Chapter 2

The Solution of Nonlinear
Equations f(z) =10

2.1

L

(8)

(b)

Iteration for Solving » = g(z)

Clearly, () € O, 1}, Bince ¢'(2) — /2 < 0 ou the inlerval [0, 1],
the fnekion g{z) & wiriclly decreasing o the interval [0,1]. 17 4 is
strictly decreasing on [0, 1], then g{(0) — 1 and g{1) = 0 imply that
g0, 1) = [0,1] < |0,1]. Thus, by Theorem 2.2, the function gl
has a fixed point on the interval |0, 1),

In addition: [f{o) = | —2/2 — /2 < 1/2 = 1 on Uhe inlerval
[0.1). Thug, by Theoremn 2.2, the fuuction g} hay a unigue Axed
point on the lnterval (0, 1].

Clearly, o(x) & C0,1]. Sinee g'(s) = — (232~ - 0 on the interval
{0,1], the function g(x) is strictly decressing on the inborval 0,1). If
g 18 strictly deeveasing on [0, 1], then g(0) — 1 and ¢(1) ~ 1/2 imply
that g([0,1]) — [1/2,1] € [0,71]. Thus, y Theorem 2.2_the funetion
a(er) has a fixed point on the inteeval A1, 1.

Inaddition: g/ ()] — | =1n(2)2 | = ln(2)27% < In(2) < In(e) —
1 on the intetval |0, 1], T, by Theorow 2.2, the fanetion g{x) has
an wnique fixed poinl ou ihe mterval |0,1].

Clearly ¢{#) v contimous on |0.5,5.2] and g([0.5,5.2) € L5, 5.9
Lut, g{|0.5,2]) C [0.5,2]. Thus, the hypolheses of the Orst part of
Theorem 2.2 are salished and ¢ has a flved poine in (05,2, While
(1,1} ie the unigue fixed poing in [08,2] 170 = £ # 1, thus 1l
Lypotheses in part (4) of Theorem 2.2 ssnnot be satisfied.
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WGCTIAPTEL 2. THE SOLUTION OF NONLINKAR EQUATIONS FX)=0

2 (a)
glin) — u
—1+dx—32? =
w2 ofr+E — D
ro— 21
il
at) —4+&-2 _ 2
gfld) = -4116-8 = 4
(1)
o= 1.9
m — 1795
fa —  LLGROHTS
Pr = TOARORDI L
{¢)
o — 4R
- 388
pa m 3.8908
s o= 3.499090508
(d} For part (1)
Fo — .l Ho —= .95
£ — 0205 Fi = U0.1025
E, = 04810125 Ry - 020550625
e — 098491089 Hy — 0477455414

{e) The sequence in parl (b) does not converge to £ = 2, The sequonse
in part (¢) converges Lo f2 =4

(8) 1= VI& pa= V6 + VI3, COTIVEIes
(h) Fry == %, P2 = %1 CLNVETEOR

() g = 4083833, p» — 0.537869, diverpes
(d} g1 = =88, py = —6Y.5, diverges

4. The fixed points are # = 2med 1= =2, Since ¢/(2) — 5 and g0 2y -4,
tixed- point iteration will not converge bo P — 2 and 1 — =2, respectively.

x — weon(s)
(1 = cos(x)) n
= Inw
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Lhus g{w) has infivitely many fixed poinly; £ = 2o, wheren e Z . Aol
o' (2rn)] = feos(2e) . ow in(2nm)) — L
Thus Theorcin 2.8 may nol be nsed to find the fixed points of g{r).
6.ty —p1] = lan) = glo}l — ig"(cad (1 — po)| < Kpy — pol

T = 1P = pi| = [o(#) = g(po) = | (o (" po)| = P pol — | B

B, (s) By way of contradiction assume there oxisls & such that Prpl —
glpn} = o Tt follows that:

—~0.0001p3 + py

2 P
000017 = 0
e — 0

Thig pe) — Qor pey = 10,000, Clearly, pp_y £ 10,000, since Lhe
maxirm value of g{z) is 2500, Thus, i pp — 0, then pe_ ), ... p) —
0. A contradiction Lo the hypothesis g - |, Therefors, p = p; >
PE Py Py o
(h) Dy way of contradiction assume there exists & such (hat pe = 001
follows that:

