letn be the required number of components. Thémthe smallest integer such thatD.5" > 0.99. It follows
thatnIn(0.5) <In0.01, son > (In0.01)(In0.5) = 6.64. Sincen must be an integen= 7.

38.  To show that\® andB are independent, we show tHRtA° N B) = P(A%)P(B). Now B = (A°NB)U (ANB),
and (A°NB) and (AN B) are mutually exclusive. Therefof®(B) = P(A®° N B) + P(ANB), from which it
follows thatP(A°NB) = P(B) — P(ANB). SinceA andB are independenB(ANB) = P(A)P(B). Therefore
P(A°NB) = P(B) — P(A)P(B) = P(B)[1— P(A)] = P(A®)P(B). To show thatA andB°® are independent, it
suffices to interchang& andB in the argument above. To show thttandB® are independent, replaBawith
BC in the argument above, and use the fact thahdB° are independent.

Section 2.4

1. (a) Discrete
(b) Continuous
(c) Discrete
(d) Continuous

(e) Discrete

2. (@)P(X <2) =P(X =0)+P(X =1)+P(X = 2) = 0.4+ 0.3+ 0.15= 0.85.
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(b) P(X > 1) =P(X =2) +P(X =3)+P(X =4) = 0.15+ 0.1+ 0.05=0.3.
(c) ux = 0(0.4) +1(0.3) +2(0.15) +3(0.1) + 4(0.05) = 1.1

(d) 0% = (0—1.1)2(0.4) + (1 - 1.1)%(0.3) + (2— 1.1)%(0.15) + (3— 1.1)%0.1) + (4 — 1.1)%(0.05) = 1.39
Alternatively,0% = 0%(0.4) + 1%(0.3) + 22(0.15) + 3%(0.1) + 4%(0.05) — 1.12 = 1.39

3. (Q)ix = 1(0.4) +2(0.2) +3(0.2) + 4(0.1) +5(0.1) = 2.3

(b) 0% = (1—-2.3)%(0.4) + (2—2.3)%(0.2) + (3—2.3)%(0.2) + (4 — 2.3)%(0.1) + (5—2.3)%(0.1) = 1.81
Alternatively,0% = 12(0.4) + 2%(0.2) + 32(0.2) + 42(0.1) + 5%(0.1) — 2.3 = 1.81

(c) ox = v/1.81=1.345

(d) Y = 10X. Therefore the probability density function is as follows.

y |10 20 30 40 50
py) | 0.4 02 02 01 01

(€) Ly = 10(0.4) + 20(0.2) +30(0.2) + 40(0.1) + 50(0.1) = 23

(f) 0% = (10— 23)%(0.4) + (20— 23)%(0.2) + (30— 23)%(0.2) + (40— 23)2(0.1) + (50— 23)%(0.1) = 181
Alternatively,02 = 10%(0.4) + 20%(0.2) + 30%(0.2) + 40%(0.1) + 50%(0.1) — 23 = 181

(g) oy = v/181= 1345

4. (a) p3(x) is the only probability mass function, because it is the amlg whose probabilities sum to 1.

(b) px = 0(0.1) + 1(0.2) +2(0.4) +3(0.2) + 4(0.1) = 2.0,
02 = (0—2)4(0.1) + (1—2)%(0.2) + (2— 2)2(0.4) + (3— 2)2(0.2) + (4— 2)%(0.1) = 1.2
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5. () | 1 2 3 4 5
YT} [0.70 015 0.10 0.03 002

(b) P(X < 2) =P(X = 1)+ P(X = 2) = 0.70+0.15= 0.85
(©) P(X > 3) = P(X = 4) + P(X = 5) = 0.03+0.02= 0.05

(d) px = 1(0.70) + 2(0.15) + 3(0.10) + 4(0.03) + 5(0.02) = 1.52

(e) ox = /12(0.70) + 22(0.15) + 32(0.10) + 42(0.03) + 5%(0.02) — 1.522 = 0.9325

6. (a) ix = 24(0.0825) + 25(0.0744) + 26(0.7372) + 27(0.0541) + 28(0.0518 = 259183

(b) 0% = (24— 25.91832(0.0825) + (25— 25.91832(0.0744) + (26— 25.91832(0.7372) + (27— 25.9183%(0.0541) +
(28— 25.91832(0.0518) = 0.659025

Alternatively, 0% = 24%(0.0825) + 25%(0.0744) + 26?(0.7372) + 277(0.0541) + 282(0.0518 — 25.9183F =
0.659025

ox = v/0.659025= 0.8118.

7. (@) 35 1cx=1,s0c(1+2+3+4+5)=1,soc=1/15.
(b) P(X =2) =¢(2) =2/15=0.2
(©px =32 XP(X =x) =55 1 X2/15= (12 4+ 22+ 32+ 42 4 5?) /15=11/3

(d)o% = 52, (x—ux)?P(X = X) = T2 X(x— 11/3)?/15 = (64/135) + 2(25/135) + 3(4/135) + 4(1/135) +
5(16/135) = 14/9

Alternatively,0% = S>_; X?P(X =x) — & = 55_;x3/15— (11/3)2 = (13428 + 33+ 434+ 5%) /15— (11/3)? =
14/9

(e) ox = \/14/9 = 1.2472

8. (a)P(X < 2) =F(2) = 0.83
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(b) P(X >3) =1-P(X <3)=1—F(3)=1-0.95=0.05
(€ P(X=1)=P(X <1)—P(X <0) = F(1) — F(0) = 0.72— 0.41=0.31
(d) P(X =0) = P(X < 0) = F(0) =0.41

(e) For any integex, P(X = x) = F(x) — F(x—1) [note thatF (—1) = 0]. The value ok for which this quantity is
greatest ix= 0.

P1(X)

0.2
0.16
0.128
0.1024
0.0819

0.0655

9. (a)

O WNEFEOIX

P2(X)

0.4
0.24
0.144
0.0864
0.0518

0.0311

(b)

O WDNEFEOIX

(c) p2(x) appears to be the better model. Its probabilities are alyfaiose to the proportions of days observed in
the data. In contrast, the probabilities of 0 and 1dgfx) are much smaller than the observed proportions.

(d) No, this is not right. The data are a simple random sangpld,the model represents the population. Simple
random samples generally do not reflect the population xact

10. LetAdenote an acceptable chip, dddin unacceptable one.

(@) P(A) = 0.9

(b) P(UA) = P(U)P(A) = (0.1)(0.9) = 0.09
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(c) P(X = 3) = P(UUA) = P(U)P(U)P(A) = (0.1)(0.1)(0.9) = 0.009

[ (09)(0.1)t x=1,23,...
(d) p(x) = { 0 otherwise

11. LetAdenote an acceptable chip, dddan unacceptable one.

(a) If the first two chips are both acceptable, tives 2. This is the smallest possible value.
(b) P(Y = 2) = P(AA) = (0.9)> = 0.81

P(Y =3 andX =1)

©PKY=3X=1)= S =T)

Now P(Y = 3 andX = 1) = P(AUA) = (0.9)(0.1)(0.9) = 0.081, andP(X = 1) = P(A) = 0.9.

ThereforeP(Y = 3|X = 1) = 0.081/0.9 = 0.09.

P(Y =3 andX = 2)
P(X=2)
Now P(Y = 3 andX = 2) = P(UAA) = (0.1)(0.9)(0.9) = 0.081, and
P(X =2) =P(UA) = (0.1)(0.9) = 0.09.
ThereforeP(Y = 3|X = 2) = 0.081/0.09= 0.9.

(d)P(Y =3X=2) =

(e) If Y = 3 the only possible values fof areX = 1 andX = 2.

Therefore
PY=3) = PY=3X=1PX=1)+P(Y=3X=2)P(X=2)
= (0.09)(0.9)+ (0.9)(0.09)
= 0.162
12.(@)0,1,2,3

(b) P(X = 3) = P(SS$= (0.8)% = 0.512
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(c) P(FSS = (0.2)(0.8)2=10.128
(d) P(SFS = P(SSH = (0.8)2(0.2) = 0.128

(€) P(X = 2) = P(FSY + P(SFS + P(SSH = 0.384

() P(X=1) = P(SFF)+P(FSF)+P(FFS)
= (0.8)(0.2)%+(0.8)(0.2)%+ (0.8)(0.2)?
= 0.096

(9) P(X = 0) = P(FFF) = (0.2)3 = 0.008
(h) ux = 0(0.08) + 1(0.096) + 2(0.384) 4 3(0.512) = 2.4

(i) 0% = (0—2.4)%(0.08) + (1 —2.4)%(0.096) + (2 — 2.4)%(0.384) + (3—2.4)%(0.512) = 0.48
Alternatively,o% = 0%(0.08) + 12(0.096) + 22(0.384) + 3%(0.512) — 2.4 = 0.48

() P(Y =3) P(SSSK+ P(SSF$+ P(SFS$+ P(FSS$
(0.8)3(0.2) + (0.8)3(0.2) + (0.8)3(0.2) + (0.8)3(0.2)

= 0.4096

90 x 2 — 160k | >
13. _
(a)/ 800 dX=—7500

=0.0625

120
120 x_ 80 3_ 120
o) [ xS ax=X

g0 800 2400 = 320/3=10667

120
— (320/3)? = 800/9

120
» 2X—80, ¢
(©)ox = /80 s00 X (320/3) = 55— 30/

=,/800/9=9.428
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(d) F(x / f(t

If x < 80, F (x / 0dt=0

80
If 80 < x < 120,F (X / 0dt+/ —dt_x2/16oo—x/1o+4.

80 120t _ g0

If x> 120,F(x OdH- ——dt+ Odt—
800 120

30

14 P X g X 055
. (a)/25 250 X= z00| =©
25
30
(b) u= / 750 —76/3:25.33
(© 0 = [ kst (763 = oo e/ =740
X Joo 7 250 1000 -

(d) ox = \/% — \/74/9 = 2.867

(€) F(x / F(t

If x < 20, F (x / 0dt=0

20
If 20 < x < 30, F (x / Odt+/ —dt_x2/500 4/5.

80 30
> =
If x> 30, F(x / Odt+/ 250dt+/ 0dt —

30

15. (Qu = /0 0.1te %% dt
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—0.1t

_/ _ e Olt gy
0

- 0-— 1%70.1'[

8

= 10

(b) 02 /0 0.1t% Ol gt — |2

_t2e 01t

- / _2te O gt — 100
0

— 0420 / 0.1te 9% gt — 100
0

0+ 20(10) — 100
100

ox =+v100=10

(©) F(x / £(t)dt.

If x< 0, F(x / 0dt=0

If x> 0, F(x / 0dt+/01e°1tdt—1 o0

d) LetT represent the lifetime?(T < 12) = P(T < 12) = F(12) = 1— e 12 =0.6988.
( p

10.25

1025
= =10

16. (@)u= / X(1— 16(x— 10)2dx= — 12 + 320¢ — 23985x

9.75

1025 10.25
(b) 02 = /9 h 3(x—10)2[1—16(x— 10)?]dx = (x— 10)®> — 9.6(x — 10)°

9.75

=+/0.0125=0.1118

X

(©) F(x) :/ F(t)dt.

—00

= 0.0125.
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X
If x < 9.75,F () :/ 0dt = 0.
If 9.75< x < 10.25,

X

X X
F(x) = / Odt + / 3[1—16(t—10)7dt—3t—16(t— 10| —3x— 16(x—10)3— 295
—co 9.75
9.75

If x>10.25,F(x) = 1.
(d) None of themF (9.75) = 0.