9lps-1) = 0
00001 + oy =0
(—0.00Mp; 1+ 1Dpy_1 = 0

From part (a); if p, | =10, then py £ 0. Lhus py_y # 0. Ty <0,
thon
=000+ =0
pi 12 10,000,
a contradiction. 1M p; 4 2 0, then
=0.0001p;—y +1 = 0
Pi—1 < 10,000,
a coutrutivlion. Therefore, p, = O for all n.
() Ry — 0
9 () ¢(3) = (0.5)(H) +1.5-3

(B) 18- po| = |8~ 1.5 = 08pa—i| — 116 OBpuci1] = g3 = pa.q| =
3P = pa-i]
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{¢) Usiug mathematical induction we noke that [I7—pm| — %|P- Po| audd
assume that [P —py| = Z|P pol. Thus

1.

|P — ey

|Pe+1 — Pi

|2—k—1 -9 In|

|1%+1]

) B 9k -2 1)
2=k R

=g
]
£—pn
(k)
'—pn
LA

{n) Neoter g —po/2 po —po /22, .., ppg) = /2 Thns

a-k3—1 -1

(b} Clearly, the stopping criteria will (Iheoretivally) nover be satisfied.

T Ininequality (11): [P —p,| < K™ 12— po|, whore |¢°(2)] < K < L. There-
fure, the smaller the value of K (he Master fixed-point, ileration CONVELECS.

2.2
1.
Iy
1
Iz
2,
Iﬂ
I
2

(011 +0.12)/2
(011 L0118 /2
(0.1125 | .125)/2

(013 +0.14) /2
{0135 +0.14)/2
(0130 | 0.1375)/2

LS
01120
().11375

(135
0. 1475
(1. 13625

Bracketing Methods for Locating a Root

A1) = 254,403
A(0,1125) 246, (72
AQ0L11375) 250, 19&
A 135) =144, 539
A(DIATS)  — 40, 435
A(0.13620) AL, 420

o (a) f(=3) =0 F{0) <00, aud f{3) > 05 thus roots e in the intervals

| 3,0] and [0, 3],

(b) Slr/4) = Oand f{n/2) < 0; thus o rool lies in the interval |[7/4, w/2].
{e) F(R) < Dund f{5) = 0; thus & root lies lu the inferval [2,3),

(d) SL3) =0, £17) < 0, aud F{7) = 0: thus roors Lie in the intervaly [4, 9]
and [5,7].

e

[ ]

- [-24. 1.6, [-2.0, - 1.6], {-2.0, —1.8].[ - 1.9, —1.8], [-1.85, — 1 .80]
- [0.8,1.6],{1.2, 1.6], [1.2, 1.4], [1.2,1.3], [1.25, 1.30]

8. [3.2,4.01 [3.6.4.0], [3.6, 3.8, [3.6,2.7], [1.65, 3.70]

V. 6.0,6.8] 0.4, 6.8],[6.4,6.6],6.5,6.5],]6.10,6.43]
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8 (&) Starting with ag < by, then either 4 = up wnd b, — 5“-5—”9-, ar
oy = E“-E_l,_—b“ and &) = by, Iu cither cave we have ag < 4, < B < by,
Now amsmme that the result is true forn — 1,2,k in particolar
ap foay oo g e € - = By < by, Then eilher Qg1 — G
and byyq = E“-}-{’AL, Or . — ﬂ-rb-"- And by — B, Inociiher case we
have g = og ) < bryy 5 B Honceag =2 gy =2 00 oy, < (pt1 <
by o <3 by = evv = iy <2 g Fhus by malhematical induetion we lave
proven thal og = oy = -+ g, < by 50w By < by for all .

(1) Trom part () vither @y — ag, & — @, and by — a, — Qﬂ;—“ﬂ o
i = ﬂ”—é—hu, by — by, snd by — g — ﬁﬂT"ﬂ- Now assiwme Lhal Lhe
resull, i drue for n — 1,2,..., &, in partionlar by — g = 258 T'hen
cither iy = Qg bg+1 —_ E“‘—}&k, and bk+1 —rg 1 — E‘E—a“‘- = %':Tﬂjn ar
Qppr = 2208 by — by and by — agg — B b = Bt g

by roathematics] induction we have proven tha by, — iy, = Q”;—.“” (ur

all n.

{¢) Using parl (¢} it follows thal, Lhe soquence 1an } s non decroasiog and
bouuded shove by by, henee il is & convergenl soquence and we wrils
Mly—co n = L. Similarly, the seruence {b,} is nou-incrensing and
bonnded helow by ap, henee iU is w convergent sequonee and we write
Lttty acas b, — T

To show that the two limits are squal we abserve Lhal,

LC! = ].illln_.m bn
= limﬂ—ﬁm(an + fbn - G..“.'})

— im0y Ly (D, - ay,)

= L+ lintiy s E‘JQ_,—I“‘-’-

= L +0=1I
Sinee i & ey = by the squeeze principle for Jinits implios 1hal,

lim e, — Hm e, lim 4,

F—t+ o [T =] ELEYE'S]
9. (&) "The inetion does not change sign on the intereal [3, 7).
(b)Y ity @ — 2 = it oo by, but F(x) is undefined at 2.
1. (n) N will converge to the zero at & — .
(b)) liTy, o, Gy 5= 0 /2 = LMy —on by, bt f{2) s undefined ad w [
1. Solve: . ,
o hxin™
In(5) NIn{2) = In{5x 107
w  lUndS] In(Bx10" *
N e
N = 29.80735
Thus N — 30.



CHAPTER 2. THISSOLUTION OF NONLINEAR RKQUATIONS FIX) -0

12,
. b f(bn fbn. G‘nj
f" " fb) flaa)
.Jf'“{,lf('{"ﬂ) = flan)} = flbp )by an)
Tlén}  J(an)
— _hﬂf(n'ﬂ) + ﬂnf (bn)
f(bn) - .f(a'u,}
an S} b f{n,)
f(b'n) St )
in.

b .
%ﬂﬁl <4
11;(1%","?‘}1) < n(h),

sinoe 1o s a atrietly inereasing fanetion, Thus

fu{h ) — (N +1)In(2) = In{&)

In{h— o) — In(d

(2 N+l

ro., In(b—a)—In{d)
N = (2 1

Thereflore, the smallesi, value of NV ia

. In(d  a) - In(#)
N =4nt (_-W)

14, "The hisertion method can't converge to o — 2 unless e, — 2 for sone
[

L. We refer the reader to " Which Root Daes the Biscetion Algoritlim Find?”
hy George Corliss, Mathemalical Modeling: Classtoon Notes in A pplicd
Mathemuatios, Murray Klankin L., S1IAM, 1947,

2.3 Initial Approximation and Convergence Cri-
teria

1. Approximate root location (1.7, Compmted root —0.7034674225,
2. Appreximate root location 0.7, Computed rool (.7300851332,

3. Approximate rool Tocalions — L0 and 0.6. Computed roota —1.002066051
and (LEHEGHNTTS.
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4. Approximate roal loeations £1.8. Compuled toots | 1L.ROTITSITY.

N, Approximate root locations 1.4 and 3.0, Compnted roots 1412381172 and
3.05T103500.

6. Approximate root loeations £1.2 and .

2.4 Newton-Raphson and Secant Methods

Ff L e 17

Lo{a) po—pe) —

2pp—1- 1
(k)
pu —_ —J..a
m — 00623
Pz = 17743
rs — 0.4b05
" .
2. (a) o= - %’i
(L)
o — LG
w = LAR2T4T

pa = 23152
P — 230282

o = U4
po= =30
pr == —1.T143
yc— 1416
Py 0 - 13ALD
(o) pr=po — ot — 1)
(b)

o= 27

pi — 2075

Pr — 206625

s — 2.0421B75

P11 = 20316400625

(¢} Convergence is lineur. The error is reduced by o factor of’% with cach
Herallon,
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q.