(e) All of them.F(10.25) = 1, so all of the rings have diameters less than or equal t&lh2 Since none of the
rings have diameters less than 9.75 cm, all of them have déxsleetween 9.75 and 10.25 cm.

17.  With this process, the probability that a ring meets flexgication is

101 0.05 0.05
/ 15(1 — 25(x— 10.05)2)/4dx— / 151 — 25| /4dx— 0.25(15x— 1253)|  —0.641.
9.9 —-0.15
—-0.15
With the process in Exercise 16, the probability is
10.1 0.1 01
/ 3[1—16(x— 10)4 dx= 31— 16x% dx= 3x— 16 = 0.568.
9.9 -0.1 o1
Therefore this process is better than the one in Exercise 16.
Y 16 |~
18.aPX>2=/ dx=— ~1/16
@P( ) 2 (x+2)° (x+2)4 ) /
4 64 16 |
bP2<X<4:/ 5% dx=-—">_| =65/1296
© 64 o 64 © s 1 5, 1 0]
(c)u:/o xmdx:/2 (u—2)$du:64/2 (u®—2u )du_64<—§u +§u , =2/3

o 64
2 _ 2 2
@o” = /o X g K
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/m(u _ 2)2%0“1_ (2/3)2

2
64 / (U3 —4u?+4uSdu — 4/9
2

[

— 4/9

1 4
64 (— “u2 4 §u*3 - u4)
2

2

= 8/9

(e)F(x) = ” f(t)dt.
If x<0,F(x)= XOdt:O.

X

X 64 16 16
If x>0,F(x) = dt=——+ | =1——
x20.F(x) /o(t+2)5 2t |, o

6
7= 0.5, soxm = 0.3784.

f) The mediarxy, solvesF (xy,) = 0.5. Therefore - ———
() er ( m) (Xm+ 2)

(9) The 60th percentilggo SolvesF (Xe0) = 0.6. Therefore - —————
(Xe0+2)

4

19. (Q)P(X > 3) = /3 * (3/64)(4—x)dx— (1% - g’—g;) — 67/256
3
3
(B)P(2< X < 3) = /2 ’ (3/64)(4— x)dx— <’1(_Z _ %Z) — 109/256
2

L
3¢ 3x) 4

4
@ n= [ (3/6ap3(a—xdx= (a 320

0

2 [* _ _ 2<3_X5_X_6) 4_ 2_
d)o _/0(3/64)X4(4 Xdx— 1P = (o5 - 2 O 242 —064

= 0.6, soxgg = 0.5149.
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(e)F(x) = f(t)dt

If x<0,F(x)= 0dt=0

IfO <x<4,F(x)= /OX(3/64)t2(4—t) dt = (16 — 3x*) /256

4
If x> 3,F(x) :/O (3/641%(4—t)dt =1

0.02

0.02 2
20. (@)P(X < 0.02) — / 625 dx— 22| _0125
0
0
0.04 0.08 0.04
(b) = / 625<2dx+/ (50x— 625¢) dx— 223
0 0.04 3

(c) The variance is

0.04 0.08
@ = / 6253dx+ [ (50— 625¢)dx— 2
0

0.04
 e25¢ 0.04 (50)(3 625(4) 0.08 o
N 4 3 4 '
0.04
= 0.0002667

The standard deviation = 1/0.0002667= 0.01633.

X
(d)F(x):/ F(t)dt
Lo
Ifng,F(x):/ 0dt—0
WO
If0 < x < 0.04,F(x) :/ 625 dt — 6252
0

0.04 0 0.08
If x> 0.08,F (x) :/ 625dt+ [ (50— 623)dt—1
0 0.04

o+<

0.04 X 625
I 0.04< x < 0.08,F (x) — / 628 dt+ [ (50— 62%)dt = 50x— -

1

(e) The mediammy solvesF (xm) = 0.5. SinceF (x) is described by different expressions for 0.04 andx > 0.04,
we computeF (0.04). F(0.04) = 6250.04)?/2 = 0.5 soxy = 0.04.
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625¢ 0.04

0.04 0.063
(f) P(0.015< X < 0.063) = / 625¢dx+ (50— 625x) dx=
0.015 0.04

0.2
=0.0272
0

21. (a)P(X < 0.2) = 00'212(x2 —x3)dx = 43 — 3¢

1
(b) u:/olle(xz—xe‘)dx:B,X“—%zxs —06

0

(c) The variance is

1
0’ = /12x2(x2+x3)dx—p2
0

= (%ZXS + 2x6)

0.04

1
—0.6°
0

@Fx = [ e
If x < 0, F(x / 0dt =0

X
If0<x<1,F(x /12 a3t —ad_3é

If x> 1,F(x /12 3dt—1

08
=0.81922
0

(e)P(0< X < 0.8) = 00'8 1202 —x3) dx = (4% — 3¢

1

=0.2689
05

22. (@)P(X > 0.5) = /0152e_2x2dX: <$) (—e )

l1-e

+(s0c-
0

625¢2

)

0.063

0.04

=0.9097
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1 —2X
by — / 2xe dx
0

I
o N N N
N
R
MRS
N
~
|
c
@
c

I

o
w
~
w
>
©

(c) LetX denote the concentration. The meapis= 0.34348.

P(M—01< X <pu+0.1) dx

/0.44348 2~ 2x
0.

24348 1—€2

5y 044348

l-e2
0.24348
o0.48696_ 088696
l-e2
= 0.23429

1 9y2a2X
(d) The variance is?> = /02)(7667de—;12
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N

_ (4 e2e2_ )[—4e2+2<—2e2

J-G=)
=

= (4e2—4 —4e24+2(1-3e9)] -
 &@-5 [(&€-3)°

T o222-2 \2e2-2

— 0.0689845

The standard deviation &= 1/0.0689845= 0.26265.

(e) LetX denote the concentration. The meapis= 0.34348. The standard deviationds= 0.26265.

0.60613 2@
Plu—o<X<p+a) = / ——dx
0.08083 1—¢€

0.60613

l-e2
0.08083
o 0.16167_ 5121226
l-e2
= 0.63979

a2

) F(x / F(t

If x< 0, F(x / 0dt =0

x g2 1-—e
IfO 1,F = dt =
<X< (x) = o
f te? |
fFx>1,FX)= [ —dt=1
X= ) 0 l-e?2

25 25
23. (@)P(X < 2.5) = / (3/52%(6— x)dx— (92 —x%)/52| —0.2428
2
2
35 o2 3 |>°
(b) P(2.5 < X < 3.5) = / (3/52X(6 — X)dx= = — 0.5144
2.5
25

Page 63



64 CHAPTER 2

. B 4
(©) u= /2 (3/52)x2(6—x)dx=% _

(d) The variance is

4
@ = /2 (3/52)x3(6— X) dx— 2

¢ 3¢ |

104 260 ,
= 0.3230769

2

The standard deviation 3= 1/0.3230769= 0.5684.

(e) LetX represent the thickness. Th¥ris within +o0 of the mean if 4316< X < 3.5684.

3.5684 02 _ 3 | 3°084

P(2.4316< X < 3.5684) = (3/52)x(6 —x)dx= =0.5832
2.4316 52

2.4316
X
OFx= [ fwat

If x < 2, F(x / 0dt =0

If2 < x < 4, F(x / Odt+/ (3/52t(6_t)dt= & 52 —28

If x> 4, F (X / Odt+/ (3/52)t(6—1) dt+/ odt=1

24. (a)c solves the equatioy( c/x3dx: 1. Therefore-0.5¢c/x?| =1, soc=2.
1

1

=2
1

G = [ oyxdx= [ 2pddx=-2

(©) F(x / F(t)dt

If x < 1,F(x / 0dt=0
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If x>1,F(x / Odt+/ 2/t3 dt_—t—z —1—1/x2.

(d) The mediarxy, solvesF (xy) = 0.5. Therefore 1- 1/x2,= 0.5, SOxm = 1.414.
(e)P(X <10)=F(10) =1—-1/10°=0.99

() P(X<25)=F(25) =1-1/25°=0.84

P(X<25andX <10) P(X<25) 0.84
P(X < 2.5|X < 10) = — _ 2% 085
(@ P(X < 25X < 10 P(X < 10) P(X<10) 099

2

2
25. (A)P(X < 2) = / xe X dx = (—xex ) — 1—3e2=0.5940
0

| )
15

2 2
+/ exdx> = (—Zez—eX
o o

3

0

3

+ exdx> = (—3e3+ 156 15 _¢gX

3
(b) P(LE < X < 3) — / xe *dx— <—xeX
15 1.5

15
=256 15 _4e3=0.3587
=2

+/ 2xe Xdx= 0+ 2xe *
0 0

(c)u:/ xPe Xdx= —xe X
0

@Fx = [ e
If x< 0, F (X / 0dt=0

If x>0, F (X /te’tdt_ (x+ 1)

125
=05

125
26. (Q)P(X < 125) = / 6(x— 12)(13— x) dx= —2x° + 754 — 936
12

12

13
=125
12

13 ¢
(B)p= | 6x(x—12)(18-x)dx=——-+ 50x° — 468
12
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13 5 13

(c)o?2 = / 6x2(x— 12)(13— x) dx— P2 = —% + g —312¢
12

12

The standard deviation 3= 1/0.05= 0.2236.

(d)F(x):/X F(t)dt
|fxg12,|:(x):/X 0dt—0

—1252=0.05

X
If12 <x<13,F(x) = / 6(t—12)(13—t)dt= —2x3 4 75x% — 936x+ 3888
12
13

Ifx>13,F(x)= [ 6(t—12)(13—t)dt=1
12

Section 2.5

1. (a) pax = 3ux = 3(9.5) = 285
O3x = 30x = 3(0.4) =12

(b) uyy—x =y —px =6.8—95=-2.7
Oy_x = 1/0% +0% =/0.12+0.42 = 0.412

(C) Uxray = Ux + 4y = 9.5+ 4(6.8) =36.7

Oxt4ay = \/ 0% + 4203 = 1/0.42 1+ 16(0.12) = 0.566

2. (a) LetH denote the height. Thgy = paoq = 10py = 10(5) = 50

(b) Oy = O10H = 100|-| = 10(0.1) =1

3. LetXq, ..., X4 be the lifetimes of the four transistors. L®& X1 + - - - + X4 be the total lifetime.
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Hs= Y Hx, = 4(900) = 3600
Os= /3 0% = \/4(30%) = 60

4. (@) = py + 1y, =124+6=18

(b) or = /OR, + 0%, = V12+ 052 =1.118

5. LetXy, ..., Xs be the thicknesses of the five layers. Bet X; +

(@ ps= S Hx =5(1.2) =6.0

(b) os= /5 02 = 1/5(0.04%) = 0.0894

6. LetX; andX; be the two measurements. The average.is
7x1071°

=4.95x 10°1°
V2

Ox =0x /V2=

7. (@) UM = x4+ 157 = Px + 151y = 0.125+ 1.5(0.350) = 0.650

---+ Xz be the total thickness.

(b) om = Ox 115y = /0% + 1.520% = ,/0.05% + 1.52(0.12) = 0.158
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8. LetXy, ..., X24 be the volumes of the 24 bottles. L& X; + - - - + X4 be the total weight. The average volume
per bottle isX.

(@) ps= Y px; = 24(20.01) = 48024

(b) os= /¥ 0% = \/24(0.022) = 0.098
(€) g = ux, = 20.01
(d) ox = 0x,/v/24=0.02//24= 0.00408

(e) Letn be the required number of bottles. Thef2y,/n = 0.0025, son = 64.

9. LetX; andX; denote the lengths of the pieces chosen from the populaitbmyean 30 and standard deviation
0.1, and lety; andY, denote the lengths of the pieces chosen from the populaiitbrmean 45 and standard
deviation 0.3.

(a) '-J-X1+X2+Y1+Y2 = I.l)(l + IJ-X2 + I-lYl + I.1Y2 g 30+ 30+ 45+ 45= 150

(0) Oy + X4 vy 1Y = \/o§1 +0%, +0% + 05, =012+ 0.12+ 0.3+ 0.32 = 0.447

10. The daily revenue iR = 2.60X; + 2.75X2 + 2.90Xs.

(8) Hr = 2.60p + 2.75)12+ 2.90u5 = 2.60(1500) + 2.75(500) + 2.90(300) = 6145

(b) or = \/ 2.60202 + 2.75%05 + 2.9020% = /2.60%(18(7) + 2.75%(9(R) + 2.90(40?) = 54197

11. (a) The number of passenger-miles is 8000(210) = 1,680 /0=t X be the number of gallons of fuel used. Then
px = 1,680,000(0.15) = 252000 gallons.

(b) ox = 1/(1,680000)(0.01) = 12.9615
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(©) bx /1680000 = (1/1,680,000)ux = (1/1,680000)(252000) = 0.15.

(d) Ox /1680000 = (1/1,680,000)0x = (1/1,680,000)(12.9615 = 7.7152x 10"

12.  LetX denote the number of mismatches andvl@tenote the number of gaps. Thgn= 5, 0x = 2, by = 2,
andoy = 1. LetSdenote the Needleman-Wunsch score. TBenX + 3Y.

(@) Ps = Hx+3y = Ux + 3y =5+3(2) =11

(b) 0% = 0%, 5y = 0% + 905 = 22+ 9(1?) = 13

1.0477+ 0.8649+ O.7356+ O.2171+ 2.8146+ O.5913+ 0.0079
20 20 20 30 60 15 10

13. () = 0.0695+ +5(0.0006 = 0.2993

(b) o= \/0.00182+ (0.%%69)2+ (0.%%25)2 + (0.%]613)2 + (0.%]685)2+ (0.%%84)2 + (0.(1%31)2 + (0.?.(())06)2 + 52(0‘00022 — 0.00288

14. (8)Mx = Po 1 2n+2c/3 = Ho+ 2Hn + (2/3)kc = 0.1668+ 2(0.0258) + (2/3)(0.0247) = 0.2343

(b) Ox = 0o v 2c/3 = \/og +402 + (2/3)20% = 1/0.034F + 4(0.019472 + (2/3)2(0.0131)2 = 0.05232

9.98
=03

9.98
15. (a)P(X < 9.98) — / 10dx= 10x
9.95

9.95

5.1
=045

51
(b) P(Y > 5.01) :/ 5dy— 5y
501 5.01

(c) SinceX andY are independent,
P(X <9.98 andY > 5.01) = P(X < 9.98)P(Y > 5.01) = (0.3)(0.45) = 0.135
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10,05 10.05
(d) px = / 1xdx=5¢| =10
9.95 095
51 51
(e)py = / Sydy=25y°| =5
4.9 49

6
_ [8/3_  3x(x-5)? _ , 5 3 B
16 (a)l.l)(—\/; (ZX—74 ) dX— <—9X 7—E) 4—5

6
=0.2
4

(b) 0% = AG (~'>"(x;5)2 B 3(): 5)4) e ((X_45)3 ) 3(X2_05)5)

() My = Ho.osea = 0.0394ux = 0.03945) = 0.197
02 = 02 500 = (0.039420% = (0.03942(0.2) = 0.00031

(d) Let X1, X2, andX3 be the three thicknesses, in millimeters.
ThenS= X1 + Xs + Xz is the total thickness.
Hs = My, + Hx, + Uxg = 3(5) = 15.
0% = 0%, + 0%, + 0%, = 3(0.2) = 06.

17. (a) Letp = 40.25 be the mean Sixontent, and let = 0.36 be the standard deviation of the Si€@ntent, in a
randomly chosen rock. L& be the average content in a random sample of 10 rocks.

Thenps = p = 40.25, andoy = \/%) - % —0.11.

935 _ .05,
vn
Solving fornyieldsn = 51.84. Sincen must be an integer, take= 52.

(b) Letn be the required number of rocks. Th(\e/?ﬁ =
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18. (a) Yes. Lek; denote the number of bytes downloaded inithesecond. The total number of bytesds+ X +
X3+ X4+ Xs. The mean of the total number is the sum of the five means, daehich is equal to 10

(b) No. X3, ...,Xs are not independent, so the standard deviation of the suendspon the covariances between
the X;.

Section 2.6

1. (a) 0.17

(b) P(X > 1 andY < 2) = P(1,0) + P(1,1) + P(2,0) + P(2,1) = 0.17+0.23+ 0.06+ 0.14= 0.60

(©) P(X < 1) = P(X = 0) = P(0,0) + P(0,1) + P(0,2) = 0.10+ 0.11+ 0.05= 0.26

(d)P(Y > 1) =1—P(Y =0) = 1—P(0,0) — P(1,0) — P(2,0)= 1—0.10— 0.17— 0.06= 0.67

()P(X >1)=1-P(X=0) =1-P(0,0)— P(0,1) — P(0,2) = 1—0.10— 0.11— 0.05= 0.74

(f) P(Y = 0) = P(0,0) + P(1,0) + P(2,0) = 0.10+ 0.17+ 0.06= 0.33

(g9 P(X=0andY =0) =0.10

2. (a) The marginal probability mass functipg (x) is found by summing along the rows of the joint probability
mass function.

y

0 1 2 |px(x
0.10 0.11 0.05 0.26
0.17 0.23 0.08 0.48
0.06 0.14 0.06/ 0.26
) 1 0.33 0.48 0.19

ENHOX
<

px (0) = 0.26, px(1) = 0.48, px(2) = 0.26, px(x) =0if x£0,1, or 2
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(b) The marginal probability mass functign (y) is found by summing down the columns of the joint probability
mass function. Sgy (0) = 0.33, py(1) = 0.48,py(2) =0.19,py(y) =0if y#£0,1, or 2

(©) kx = Opx (0) + 1px (1) + 2px(2) = 0(0.26) + 1(0.48) + 2(0.26) = 1.00
(d) py = Opy (0) + 1py(1) + 2py(2) = 0(0.33) + 1(0.48) + 2(0.19) = 0.86

(e) 0% = 0?px (0) + 12px (1) 4+ 22px (2) — & = 0%(0.26) + 1%(0.48) + 22(0.26) — 1.00? = 0.5200
ox = 1/0.5200=0.7211

(f) 02 = 0%py(0) + 12py (1) +2%py(2) — K& = 07(0.33) + 12(0.48) + 2%(0.19) — 0.86° = 0.5004
oy = v/0.5004= 0.7074

(9) CouX,Y) = pxy — kxHy

xy = (0)(0)px,y(0,0)+ (0)(1)px,y(0,1) + (0)(2) px,v(0,2) + (1)(0) px,v(1,0) + (1) (1) px,v(1,1)

)
(

)
+ (D@)Pxy(1,2)+(2)(0)px,v(2,0) + (2)(1)Pxv(2:1) + (2)(2)Px.¥(2,:2)
= (0)(0)(0.20) +(0)(1)(0-11) + (0)(2)(0.09) + (1)(0)(0.17) + (1)(2)(0.23)
+(1)(2)(0.08) + (2)(0)(0.06) + (2)(1)(0.14) + (2)(2)(0.06)
= 091

lx = 1.00, py = 0.86
Cov(X,Y) = 0.91— (1.00)(0.86) = 0.0500

Cov(X,Y)  0.0500

= =0.0980
Ox Oy (0.7211)(0.7074)

(h) pxy =

(i) No. The joint probability density function is not equalthe product of the marginals. For example,
P(X =0 andY = 0) = 0.10, butP(X = 0)P(Y = 0) = (0.26)(0.33) = 0.0858.

. pxy(o, 0) 0.10
px(0)  0.26
Px. Y(O, 1) . 0.11

Pyix(1]0) = o0~ 026~ 4231

=0.3846
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(b) pxv(0]1) = Tl) = 0:48

(
_ pxy(L1) 023
_ Ppxy(21) 014
Pxy(2|1) = () 048" 0.2917

() E(Y |X = 0) = Opyx (0] 0) + 1pyx (1] 0) + 2pyx (2| 0) = 0.8077

(d) E(X|Y = 1) = Opyyy (0] 1) + 1pyy (1] 1) + 2pxy (2] 1) = 1.0625

4. (a) The marginal probability mass functigg (x) is found by summing along the rows of the joint probability
mass function.

y
0 1 2 3 | px(X)

0.15 0.12 0.11 0.1 0.48
0.09 0.07 0.05 0.04 0.25
0.06 0.05 0.04 0.02 0.17
0.04 0.03 0.02 0.01 0.10
)| 0.34 0.27 0.22 0.17

EO.)I\)I—‘OX
<

px (0) = 0.48, px (1) = 0.25, px(2) = 0.17, px(3) = 0.10, px(x) =0 if x#£ 0,1,2, or 3

(b) The marginal probability mass functign (y) is found by summing down the columns of the joint probability
mass function. Sy (0) = 0.34,pv(1) =0.27,py(2) = 0.22,py(3) =0.17,pvy(y) =0if y£0,1,2, or 3

(c) No, X andY are not independent. For examgkX = 0 andY = 0) = 0.15, but
P(X =0)P(Y =0) = (0.48)(0.34) = 0.1632 0.15.