D.

a .
Iy . 1_'1]"’&- 1—¥

{8) Pt = pr-1 —

Mg =3
(h)
po = 2l
o — 200606062
P2 o— 200002434
ps = 200000000
po= 200000000

L} il ., L} y H 3 i1 N .
{£) Convergence is quadratic. The number of necnraee decimal places
{roughly) doubles with each iteration,

(a) b2/ " 1 B Tailpr—1)

(b} No, po =3, py = —4.01525. The sequence {pg} converges to - 9;-'

{e} Yes, po - 0, ;i — 470149, Ll soquence 1P} couvergey Lo 30

() pr—=pror — (T +p k- 1% arctan(pyg_. | )
(b} i

Fo=11

o — —0B70796327
pg = —0.116869901
e — —0L00L0GT0WR

pq — 0000000001
o By, pe — Q0D
() 1
o= 2.0
P = —3.533743590

e — 1395095905
P2 — —279.34466G7
e = 122016,9900

li. The sequence v a case of divergent oacillation.

Z’A'.—II .
[ T

(A} P = Pa—1
(Iy) L

po =020

= —(.05

pa — - 0002380952
py — =0.000005635
pa — —0.000000000

“- ””IM FHHI)A: - D'G
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{c) i

Po = 20.0

P = 2105263158
P — 22, 10250004
Pr — 23, 1495880
7ra = 24,195035016

. iy, o e o oo
(d) fipa) = Q.00000000075155

B, py = 2AVDERRL, 1y — 241436164
9. po = 246371308, py — 2.27027831
W pz = — 152140264, p5 — - 1.52137968

. Following the proceduwe outlined in Corallsry 2.2, we szaume that A is 4
vl munber and find the Newlon-Ruphson theration hnetion () for the
Ametion f{z) = »¥ — 4. Thus

— g L=
glx} x—
o
- 5 -&=A
SIA
t-F
= -
Mot Sy

Now lot g e an initial approximalion to \:\/,Z Thus the Newton  Taphsoen
iteration v detined by

e — 2R 1|3’UJ":‘: 1
for k=1,%,....
12. (a) VYA

(ls} Fellowing the procedure outlined in Corollary 2.2, we assume that A
15 i nppropriate real number and find the Nowton-Raphson iteration
funetion g(=) for the fuaction f{x) — =¥ — 4 Pl

o fix
gle) = @ — ffgr}
- £ |I.?! =
— g— ::}\_ =
(v —1)z+—h—
il

Now let pg e an inilial approximation to W Thus the Nowlon-
Taphson iteration is defined by
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17.

1&.

N=1lpr_y | Agp=1
o = [ Ipe ‘L I

for k= 1,2,...

- Mo, because f() hna no resl zeros,
.« No, becanse f/{x) is not contionons at the rool = — ),
. No, beeanse f(x) s uel detined o an interval ahous the rool @ = (),

o Fron (12) andd (13) we sec that (17) s the Newtloon-IRaphson recursive role

for the function f(r) = # — A, The veros of F are 4/A. 1L follows from
Theorem 2.5 that there is a py such that (11) converges to /A

{a) g(p) = p {%5 = p which implies that - Z&L — 0. which implies

, Fin)
that f{) =0,
T Y e {Fe Q;*’--.fg;-'g.r”g'gg _ At S N PR
(-b}l q,{p) =] ! TP T Bl (f,(r']j\:' =1L :?l'lll‘.‘-‘. .q'r(l{l)
(0 and ¢'(p) I8 & contibueus Mnction, choose ¢ = 1, Then Uhere exists
an interval (p—d, p+d) lu which ['()| < c ot |¢'(2)| = 1. Therefore,
Theorem 2.2 implies that lit,— Pn = fh

(a} Given ,
0= flpe)+Imdp me) v 57 (ew)(p — pe)?