(d) px = Opx (0) + 1px (1) + 2px (2) + 3px(3) = 0(0.48) + 1(0.25) + 2(0.17) + 3(0.10) = 0.89

Ly = 0py (0) + 1py (1) + 2py(2) + 3py(3) = 0(0.34) + 1(0.27) + 2(0.22) + 3(0.17) = 1.22
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(€) 02 = 02px (0) + 12px (1) + 22px (2) + 32px (3) — 2 = 02(0.48) + 12(0.25) + 22(0.17) + 32(0.10) — 0.8% =
1.0379

ox = /1.0379=1.0188

02 = 02py (0) + 12py (1) + 22py(2) + 32py(3) — P& = 02(0.34) + 12(0.27) + 22(0.22) + 3%(0.17) — 1.222 =
1.1916

oy =+v1.1916=1.0916

(f) Cov(X,Y) = xy — HxHy

xy = (0)(0)px,y(0,0)+ (0)(1)px,v(0,1) + (0)(2) px,y(0,2) + (0)(3) px,v(0,3) + (1)(0) px,v (1,0)
(

)
+ (D)D) pxy (L) + (1)(2)pxy(1,2) + (1)(3)px,y(1,2) +(2)(0) px,v(2,0) + (2) (1) px,v(2,1)
+(2)(2)px,(2,2) + (2)(3) px,¥(2,2) + (3) (0) px,v(3,0) + (3) (1) px,¥ (3:1) + (3)(2) px ¥ (3,3)
+ (3)(3)px.v(3,3)
= (0)(0)(0.15)+ (0)(1)(0.12) + (0)(2)(0.12) + (0)(3)(0.10)
+ (1)(0)(0.09) + (1)(1)(0.07) 4+ (1)(2)(0.05) + (1)(3)(0.04)
+ (2)(0)(0.06) + (2)(1)(0.05) + (2)(2)(0.04) + (2)(3)(0.02)
+ (3)(0)(0.04) + (3)(1)(0.03) + (3)(2)(0.02) + (4)(3)(0.01)
= 0.97
L = 0.89, 1y = 1.22
Cov(X,Y)=0.97—(0.89)(1.22) = —0.1158
Cov(X,Y) —0.1158 01041

@ Py = = &y~ (1.0188(1.0196

5. (@) bx 1y = kx + Hy = 0.89+1.22=2.11

(b) Ox1y = \/05( + 0% +2CoYX,Y) = 1/1.0379+ 1.1916+ 2(—0.1158 = 1.4135

(€) P(X+Y =3) =P(0,3) + P(1,2) + P(2,1) + P(3,0) = 0.10+ 0.05+ 0.05+ 0.04= 0.24
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6. (@) py)x(0]1) =
Pyix(1]1) =
Pyix(2|1) =

Pvx(3[1) =

(b) pxy(0]2) =
Pxiv(1]2) =
Px)y(2]2) =

Pxjy (3|2) =

Px.y (1, 0) . 0.09

(1) 025
|0x|[,)vX ((117)1) _ 8% —028
%(117)2) _ 8:_‘2): ~0.20
pxr;i ((117)3) _ %" =0.16
pxr,;(é)z) _ 8_(232 =5/22
DXF;\:((;Z) _ 8:_2‘21': 2/11
pxr,;(év)z) _ 8_(232 =1/11

(¢) E(Y|X = 1) = Opyx (0] 1) + 1pyjx (L] 1) +2pyx (2| 1) + 3pyx (3] 1)
= 0(0.36) + 1(0.28) + 2(0.20) + 3(0.16) = 1.16

(d) E(X]Y = 2) = 0pxy(0]2) + 1pxv(1]2) + 2pxv (2] 2) + 3pxv (3] 2)
—0(1/2) + 1(5/22) + 2(2/11) + 3(1/11) = 19/22

7. (a) 2 +3Y

(b) pox+3y = 2ux + 3y = 2(0.89) + 3(1.22) =5.44

(C) O2x43y

\/220% + 3203 + 2(2) (3)Cov(X,Y)

\/22(1.0379 + 32(1.1916 — 2(2)(3)(~0.1158
3.6724
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8. (@P(X=2andY =2) =P(X =2)P(Y =2|X =2). Now P(X=2)=0.30. Given thatX =2,Y =2 if and
only if each of the two customers purchases one item. Thexéfy = 2|X = 2) = 0.05? = 0.0025, so
P(X =2 andY = 2) = (0.30)(0.0025 = 0.00075.

(b) P(X =2 andY = 6) = P(X = 2)P(Y = 6|X = 2). Now P(X =2) =0.30. Given thatX = 2, LetY; be the
number of items purchased by the first customer, anthlée the number of items purchased by the second
customer. Then the evelt= 6 is equivalent to the evedty; = 5 andY, = 1} or {Y; = 4 andY, = 2} or
{Y1 =3 andY, = 3} or {Y; =2 andY> = 4} or {Y; = 1 andY, = 5}.

Therefore

P(Y=6|X=2) P(Y1 =5 andY; = 1) + P(Y; = 4 andY> = 2) + P(Y; = 3 andY, = 3)
+ P(Y1 =2 andY, =4)+ P(Y; =1 andY, =5)
= (0.15)(0.05) + (0.30)(0.15) + (0.25)(0.25) + (0.15)(0.30) + (0.05)(0.15)

= 0.1675

P(X = 2 andY = 6) = (0.30)(0.1675 = 0.05025

() P(Y=2)=P(X=1andY =2)+P(X=2andY =2).
P(X=1andY =2)=P(X=1)P(Y =2|X =1) =(0.25)(0.15) = 0.0375.
From part (a)P(X = 2 andY = 2) = 0.00075.
P(Y =2) =0.0375+ 0.00075= 0.03825.

9. (a) The marginal probability mass functigg (x) is found by summing along the rows of the joint probability
mass function.

y

0 1 2 3 4 | px(x)
0.06 0.03 0.01 0.00 0.00 0.10
0.06 0.08 0.04 0.02 0.00 0.20
0.04 0.05 0.12 0.06 0.08 0.30
0.00 0.03 0.07 0.09 0.06 0.25
0.00 0.00 0.02 0.06 0.0y 0.15
)| 016 019 0.26 0.23 0.1

O N Orw o O

EQMNHOX
<

px (0) = 0.10, px (1) = 0.20, px(2) = 0.30, px(3) = 0.25, px(4) = 0.15, px(x) =0 if x £ 0,1,2,3, or 4.

(b) The marginal probability mass functign (y) is found by summing down the columns of the joint probability
mass function. Sy (0) = 0.16, py(1) = 0.19, py(2) = 0.26, py(3) = 0.23, py(4) = 0.16, py(y) =0 if
y#0,1,2,3, or4.
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(c) No. The joint probability mass function is not equal te firoduct of the marginals. For examppg,y (0,0)
0.06# px(0)pv(0).

215
2.04

0(0.10) + 1(0.20) + 2(0.30) + 3(0.25) +4(0.15)
0(0.16) + 1(0.19) + 2(0.26) + 3(0.23) + 4(0.16)

(d) kx = 0px (0) + 1px (1) +2px (2) + 3px(3) +4px(4)

Hy = 0pv(0) +1pv(1)+2py(2) +3py(3) +4py(4)

2

X
2 2 2 2 2 _ 2
0%(0.10) + 12(0.20) + 2%(0.30) -+ 3%(0.25) + 4%(0.15) — 2.15

1.4275

ox =V 1.4275

0%px (0) + 1%px (1) + 2%px (2) + 3*px (3) + 4°px (4) — 1

(e) 0%

1.1948

o = 0°pv(0)+21%py(1) +2%py(2) +3pv(3) +47py (4) — 1y

= 0%(0.16) + 1%(0.19) + 2%(0.26) + 3%(0.23) + 4%(0.16) — 2.04

1.6984

oy = v1.6984

1.3032

= Mxy — UxHy.

(f) Cov(X,Y)

— — — — —

=~ ~— ~— ~—

© + + + + P
= o M © I~
tTomomon 52899 9
mdaNos 2222
7((\((0))))
S T rrx=SITTTY
e T o0 mS
X —~ —~ ~ ~ ~—
B asax S 4+
2o9°< igggg
e+ +++ 33333
—~ o~ o~ —
TN NN N g ===
Ndadgs 2000
~— A~~~ /N I~
S > > > > 8490 ms
>89 4844 8+ + + F
= = = =
a3 NANAN +tF VST
NSSums a3282
— o o o o
S N N N

= = — ~— ~—

o~ o~ o~ o~

~~ /—~ —~ —

— N — ~— ~—

= = — ~— ~—

—~

—

—~

N — ' ~—

~— — ~— —

~— — ~— ~—

= — — — = — — —

2.04
5.44— (2.15)(2.04)

px = 2.15, by

Cov(X,Y)

1.0540

0.6769

1.0540
(1.1948(1.3032

Cov(X,Y)
Ox0Oy

(9) px.y
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10. (@)kx vy = Hx + My = 2.15+2.04=4.19
(b) 0%y = 0% + 0% +2CoVX,Y) = 1.4275+ 1.6984+ 2(1.0540 = 5.23
0.13

() P(X+Y=5=P(X=1andY =4)+P(X=2andY =3)+P(X=3andY =2)+P(X=4andY =1) =

1. (@)py(0]4) = P - OR—
prx(1l4) = POt 8020
Pyix(2]4) = pXF;YX((j)Z) - %23 =2/15
ol - 2229
o= PG = oz
(b) pxv (0]3) = pxr;i((‘;f) o
Py (113) = P 002223
Pxiv (2]3) = pxg(é’)s) - 8:—(2)2 —6/23
v (313) = pxr;i(g)"‘) - 399 923
Pxiv (4]3) = pxr’)YY(é’ 3 _ 8:—22 —6/23
(0) E(Y X =4) = 0pyx (0]4) + 1py|x (1]4) +2pvx (24) + 3py|x(3]4) + 4pyx (4|4) = 3.33
(d) E(X|Y = 3) = 0pxy(0[3) + 1px)y(1]3) +2px)y(2|3) + 3pxv (3| 3) + 4px v (4]3) = 2.83
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12. (a) The marginal probability mass functipg (x) is found by summing along the rows of the joint probability
mass function.

y

0 1 2 3 | px(X)
0.13 0.10 0.07 0.03 0.33
0.12 0.16 0.08 0.04 0.40
0.02 0.06 0.08 0.04 0.20
0.01 0.02 0.02 0.02 0.07
) | 0.28 034 0.25 0.13

EO.)I\)HOX
<

px (0) = 0.33, px(1) = 0.40, px(2) = 0.20, px(3) = 0.07, px(x) =0if x#£0,1,2, or 3

(b) The marginal probability mass functign (y) is found by summing down the columns of the joint probability
mass function. Sy (0) = 0.28, pv(1) = 0.34, py(2) = 0.25, py(3) = 0.13, pv(y) =0if y £ 0,1,2, or 3.

(©) kx = Opx (0) + 1px (1) + 2px(2) + 3px(3) = 0(0.33) + 1(0.40) + 2(0.20) + 3(0.07) = 1.01

(d) py = Opy (0) + 1py(1) + 2py(2) = 0(0.28) + 1(0.34) + 2(0.25) + 3(0.13) = 1.23

€) ok = 0?px(0)+1px (1) +2%px(2) +3%px(3) — 1%
= 0%(0.33) +1%(0.40) + 2%(0.20) + 3%(0.07) — 1.01?
= 0.8099

ox = v/0.8099= 0.8999

(f) 6% = 0?py(0) + 1?py (1) +22py(2) — & = 0%(0.28) + 12(0.34) + 22(0.25) + 3%(0.13) — 1.23% = 0.9971.
oy = v/0.9971= 0.9985

(9) Cov(X,Y) = pxy — Kx My

ixy = (0)(0)pxy(0,0)+ (0)(1)px.v(0,1) + (0)(2)px.¥(0,2) + (0)(3) px.¥(0,3)
(

) ) )

+ (1)(0)px,v(1,0) + (1) (1) px,v(1,1) + (1)(2) px,¥ (1,2) + (1)(3) px,v(1,3)

+(2)(0)px,v(2,0) + (2) (1) px,¥(2,1) + (2)(2) px,¥(2,2) + (2)(3) px,¥(2,3)

+ (3)(0)px,¥(3,0) + (3) (L) px,¥(3,1) + (3)(2) px.,¥(3,2) + (3)(3) Px ¥ (3,3)
= (0)(0)(0.13)+ (0)(1)(0.10) + (0)(2)(0.07) 4 (0)(3)(0.03)

+(1)(0)(0.12) + (1)(1)(0.16) + (1)(2)(0.08) + (1)(3)(0.04)

+ (2)(0)(0.02) + (2)(1)(0.06) + (2)(2)(0.08) + (2)(3)(0.04)

+ (3)(0)(0.01) + (3)(1)(0.02) + (3)(2)(0.02) + (3)(3)(0.02)
= 148

Page 79



80 CHAPTER 2

px = 1.01,uy = 1.23
Cov(X,Y) =1.48—(1.01)(1.23) = 0.2377

_Cov(X.Y) 02877
MW exy == 5, ~ 089990098y ~ 204°

13. (a)z = Px+y = Px + 1y = 1.014+1.23=2.24

(b) 0z = Ox4y = \/ 0% +0% +2CovX,Y) = /0.8099+ 0.9971+2(0.2377) = 1.511

(c)P(z=2) = PXX+Y=2)

P(X=0andY =2)+P(X=1andY =1)+P(X=2andY =0)
= 0.07+0.16+40.02

= 025

14. (@)T = 50X + 100Y, SOpT = Psox+100r = 500 + 1001y = 50(1.01) + 100(1.23) = 17350.

(b)or = Os0x+100v
— /50202 + 10003 + 2(50)(100)Cov(X. Y)

\/ 502(0.8099) -+ 100%(0.9971) + 2(50)(100)(0.2377)
1199

(c) P(T =250 =P(X=1andY =2)+P(X =3 andY =1) =0.08+0.02=0.10

Px.y (3, 0) . 0.01

_ pxy(31) 002
Pyx(1]3) = “ox@ " 007" 0.2858
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Px Y(37 2) 0.02

px(218) = PUTRE = 07 = 02858
prix(3]3) = %é’f) _ % —0.2858
(b) pxy (012) = %&” - 219 02041
pxy(1]1) = % - %51 —0.4706
Py (2]1) = % - % 01765
Pxjy(3|1) = %(31’1) = 8:—22 =0.0588

(¢) E(Y|X = 3) = 0pyx(0]3) + 1pyx (1]3) + 2pyx(2]3) + 3pyx(3]3) = 1.71.

(d) E(X]Y =1) = 0pxy(0]1) + Lpx;v(1]1) + 2pxjy (2] 1) + 3pxv(3|1) = 1

16. (@P(X > landY > 1) — / / xe <) dy dx
1 1

/w (_e(x+xy) ) dx
! 1

Il
ﬁ
('D‘

[\

X
o
x

—0.5e %

1
= 0.0676676

®) 09 = [ Fxy)ay.
If x<0thenf(x,y) =0 for ally so fx(x) =0.

[

If x> 0 thenfy (x) = / xe Y dy = —e P | — g7X,
0
0

vly)= [ foxy)dx
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If y<0thenf(x,y) =0 forall xsofy(y) =0.

If y > 0 thenfy(y) :/0 xe 0 dx— (1le2)

(©) NO, f(x.y) # fx(X) fv (y).

17. (a) CovX,Y) = uxy — HxHy
2 51
Mxy = //—xy(x+y)dydx
1J4 6
21 /x2  xy 5
= /15(7+?) A

/2} 9_X2+6i-x dx
1 6\ 2 3

Il
ol
7N
w
[,

+
‘O)
()}

%
~_

6
_/ZEX X+g dx—} X_3+9_X2 2—£9
IX= ] & 2)""8\3 4 )| T T2
fy(y) = 6 (y—|— g) for4 <y <5 (see Example 2.55).
51 3 1/y3 3y
=, éy(y+é) dy_6(§+7)

41 109\ /325
Cov(X,Y) = pxy — UxMy = 5 (ﬁ) (ﬁ) = —0.000193.

° 325

_ﬁ'
4

Cov(X,Y)
Ox Oy '

21 9 1/x 33
= [ §¢ (vrg) k=5 (5+7)

(b) pxy =

2

109\ 2
1— <ﬁ) —0.08314.
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o%_féf(wrg) dx_ug_%@ﬂ;)

Pxy = —0.000193 — —0.00232.
" ,/(0.08314(0.08314

5

325\ 2
—(Z2£2) =0.08314.
(%)

1 1 2 2
18. (@)P(X > 0.5 andY > 0.5) / / ?’(X#“’) dydx
05J05

- L)

05
/1 3x2 L 21 dx

o5\ 4 48
B 21x|*
48

dx

05
21

48

13 X2+y 2
(b) For 0< x < 1, fx(x / dy: 0.5+ 1.5x°. Forx <0 andx > 1, fx(x) = 0.
0

1 2
Foro<y<1, fy(y /3X+y dx= 0.5+ 1.5y2. Fory < 0 andy > 1, fy(y) =
0

(C) No. fx,y (x,y) 75 fx (X) fy (y)

19. (@) CovX,Y) = kxy — HxHy.

Hxy = /1/1XdeXdy
=
REF)
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84
3 ay\|*
0
_ 3
B
/1X1+3x2 . x_2+% 1_5,
W= Jo “\4 " 8 0_8'
1
1 1432 y2 3y 5
- e (5 %) 5
coxv)= 2 (3)_ L
T8 \8 64
Cov(X,Y)
b _
(b) px.y ooy
1
o2 — 121+3xd_2_ X_3+3_x5 ~ §2:7_3.
X 2 *~\& 10|, \8) " 90
1
12143y ye 3y 5\? 73
2 _ R (LY (2 _ B
oy—/oyz 5 dy— 1§ (6+10) 0 (8) 565
oxy = —1/64 _ 15
XY = /73/960,/73/960 73
fxly(0.5,y)
f 0.5) = XY\B2y)
(c) fy|x(y|0.5) (05)
2
ForO<y<1, fxy(05y) = % fx (0.5) = g
2
Sofor0<y<1,fy‘x(y|o_5):ﬁ

L 1 3+122 3y?
DEVIX=085)= [ yhx(yl0s)dy= [ y> 7 dy=F L
0 0 0

20. (@)P(X >1andY >1) = / / 4xye ) dydx
1 )1

1
+6y* |

9

14
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‘/ <4><(1+y> (2 )dx
! 1

/8xe (241 gx = —2(1 4 2x)e” >+

0

1
= 6e3

(b) Forx <0, fx(x) =0.

Forx > 0, fx(x / 4xye (2xty) dy= —4x(1+y)e" 24y | — gxe 2
0
4xe> x>0
Thereforefx (x) =
0 x<0
Fory <0, fy(y)=0
Fory > 0, fy(y) = / axye P dx= —y(1+2x)e" @V | —ye,
0

yeY y>0

Thereforefy (y) = { 0 y<0

(c) Yes, f(x,y) = fx(X) fy (y).

21. (a) The probability mass function ¥fis the same as that &, so fy(y) =eYif y>0andfy(y)=0if y<O.
SinceX andY are independenf,(x,y) = fx(x) fy (y).

e XY x>0andy>0

Thereforef(X,Y)—{ 0  otherwise

(b)P(X<landY >1) = PX<IL)P(Y>1)

= (bero) (o)
- (D)

= (1-eh
1

= e —e*2

= 02325
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—/ e Xdx=0—(—e¥)| —0+1=1

©) ux = / xe *dx= —xe ¥
0 0 0

(d) SinceX andY have the same probability mass functipn,= px = 1.
Thereforeuxy =px +py =1+1=2.

) 2—X
/ / f(x,y)dydx
2 r2—x
/ / e *Ydydx
o Jo
2 2—X
/ e X (—ey ) dx
0 0
2
/ e X(1—e“?)dx
0

2
/ (e *—e2)dx
0

2

@) P(X+Y<2)

= (—e*—xe?)

0
= 1-3?
= 05940

22. (@Q)P(X =1) =1/3,P(Y =1) = 2/3,P(X =1 andY = 1) = 1/3 £ P(X = 1)P(Y = 1).

(b) bxy = (=1)(1/3) +(0)(1/3) + (1)(1/3) =0.
Now px = (—1)(1/3) +(0)(1/3) + (1)(1/3) = 0, andpy = (0)(1/3) + (1)(2/3) = 2/3.
S0 COVX,Y) = iy — Hxby = 0— (0)(2/3) = 0.
Since CoyX,Y) =0, pxy =0.

23. (a)R= 0.3X +0.7Y

(b) Br = Ho.:3x+0.7v = 0.3px + 0.7py = (0.3)(6) + (0.7)(6) = 6.
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The risk isor = Goax 07 = 1/0.3%0% +0.7203 +2(0.3)(0.7)COUX. ).
COV(X,Y) = Px,yOx0Oy = (0.3)(3)(3) =27.
Thereforeog = /0.3%(32) +0.72(3?) +2(0.3)(0.7)(2.7) = 2.52.

(©) MR = M0.01)x+(1-0.01K)y = (0.01K)pix + (1 —0.01K)py = (0.01K)(6) + (1 — 0.01K)(6) = 6.
OrR= \/(0.01K)20§ +(1-0.01K)20% + 2(0.01K)(1— 0.01K)Cov(X,Y).

Thereforeog = 1/(0.01K)2(3?) + (1— 0.01K)2(32) + 2(0.01K ) (1 — 0.01K)(2.7) = 0.03,/1.4K2 — 140K + 10,000.

(d) or is minimized when ¥K? — 140K + 10000 is minimized.

d d .
Now R(MKZ — 140K +10000 = 2.8K — 140, soﬁ(lAKz — 140K + 10000 = 0 if K = 50.

ORr is minimized wherK = 50.

(e) For any correlatiop, the risk is 003,/K2 + (100— K)2 + 2pK (100— K).
If p # 1 this quantity is minimized wheK = 50.

21 r6
/ /3nr2h(h—20)2(r—5)drdh
19 J5
21
h

24, 1y,

31

6
(h— 20)2dh/ (2(r —5)dr
19 5

21 6

o5’
4 3
5

h*  40h3
= (3m( — — —— +200?
fam (5~ 25+ 2002 )

= 20210913cm

19

25. (a)omy = \/OFyy = | /OR.e, = \/OR+ 0%, = V22+ 12— 2.2361. Similarly,ow, = 2.2361.
(b) ImyM, = Hr2 ;R E,R+E,E, = MRz + HEJHR + HE, MR + UE; HE, = HR2
(C) My Mv, = MR+E MR+E, = (MR + HE;) (MR + HE,) = HRHR = 3

(d) Cov(M1, M2) = pimym, — K v, = Bz — MR = O
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Cov(Mq, Mz) 0% 4

(€) Pmym, = = =

oviOw,  Owiow,  (22363(22367 08

26.  CoVX,X) = kx.x — UxHx = Hy2 — (Hx)? = 0%.

27. (a) CovaX,bY) = Hax.by — HaxHby = Habxy — akxbpy = abpxy — abpxpy
= ab(uxy — UxHy) = abCov(X,Y).

(b) pax by = Cov(aX,bY)/(0ax0py) = abCov(X,Y)/(aboxoy) = Cov(X,Y)/(0x0v) = px.v-

28.  CoUX+Y,Z) = Hxiv)z—Hx+vhz

= Mxzrvz— (Mx +Hy)Hz
Mxz + Hyz — UxHz — Ky bz
Mxz — UxHz + Hyz — By Hz
—  Cov(X,Z)+ CouY,2)

29. (QV (X - (0ox/0ov)Y) = 0%+ (0x/0y)?0% —2(0x/0v)Cov(X,Y)
= 20% —2(ox/0y)Cov(X,Y)

(b) V(X —(ox/ov)Y)
20% — 2(ox /oy )Cov(X,Y)

20% — 2(0x /0y ) Px Yy Ox Oy

20% — 2px yO%

1-pxy

Px.y

IN IV IV IV IV IV
R O O O o o
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(©) V(X+(ox/ov)Y)
20% + 2(ox /oy)Cov(X,Y)

20% + 2(0x /Oy ) Px,y Ox Oy

20')2( + 2px‘yyO')2(

1+pxy

Px.y

VIV IV IV IV IV
O O O o o

30. ()Ux = H112c+269N+0—0.21Fe

31.