Lhery

P+ F o= =~/ "o~ pe)’
I 17 I 1 S

SR B T TR L

{(h) The last exprossion in part (a) can be written as:

IO N R AP

i (?‘k _f}(i?k) 2};-;(1’.‘;) [l.! I’C"

_ I A ) R

P—Pha = —3 f,(pk}(p k)

Assuming ['(p) = f{p) and F7{ep) ~ F'ip) when ki soMiciently
targe yiclds

Ty _"‘.m(?]) - 3
= ey Qf’(?;)t‘p j
.Ml
T
Uspa] o= /()] ”

2 F ()]
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19, (a) M1/4 =g =1, then
—2 < logy(g) < 0

=24 2m = loga{y) + 2 m.
Lo
SRR 2‘3'?1 o D2
) 2

By tho Sgueeze or Sandwich Theorem lima,_. g x 2% — 0 and
limnoioog % 2% = oo, Lherefore, if 4 @ RT, then there exisly
m ¢ & wnd g & [1/4,1) such that 4 = g x 2o,

() K ACRY then VA= g x 22m _ g1/2 o am,
20, (a)

i — Ll — Pio1)
T T pe) — Tpx—1)
prlfle}  Spe—i)) = F(pi) (e —pa_1)
Tlpw) — f{pe—1}
o TS Uhe) +pe 1 flm)

Sl = T(pr—1)
' ) — prfiPr—1

= Jipx-1)

I

{13} As the number of iterations increases Lhe precision of the dilference
i the munerator can lead to a reduction in the precision of pyy, .

23, 1T v s root of multiplicity M = 2, thon f{x) = (= pYg(r) nnd glp) # 0.
Cuonsider

h{z) = :::—%
2 pPale)
(- ale))

2z — plalr)
20z — pig(z)y

Sine pris 8 root of wdtiplivivy M — 1 of &(x) it follows that the Newton-
Raphson mnethod

2flpy—1)

R oy

couverges quadratically,
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22, (a) Halley's formula for finding +/A is:

L xt— A (@ = A\ T w{e? +34)
glz) —x } (1— i) )

D Q22 Jat 4+ A

When A — &, Halley's iteration forrmla heeomes

- pg_l | 1y
P TR 4
and py — 22302011176, ps = 22360679775, and Dy — 2 PIB0GTITTS.

(b)) Llalley’s formula for f(a) =% — 32 | 2 iy glw) — & """9' 4* = s
M — —2.0130081801, pa = —2.00000072L1, and py = —.-.’ []U[HHH)U(]I][)

23, (a)

{r —p) ™ g(x) B
Mz - )M Tq(w) + (7 — )y ()
(= p)*g(x)
(@=L (M) + [ — ) ()
_ _ J1ED)
7 =) (MG'(I) I -1’)«'(:60)
— {x—pla(x)

)M

Noto

_ _alp) 1
iy il TRl

Therefore, h{x) has a simple root at P
(b) I'rom (3) the Newton-Raphwon ilerative function for A(x) is

h( )

Makiuvg the substitation h{z) — f(x)/ f/(x) vields

Flz)/f'(x
i) = 2 —-
z
(#3)

- &= FEYMED
b M) - [l "

GOk

= = Jix) f'(x)

(F'{xN)* ~ Flz) ()



B3
Iy

2.

2

ATTKEN'S PROCLSS AND STEFFENSEN'S AND MULLER'S METHOQS27

{£} The iteration Mnetion g in pary (b by Lhe Newton-Raphson ltora-
five funelion of s funetion A wilth » simple root, al. p. Therefore, by
Theorem 2.6, iteration using g in part {(h) converges quadratically to
EH

(1) g = 0.TB2BITRILITOLL, po = 026558132223 138, g — (0008628551512

Lt appears that the error in each suecessive iteration is proportional to the

rube of the error in the previous tteration; F,y, = A e R=3 Lhe
valr A == 3/4 19 a reasouably astimade for the proportionslily constant.