= 112Uc+2.69N + o — 0.21pc
= 1.12(0.0247) +2.69(0.0255) + 0.1668— 0.21(0.0597)
0.2505

(b) CoM(C,N) = pcNOcON = —0.44(0.0131)(0.0194) = —1.118x 10
CoV(C,0) = pc,00c00 = 0.58(0.0131)(0.0340) = 2.583x 104
CoV(C, Fe) = pc re0cOre = 0.39(0.0131)(0.0413 = 2.110x 104
CoV(N,0) = pn.oONTo = —0.32(0.0194)(0.0340 = —2.111x 104
CoV(N,Fe) = py FeONOFe = 0.09(0.0194)(0.0413 = 7.211x 10°5
Cov(O,Fe) = pore000Fe = —0.35(0.0340)(0.0413 = —4.915x 104

(©) 0% = O%ixiz6i0-021Fe
= 1.12%02 4 2.690% + 03+ 0.21%02,+ 2(1.12)(2.69)CoV(C,N) + 2(1.12)Cov(C, O) — 2(1.12)(0.21)ComC, Fe)
+2(2.69)Cov(N, O) — 2(2.69)(0.21)Cov(N, Fe) — 2(0.21)CoV(O, Fe)
= 1.12%(0.0131)2+ 2.69%(0.0194 + 0.034C + 0.21%(0.0413° + 2(1.12)(2.69)(—0.0001118
+2(1.12)(0.0002583 — 2(1.12)(0.21)(0.0002110 + 2(2.69)(—0.0002111 — 2(2.69)(0.21)(0.0000721}
—2(0.21)(0.0004915
= 0.0029648

0 = 1/0.0029648= 0.05445

My = H7.84C+1144N+0-1.58Fe
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= 7.84uc+ 1144+ o — 1.580Fe
—  7.84(0.0247) + 11.44(0.0255) + 0.1668— 1.58(0.0597)
— 05578

oG = 0%.84C+1l.44N+Ofl.58Fe

7.8420% + 11.44%0%, + 02 + 1.58%02, + 2(7.84)(11.44)CoMC,N) + 2(7.84)Cov(C, O) — 2(7.84)(1.58)Cov(C, Fe)

+2(11.44)Cov(N, O) — 2(11.44)(1.58)Cov(N, Fe) — 2(1.58)Cov(O, Fe)

= 7.84%(0.0131)%+ 11.44%(0.0194%+ 0.034C 4 1.58%(0.04132 4 2(7.84)(11.44)(—0.0001118
+2(7.84)(0.0002583 — 2(7.84)(1.58)(0.0002110 + 2(11.44)(—0.0002111 — 2(11.44)(1.58)(0.00007211
—2(1.58)(0.0004915

— 0.038100

0 =+/0.038100= 0.1952

32. (a) Letc= [*_h(y)dy.
Now fx (x) = [, f(x,y)dy = [%, 9(x)h(y)dy = g(x) [, h(y) dy = cg(x).
fr(y) = /% f(xy) dx= [%,g()h(y) dx= h(y) [*, g(x) dx= (1/c)h(y) |, cg(x) dx
= (1/0)h(y) /%, fx(x)dx= (1/c)h(y)(1) = (1/c)h(y).

(b) f(x,y) =g(x)h(y) = cg(x)(1/c)h(y) = fx(x)gy(y). ThereforeX andY are independent.

33. (@) [, /= f(x,y)dxdy= [ [Pkdxdy=k 2 [P dxdy=k(d—c)(b—a) = 1.
1

Thereford( = m .

(b) fx(x) :fcdkdy: (b—i)_((;:— c) - bia

b . b—a . 1
(C) fY(y) —fa kdx= (b—a)(d—C) - d—c

@109 = 5—arg—s — (52a) (505 = HOM)
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Supplementary Exercises for Chapter 2

1.

4,

(@) P(Ly) = >

(b) P(D) = P(D[L1)P(L1) +P(D|L2)P(L2) = (1/100)(2/3) + (3/100)(1/3) = =

LetA be the event that component A functions Bdie the event that component B functionsQdie the event
that component C functions, and [Btbe the event that component D functions. TiRA) =1—0.1=0.9,

P(B)=1-0.2=0.8,P(C) =1-0.05=0.95, andP(D) = 1— 0.3=0.7. The event that the system functions
is (AUB)U(CUD).

P(AUB) = P(A) + P(B) — P(ANB) = P(A) + P(B) — P(A)P(B) = 0.9+ 0.8 — (0.9)(0.8) = 0.98.
P(CUD) = P(C) +P(D) — P(CND) = P(C) + P(D) — P(C)P(D) = 0.95+ 0.7 — (0.95)(0.7) = 0.985.
P[(AUB) U (CUD)] = P(AUB) + P(CUD) — P(AUB)P(CUD) = 0.98+ 0.985— (0.98)(0.985) = 0.9997.

. 1\°
P(more than 3 tosses necesgaryP(first 3 tosses are tajls= <§) =-.

LetA denote the event that the resistance is above specificatidietB denote the event that the resistance is
below specification. TheA andB are mutually exclusive.

(a) P(doesn’t meet specification)R(AUB) = P(A) + P(B) = 0.05+0.10= 0.15

P[(BN(AUB)] P(B) 0.10

(b) P[B| (AUB)] = = = —0.6667

P(AUB) P(AUB) 0.15

LetD denote the event that the bag is defectivelletlenote the event that the bag came from line 1, and let
L, denote them event that the bag came from line 2. TW(@n/L;) = 1/100 andP(D| L) = 3/100.

3

60

PD|LyP(L1) _ (1/100)(2/3) _ 2

(c)P(L1|D) = = =<

P(D) 1/60 5
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¢y _ P(D°|L1)P(Ly) [1-P(D[Ly)]P(L1) _ (1-1/100)(2/3) 198
(d) P(L1| D) = P9 P(D°) = 59/60 = 595 = 06712

5. Let R be the event that the shipment is returned. Bethe the event that the first brick chosen meets the
specification, leB; be the event that the second brick chosen meets the specifidat Bz be the event that
the third brick chosen meets the specification, andlebe the event that the fourth brick chosen meets the

specification. Since the sample size of 4 is a small propodfdhe population, it is reasonable to treat these
events as independent, each with probability 0.9.

P(R) = 1—P(R) = 1— P(B;NB2NB3NBs) = 1— (0.9)* = 0.3439.

6. (a) (0.99)1° = 0.904

(b) Let p be the required probability. Thest® = 0.95. Solving forp, p = 0.9949.

7. LetA be the event that the bit is reversed at the first relay, anB le# the event that the bit is reversed at

the second relay. TheR(bit received is the same as the bit seatP(A° N B°) + P(AN B) = P(A®)P(B°) +
P(A)P(B) = 0.9 +0.1% = 0.82.

8. (a)/ik(l-x%dx: k/i(l-x%dx: 1, Since/jl(l—xz)dx: (x— f)

1 Nk
(b) / 0.75(1— %) dx—0.75 (x— §> —05
0

0
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0.25 3\ %%
© / 0.75(1—x?)dx—0.75 (x— —> — 03672
—-0.25
-0.25
1 2
(d) u= / 0751 @dx=075( < XY | —o
. 2 2

Xm
=05, s0xm=0

X) 3
(e) The mediax, solves ) 0.75(1— x?)dx = 0.5. Therefore 0/5 <x— X§>
-1
-1

1
(f) o> = /0.75x2(1—x2)dx—p2
1

B
= 075 = —-—
(3-5)

= 02
0=+0.2=0.4472

1
—0?
-1

9.  LetA be the event that two different numbers come up, ané le¢ the event that one of the dice comes up
6. ThenA contains 30 equally likely outcomes (6 ways to choose thebmurfor the first die times 5 ways to
choose the number for the second die). Of these 30 outcodxldng toB, specifically (1,6), (2,6), (3,6),
(4,6), (5,6), (6,1), (6,2), (6,3), (6,4), and (6,5). TherefP(B|A) = 10/30=1/3.

10. LetA be the event that the first component is defective an@ leé the event that the second component is
defective.

() P(X = 0) = P(A°N BS) = P(A®)P(BC|AC) = <1—80) <g> =0.6222

(b)P(X=1) = P(ANB°)+P(A°NB)
= P(A)P(B|A) + P(A%)P(B|AC)

- (1) (s)(30) (5)

= 0.3556
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(©) P(X = 2) = P(ANB) = P(A)P(BJA) = (1—20> (%) =0.0222

(d) px (0) = 0.6222,px (1) = 0.3556,px (2) = 0.0222,px(X) = 0 if X 0,1, or 2.

(€) Lx = OpX(0) + 1px(1) + 2px(2) = 0(0.6222) + 1(0.3556) + 2(0.0222) = 0.4

(f) ox = \/ 02pX(0) + 12px (1) + 22px (2) — 12 = 1/0%(0.6222) + 12(0.3556) + 22(0.0222 — 0.42 = 0.5333

2 r3
11. (@P(X < 2andY <3) — / / %e*x/zfyﬁdydx
0 JO
3
= /2}e7X/2 <_ey/3 )dx
0o 2
0
2
= / :—Le*"/z(l—efl)dx
0o 2
2
_ (871 _ 1)87)(/2
0
_ (1_671)2
— 0399
(b) P(X >3andY >3) — / / ée*x/zfyﬁdydx
3 3

/ 1 —X/2 ( —y/3
= —€e —e
3 2

*1 _xp2 1
= — d
/3 2¢ ¢

[ee]

)dx
3

- _eglgx?

— 52

0.0821

(c) Ifx<0, f(x,y) =0forallysofx(x) =0.
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If x> 0, fx(x) :/ }efx/Z—y/sdy: :_Lefx/z _e V3 — 3_le,x/2'
0o 6 2 o 2
1 —X/2
Thereforefy (x) =¢ 2 x>0
0 Xx<0
(d) Ify<O0, f(x,y) =0forallxso fy(y) =0.
If y> 0, fY(y) :/ }e*X/27Y/3dXZ }e*y/:‘; _e—x/z — }e*)’/3.
3 6 3 o 3

1
ZeY/3

Thereforefy (y) = 3e y>0

0 y<O0

(e) Yes,f(x,y) = fx(X) fy (y).

12. (a)A andB are mutually exclusive IP(ANB) = 0, or equivalently, ifP(AUB) = P(A) + P(B).
So if P(B) = P(AUB) — P(A) = 0.7 — 0.3 = 0.4, thenA andB are mutually exclusive.

(b) A andB are independent P(ANB) = P(A)P(B). Now P(AUB) = P(A) + P(B) — P(ANB).
SoA andB are independent P(AUB) = P(A) +P(B) — P(A)P(B), that is, if 07 = 0.3+ P(B) — 0.3P(B). This
equation is satisfied P(B) = 4/7.