Aitkern’s Process and Steffensen’s and Muller's
Methods

i

(n) Apy =

(b) Apn _f_l(n-|-1)-|-2 n—2=46

() Apw —(n+ 1)(n+ 2}~ n{n 1 1) = 2(n + 1)

a) A%, — AlAR) = A2 1 1P+ 120" — 1) - Aldn —2) = 4
)
)

(
(b At e — A A‘zpﬂ) = [ ) =0
(': Atp, = A Aqﬁn) —A{l) =D
Apn = A(L/2L o pamy _ /g
and
A%p, = AlApg) = A{—1 /201y = — . L—
P = AlAp) = A= =~ | oy — o
1huan . )ﬁ f .
SV TV o SR |
fIn — I — &Epn ET - 1;2” = 7 :'!n" —{)
1 1 1
A = n+l n nminll)
atil
A‘P-ﬁ = A{Apn)
- &( nfn-tii !
- (‘?H—l)(n-ﬁ-& + n(u 1}
W

thng .

. 1

(Apa)* 1 (_'u{'u+l‘1) 1

dn — P —

2, . i - '
Apn v smmmrTm Ant )
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o,
Alp,
- P (Pn 11— pu)H
v —

Ptz — 2}’-‘13.—1 + Ba
InPaya '!'J'-‘f;_;_]

QT’M 1 + pn
1
r—qumeE o

1
andI 7

Hr+2

1
(2!}.—1 -1 )‘.!

-‘!o\|zgl_] + 2r||_1

2:!\

T D )
1 1

I e T

6. pp = 1/{4" | 4~

n| e gn Allken's
nns ). 20437542
1 (23529412 | -0,0015849%
2 | 0OGZ2L68L | O.00002300
3| 00IBE2119 | 000000037
A4 | 000380814

o | 0.00097E56

T.og(r) — (G+x)'

0| pe 7n Aitken's

0125 30002430

L] 2915470400 | 3.00000667

2 | 298587943 | 2.0000N01E
| 3| 289764060 | 300000001

4 [ 259960758

2 | 2.99993460

B glmy=In{r+2)

S 14612902

8. wos(x)

n| p. iy, Altlkon's
0| 3.14 R IAG10413
1| 5714422280 [ 3.14610331
_WE 3.14550674 | 311619323
3374599408 | 3.14616322 7
1
| 5

3. 14617410

1-10
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n | p.Steffensan’s
n]os

1 | 024460808
202071517

3 | 0.00700300

4 1 D.003T7648

B | D.001RRR241

G | N.00000003

T I lormula, (4) lob py = 8§y, amld g, = Ty, then AS, — Satt — 5 — Anm
and A8, — AlAS,) — AAgiy = Apea An 1. Substituting into formula

R . At
{4) vields Tn — 8, — ; '<—_tﬁﬁ'

Il. The sum ol the gevies s 99.

nl &, T
10399 630009058
2 [ T.o701 99.0000017
3 | 2010390 0% HIO0HER
4 | 390099501 | 9895019992
5 | 1.8510RR06 B
[ 6 5 70310521
12 The sum is 8 =2 0.3 L8803
n + .'I'l ’I"n
1 [ 0.23520412 | .31840462
2 | (L297558093 | 0.A1H45076
3 [ 031317217 | 0.31838030
4 [ 0.31707830 | 0.315354030
5 | 051805287 1
6 | 031820001

13. The su of the sories if 4,

n| o, n

1] 1.0 5.0

2 2.0 4.25

3| 275 1.0R333333
4 | 3.2 4031715

5 | 4.5625 40125

6| 4.75 4.00520233
7 | 3808475 | 4.00253215
5 | 3.021875 | 4.0097646

14, The sum of the serics is 1n(2).
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17.

Fn

TH

0.5

().E87hH

(1.645

0.69166667

(). 66666667

0.60270833

(L.GR224GT

0).69300595
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AITKEN'S PROCESS AND STEPIENSEN'S AND MULLER'S METHODS
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P Patz 21 + P
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Py (e Bl TR )2
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19, (a) Eny = KN E,
(b} From part (&), if Ex = K8, then

|| = |KNFy
Ky . W
|#in]

N = i 1“!.-.’£10F|EU|
logyg | K|

-8 — lug,, |E
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