13. LetD denote the event that a snowboard is defectiveEletenote the event that a snowboard is made in
the eastern United States, Wt denote the event that a snowboard is made in the westernd Bigtes, and
let C denote the event that a snowboard is made in Canada. F{ien= P(W) = 10/28, P(C) = 8/28,
P(D|E) = 3/100,P(D|W) = 6/100, andP(D|C) = 4/100.

(@ P(D) P(D|E)P(E) 4+ P(D|W)P(W) + P(D|C)P(C)

(28) (3m)  (z) (30) () (10)

122
= 2800 0.0436
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(b) P(DNC) = P(DIC)P(C) = <2—88) <%)) = %(230: 0.0114

(c) LetU be the event that a snowboard was made in the United States.
ThenP(DNU)=P(D)—P(DNC) = 122 32 = 50 .
2800 2800 2800

P(DNU)  90/2800 90

P(D) ~ 122/2800 122

P(U|D) = =0.7377.

14. (a) Discrete. The possible values are 10, 60, and 80.
(b) px = 10px(10) + 60px(60) + 80px (80) = 10(0.40) + 60(0.50) + 80(0.10) = 42

(c) 0% = 10%px (10) + 60Ppx (60) + 80%px (80) — & = 107(0.40) + 60%(0.50) + 80%(0.10) — 422 = 716
ox = /716=26.76

(d) P(X > 50) = P(X = 60) + P(X = 80) = 0.5+0.1= 0.6

15.  The total number of pairs of cubicles(@) = % = 15. Each is equally likely to be chosen. Of these pairs,

five are adjacent (1 and 2, 2 and 3, 3 and 4, 4 and 5, 5 and 6). fohetke probability that an adjacent pair of
cubicles is selected is/45, or /3.

16.  The total number of combinations of four shoes that casetected from eight iéﬁ) = % =70. The four
shoes will contain no pair if exactly one shoe is selectethfemch pair. Since each pair contains two shoes,
the number of ways to select exactly one shoe from each p2fi=is16. Therefore the probability that the four

shoes contain no pair is 180, or & 35.

17. (8)psx = 3ux = 3(2) =6, 0% =320% = (3%)(1%) =9
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(b) Ux+y =px + Uy =2+2=4, 0%,y =05+05=12+3°=10
(C) Mx—y =px —py =2-2=0, 0% y=0%+05=12+32=10

(d) Poxev = 2ux + 6y = 2(2) +6(2) = 16, 03y, oy = 220% + 6202 = (22)(12) + (6?)(3?) = 328

18. CO\(X,Y) = Px,yOx0y = (0.5)(2)(1) =1

@ Mxiy =Hx +y =1+3=4, 0%,y =0%+05+2Co«X,Y)=22+12+2(1)=7
O)px—y =pPx — Wy =1-3=-2, 0% y=0%+0%—2CouX,Y)=22+12-2(1)=3

(€) bax+2y = 3ux + 21y = 3(1) +2(3) =9,
O3y 2y = 370% + 2205 + 2(3)(2)Cov(X,Y) = (3%)(2%) + (2%)(1%) +2(3)(2)(1) = 52

(d) Msy_2x = Spy — 2}.1)( = 5(3) — 2(1) =13,
OBy _ox = 5°0% + (=2)%0% +2(5)(—2)CouX,Y) = 5%(1%) + (—2)%(2) + 2(5)(-2)(1) = 21

19.  The marginal probability mass functige (x) is found by summing along the rows of the joint probability
mass function.

y
x | 100 150 200| px(X)

0.02 | 0.05 0.06 0.11 0.22
0.04 | 0.01 0.08 0.10 0.19
0.06 | 0.04 0.08 0.17 0.29
0.08 | 0.04 0.14 0.12 0.30
py(y) | 014 0.36 0.50

(a) For additive concentratiofX): px(0.02) = 0.22, px(0.04) = 0.19, px (0.06) = 0.29, px(0.08) = 0.30, and
px (x) = 0 forx # 0.02, 0.04, 0.06, or 0.08.

For tensile strengtll): The marginal probability mass functigr (y) is found by summing down the columns
of the joint probability mass function. Therefopg (100) = 0.14, py(150) = 0.36, py(200) = 0.50, and
py (y) = 0 fory # 100, 150, or 200.
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(b) No, X andY are not independent. For exampleX = 0.02NY = 100) = 0.05, but
P(X =0.02)P(Y = 100) = (0.22)(0.14) = 0.0308.

> =0.
(© P(Y > 150X = 0.04) — P(Y > 150 andX = 0.04)

P(X = 0.04)
~ P(Y =150 andX = 0.04) + P(Y = 200 andX = 0.04)
B P(X = 0.04)
~0.08+0.10
- 0.19

= 0.947

(d) P(Y > 125(X = 0.08) P(Y > 125 andX = 0.08)

P(X = 0.08)
_ P(Y =150 andX = 0.08) + P(Y = 200 andX = 0.08)
B P(X = 0.08)
0144012
~ 7030
= 0.867

(e) The tensile strength is greater than 17% i£ 200. Now
P(Y =200andX =0.02) 0.11

P(Y = 200X = 0.02) — X602 = 555 = 0500,
P(Y = 200X = 0.04) = Y _s(o;) j’:% 4): 0.04) _ % — 0.526,
P(Y = 200|X = 0.06) = ~Y :sg? ir:% 6>: 0.06) _ % — 0.586,
P(Y — 200|X = 0.08) = ~Y :sg? i?%g 0.08) _ 8% — 0.400.

The additive concentration should be 0.06.

20. (@)ux = 0.02px(0.02) + 0.04px(0.04) + 0.06px(0.06) + 0.08px (0.08)
= 0.02(0.22)+0.04(0.19) + 0.06(0.29) + 0.08(0.30)
0.0534
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(b) py = 100py (100) + 150py (150) -+ 200py (200) = 100(0.14) + 150(0.36) + 200(0.50) = 168

(c)o% = 0.022px(0.02)+0.04%px (0.04) + 0.06%py (0.06) 4 0.08%px (0.08) — P&
= 0.02%(0.22) +0.04%(0.19) + 0.06%(0.29) + 0.08%(0.30) — 0.0534
= 0.00050444

ox = v/0.00050444= 0.02246

(d)od = 100°py(100) +150°py(150) + 200°py (200) — L&
= 100%(0.14) 4 1507(0.36) + 200%(0.50) — 168’
1276

oy = v1276=35.721

(e) CouX,Y) = pxy — KxHy-

Uxy = (0.02)(100)P(X = 0.02 andY = 100) + (0.02)(150)P(X = 0.02andy = 150)
+ (0.02)(200)P(X = 0.02 andY = 200) + (0.04)(100)P(X = 0.04 andY = 100)
+ (0.04)(150)P(X = 0.04 andY = 150) + (0.04)(200)P(X = 0.04 andY = 200)
+ (0.06)(100)P(X = 0.06 andY = 100) + (0.06)(150)P(X = 0.06 andY = 150)
+ (0.06)(200)P(X = 0.06 andY = 200) + (0.08)(100)P(X = 0.08 andY = 100)
+ (0.08)(150)P(X = 0.08 andY = 150) + (0.08)(200)P(X = 0.08 andY = 200)
— (0.02)(100)(0.05) + (0.02)(150)(0.06) + (0.02)(200)(0.11) + (0.04)(100)(0.01)
+ (0.04)(150)(0.08) + (0.04)(200)(0.10) -+ (0.06)(100)(0.04) + (0.06)(150)(0.08)
+ (0.06)(200)(0.17) + (0.08)(100)(0.04) + (0.08)(150)(0.14) + (0.08)(200)(0.12)
— 896

\./\_/\_/\./

Cov(X,Y) = 8.96— (0.0534)(168) = —0.0112

Cov(X,Y) ~ —00112

— -0.01396
oxoy  (0.02246(35.721)

(®) pxy =

p(0.06,100) 0.04 4
px(0.06) 029 29

p(0.06,150 _0.08 _ 8
px(0.06) 029 29

21. (a) py|x(100/0.06) = =0.138

Py|x (150/ 0.06) = =0.276

Page 99



100 CHAPTER 2

p(0.06,2000 017 17

~ p(0.02100 005 5
(b) pxy (0.02]100) = S @00~ 014" 15 = 0357
_ p(0.04100) 001 1
Px|v (0.04]100) = S o100 = 014" ;= 0071
_ p(0.06,100) 004 4
Px|v (0.06]100) = S0 = 014" 77 = 0.286
~ p(0.08100) 004 4
px‘y(0.08|100)—7m(100) = 512~ 14 = 0286

(c)E(Y|X=0.06) = 100pyx(100/0.06)+ 150pyx(150| 0.06) -+ 200pyx (200] 0.06)
100(4/29) + 150(8/29) -+ 200(17/29)
= 1724

(d) E(X|Y=100) = 0.02py(0.02]100)+0.04px y(0.04| 100) + 0.06pyy(0.06| 100) + 0.08px/y(0.08| 100)
= 0.02(5/14) + 0.04(1/14) +0.06(4/14) + 0.08(4/14)
= 0.0500

22. LetD denote the event that an item is defectiveSetenote the event that an item is produced on the first shift,
let S denote the event that an item is produced on the secondaifietS; denote the event that an item is
produced on the third shift. Thé¥(S;) = 0.50,P(S;) = 0.30,P(S3) = 0.20,P(D|S;) = 0.01,P(D|S;) = 0.02,
andP(D|Ss) = 0.03.

P(D|$)P(S1)
P(D|S1)P(S1) +P(D|$)P(S2) + P(D[Ss)P(Ss)
(0.01)(0.50)
(0.01)(0.50) + (0.02)(0.30) + (0.03)(0.20)
= 0294

(2)P(SID) =
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P(D°[S3)P(Ss)
P(DC|$1)P(S1) + P(D¢|S)P(S) + P(DS3)P(Ss)
[1-P(D|S3)]P(Ss)
[1-P(D|S1)|P(S1) + [1 - P(D|$)|P(S) + [1 - P(D|S3)|P(Sg)
(1—0.03)(0.20)
(1—0.01)(0.50) + (1— 0.02)(0.30) + (1— 0.03)(0.20)
= 0197

(b) P(S3|D°)

23. (a) Under scenario A:
pn=0(0.65) +5(0.2) + 15(0.1) 4+ 25(0.05) = 3.75
0 = /02(0.65) +52(0.2) + 152(0.1) + 25%(0.05) — 3.752 = 6.68

(b) Under scenario B:
p=0(0.65) + 5(0.24) + 15(0.1) 4+ 20(0.01) = 2.90
0 = 1/02(0.65) + 52(0.24) + 15%(0.1) + 207(0.01) — 2.90%2 = 4.91

(c) Under scenario C:
p=0(0.65) +2(0.24) + 5(0.1) + 10(0.01) = 1.08
0 = /02(0.65) +22(0.24) + 52(0.1) + 10%(0.01) — 1.082 = 1.81

(d) LetL denote the loss.
Under scenario AP(L < 10) = P(L =0) + P(L =5) = 0.65+0.2= 0.85.
Under scenario BR(L < 10) = P(L = 0) + P(L = 5) = 0.65+ 0.24= 0.89.
Under scenario R(L < 10) = P(L =0) + P(L = 2) + P(L = 5) = 0.65+ 0.24+ 0.1= 0.99.

24. LetL denote the loss.

(a) P(ANL = 5) = P(L = 5|A)P(A) = (0.20)(0.20) = 0.040

(b) P(L = 5)

P(L = 5|A)P(A) + P(L = 5|B)P(B) + P(L = 5/C)P(C)
= (0.20)(0.20) + (0.30)(0.24) + (0.50)(0.1)
— 0.162
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P(ANL=5) 0.040

OPAIL=5=—57—5~ = 5162

=0.247

25. (a)p(0,0) = P(X =0 andY =0) = (% = — =0.0667
4 3 4 4
p(1,0) =P(X=1andY =0) = 10 + (E) (5) =15~ 0.2667
4
=|— =—=0.1333
10

p(0,1) =P(X =0 andY =

5lw
+

N 7 N~ N~ N~

3 3 3

0)
p(2,0) = P(X =2 andY =0)
1)
1)

S/ N 7 N 7 N 7 N 7N N
OIN Olw Vlw Vlw olw OiN
N~ N ~ ~— ~—

(
(
(
(
(

4 3 4 4
p(1,1)=P(X=1andY =1)= 10 + (E) (5) =15~ 0.2667
p(0,2) =P(X=0andY =2) = % :—_00667
p(x,y) = 0 for all other pairgx,y).
y

x| O 1 2

0| 0.0667 0.2000 0.0667
The joint probability mass functionis1 | 0.2667 0.2667 0

2| 0.1333 0 0

(b) The marginal probability density function Xfis:

1 3 1 1
px(O):p(0,0)—i—p(O,l)—l-p(O, )71_5"‘1—54—1—5*5
4 4 8

px(1) = p(1,0) + V=ft+tE=1

(L.
px(2) = p(2,0) = =

1

bx = 0px (0) + 1px(1) +2px(2) =0 (%) +1 <1—85> +2 <1—25> = 1—2 =0.8

(&)]

(c) The marginal probability density function ¥fis:

1 4 2 7
3 4 7

pv(1) =p(0,1) + p(1,1) = =15~ 15
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Pr(2)=p(0.2) = 5

Ky = O0py (0) + 1py(1) +2py(2) = <175> +1 <175> +2 (115) % =0.6

(@ox = 1/0%px(0)+12px(1) +22px(2) — |,
= J02(1/3) + 12(8/15) + 22(2/15) — (12/15)2

= 4/96/225=0.6532

(€)oy = 1/0%py(0)+12py(1) +22py(2) — 1
= J0%(7/15) +12(7/15) + 2%(1/15) — (9/15)2

= /84/225=0.6110

(f) Cov(X,Y) = pixy — KxHy-

ixy = (0)(0)p(0,0)+(1)(0)p(1,0)+ (2)(0)p(2,0) + (0)(1)p(0,1) + (1)(1)p(1,1) + (0)(2)p(0, 2)
4 4
- W=7

15
Cov(X,Y) = _4 = =-0.2133
15 225 '

Cov(X,Y)  —48/225

(9) pxy = oxOy  /96/225,/84/225

= —0.5345

1,1
26. (a) The constaru:tsolves/ / c(x+y)?dxdy=1.
0 JO

11 7 6
Since/ / (x+y)?dxdy= =, c==.
o Jo 6 7
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3|t 2
(b) For 0< x < 1, fx(x / (X+Y)? _ 2(x+y)*| _ 6x +6x+2.
7 7 o 7
Forx<0orx>1 f(x,y) =0forally, sofx(x) =0.
6X2 + 6X+ 2 0 xe1
Thereforefx(x) ={ 7 =~ *°
0 otherwise

(©) fyx(y|x) = ];L(’Xy)) If x<0orx>1 fx(x) =0, sofyx(y|x) is undefined.
X

Now assume & x < 1. If y <0 ory > 1 thenf(x,y) = 0 for all x so fyx (y|x) = 0.
If0 <y<1then

_(6/T(x+Y)? 3(x+y)?
MxYX) = et exr 27~ 3@+ ax i 1

3(x+y)?
Thereforefyx (y[X) = ¢ 3x2+3x+1
0 otherwise

O<y<1

@EVIX=04) = [ yix(yloady

- / 3y04+y)
N 3(0 +304)+1

0.24y% + 0.8y3 + 0.75y4
2.68

0.6679

(e) No, fyjx (y|x) # fy(y).

1

9
i =14 0.6429

0 1 2
27. (a)ux:/ xfx(x)dx:/ xf”(%de: 1—14(3><4+4x3+2x2)
—00 0

1 2
(b) 02 :/ RO 2 o %
0

2
- <3> 199 _ =0.06769

14 2940
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() Com(X,Y) = pixy — HxHy-

Mxy = / / xy( ) (x+y)?dxdy
16 (¥ 2%y Xy !
- ?y<Z+T+T Y
L6 (Y y
- /o 7 ( 2 ? + Z) dy
1
_ 6y Y
-7 (§ "o T8,
Y,
42
Px = % computed in part (a). To compufg, note that the joint density is symmetric xnandy, so the
: . . 9
marginal density o¥ is the same as that of. It follows thatpy = px = 14
17 9 9 -5
Cov(X,Y — ]| — ) ==-=-0.008503.
ovXY) =23 (14) (14> 588
. . : . 2 5 199
(d) Since the marginal density ¥fis the same as that of, 0§ = 0% = 2940
Thereforepxy = Cov(X,Y) = —5/588 = _—25 = —0.1256.

oxov  ,/199/2940,/199/2940 199

28.  Since thecoinisfaiP(H) =P(T) =1/2. Thetossesareindependent.
SoP(HTTHH) =P(H)P(T)P(T)P(H)P(H) (1/2) =1/32,and
P(HHHHH) = P(H)P(H)P(H)P(H)P(H) = (1/2)° = 1/32 as well.

29. (a)px(0) = 0.6, px(1) = 0.4, px(x) =0 if x£0or 1.

(b) py(0) =04, py(1) =0.6, py(y)=0if y£0or 1.
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(c) Yes. Itis reasonable to assume that knowledge of theomemf one coin will not help predict the outcome of
the other.

(d) P(0,0) = px(0)py (0) = (0.6)(0.4) = 0.24, p(0, 1) = px(0)py (1) = (0.6)(0.6) = 0.36,
p(1,0) = px(1)py(0) = (0.4)(0.4) = 0.16, p(1,1) = px(1)py (1) = (0.4)(0.6) = 0.24,
p(x,y) = 0 for other values ofx,y).

30.  The probability mass function &fis px(x) = 1/6 forx=1,2,3,4,5, or 6, andpx (x) = 0 for other values of.
Thereforeux = 1(1/6) +2(1/6) + 3(1/6) +4(1/6) +5(1/6) + 6(1/6) = 3.5. The probability mass function of
Y is the same as that &f, sopy = pix = 3.5. SinceX andY are independengixy = pxpy = (3.5)(3.5) = 12.25.

31. (a) The possible values of the pé¥,Y) are the ordered pairfx,y) where each ok andy is equal to 1, 2, or 3.
There are nine such ordered pairs, and each is equally likéigreforepx v (x,y) = 1/9 for x=1,2,3 and
y=1,2,3, andpx v(x,y) = 0 for other values ofx,y).

(b) BothX andY are sampled from the numbelrs, 2, 3}, with each number being equally likely.
Thereforepx (1) = px(2) = px(3) = 1/3, andpx (x) = 0 for other values of. py is the same.

(C) Hx = by = 1(1/3) +2(1/3) + 3(1/3) = 2

LOlH

3 3
(d) Mxy = 1 Y1 XYPy (X,Y) = Z Z 1+2+3)(1+2+3):4

Another way to computgyy is to ote thaX andY are independent, 3%y = pUxpy = (2)(2) = 4.

(e) Cou(X,Y) = pxy — pxpy =4—(2)(2) =0

32. (a) The values ok andY must both be integers between 1 and 3 inclusive, and may neqle. There are six
possible values for the ordered pg,Y), specifically(1,2),(1,3),(2,1),(2,3),(3,1),(3,2). Each of these six
ordered pairs is equally likely.
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Thereforer,Y(Xay) = 1/6 for (Xa y) = (11 2)1 (11 3)1 (21 1)1 (21 3)1 (31 1)1 (31 2)1 and pX,Y(Xay) = 0 for other
values of(x,y).

(b) The value o is chosen from the integers 1, 2, 3 with each integer beinglgglikely.
Thereforepx (1) = px(2) = px(3) = 1/3. The marginal probability mass functigg is the same.
To see this, compute

pv(1) = pxy(2,1)+ pxy(3,1) =1/6+1/6=1/3
Py (2) = pxy(1,2) +pxy(3,2) =1/6+1/6=1/3
Py (3) = px.v(1,3) +pxy(2,3)=1/6+1/6=1/3

(C) x = by = 1(1/3) +2(1/3) + 3(1/3) = 2

@y = (1)(2)pxy(1,2)+(1)(3)pxy(L,3) +(2)(1)px,y(2,1)
+ (2)(3)px.y(2,3) + (3)(L)px.y(3,1) + (3)(2) px.¥(3,2)
= [(DE@)+D)E)+(2)(1)+ (3 + () +(3)(2)](1/6)

11

3

(e) Cou(X,Y) = Uxy — PxHy = %1 —(2)(2) = _%

33. (@)ux = [, xf(x)dx Sincef(x) = 0forx <0, px = [&xf(x)dx
(b) ix = J&'xF(x)dx> [ xF(x)dx> [k (x)dx=kP(X > K)
() ix/k = kP(X > k) /k = P(X > K)

(A) Ix = My 2 =%
(€)P(IY — pv| > koy) = P((Y — ) > K03) = P(X > K26?)

() P(Y — | > kov) = P(X > K20%) < pux /(K203 = 03/ (KeaF) = 1/Kk2

34.  pa= Tz We now findp3.
0% = gz — 3. Substituting, we obtain & pge — 107, Thereforgug, = 101, andua = 1017t
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35. (a) If the pooled test is negative, it is the only test perfed, soX = 1. If the pooled test is positive, then
additional tests are carried out, one for each individumK s= n+ 1. The possible values of are therefore 1
andn+ 1.

(b) The possible values of are 1 and 5. NowX = 1 if the pooled test is negative. This occurs if hone of the
individuals has the disease. The probability that this cedsi(1— 0.1)* = 0.6561. Thereford(X = 1) =
0.6561. It follows thaP(X = 5) = 0.3439.

Sopx = 1(0.6561) + 5(0.3439 = 2.3756.

(c) The possible values of are 1 and 7. NowK = 1 if the pooled test is negative. This occurs if none of the
individuals has the disease. The probability that this c&@(1 — 0.2)® = 0.262144. Therefor®(X = 1) =
0.262144. It follows thaP(X = 7) = 0.737856.

Sopx = 1(0.262144 + 7(0.737856 = 5.4271.

(d) The possible values of are 1 anch+ 1. Now X = 1 if the pooled test is negative. This occurs if none of the
individuals has the disease. The probability that this cetsi(1 — p)". ThereforeP(X =1) = (1—p)". It
follows thatP(X =n+1)=1—(1—p)".

Sopx =1(1—p)"+(n+1)(1 - (1—p)" =n+1—n(1—p)"

(e) The pooled method is more economical if-110(1 — p)*° < 10. Solving forp yields p < 0.2057.
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