CHAPTER 2

SECTION 2.1

2.1.1  Option 1 accumulated value is 50, 000(1+)"".
. , : ) 30,060
Option 2 annuity payiment is K, where £ == 5564.99
24l

Then 5564.99s575 = 50,000(1+:) so that i =6.9%.

2]}

2.1.2 Suppose the annual eftective rate is &. Then 900s, = 1000

so that 900| -T2 T2 uESm @ and then (1+4)'° u%.

We then have Keg, x(1+ & = 1000a—, so thai
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2.1.4 HOOQ%%«: = M\.&%b_ _____ > ¥= ..Esz)mM‘M“u[ms

= 1000(1.01°% = 19,788.47
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2.1.3

2.1.6

2.1.7

() 100s o07s = 71595

(i} 10055, = 2033.87

(i) ECTIEC,: (1.00875)7 (101" +55 g5 - 10D + 57 o;
= 3665.12

(iv} 3665.12(.01) = 36.65

985.(14+4)7 + 19655 = 8000, (1+i)" = 2

-3 mmmﬁm,ﬂ_ +mw.mmH* = 8000 — wrﬂ +ag 40.82

= 40.82

Nci..v.__am.vcé.:;
I i

> 243 = 40.82 > i=.1225,

o
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£300L08)" 55 + 40557 = 2328.82

(b) 10555 - ,TZA,Q....M ________ vzﬁﬁg.ﬂsif /]
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Total interest = total accumulated value — total deposit

SOLUTIONS TO TEXTBOGK EXERCISES € 27

2111

2.1.12

2.1.13

2.1.10 After n years Smith’s AV is [ 80s +mo£a.§ia and

10105
Brown’s 47 is po.ﬂ.u_!ﬂ -+ P, Hgm if n=135, then P=1453,

n=20 - P=1719, n=25 - 20.75.

Sei Q+hv§
@ £ = Ty

= ()" 41 = 20 -3

= {+)" =2, 70 = S = iyl Iv;

- §= .MQ 014286, ,w.l..r = 5o +Q+~u e = 490
_m..u - ﬁu.l_!h.vm "o W .M:k -MW‘
»z@.v .vn_m_m. = ﬁ.a_lh}\-: -1 Qn_luv + Q.lTnv ..... rM\l
— quadratic equation in z = (1+)": S u\w\w\ _ 0
_ 1i T
= () =z =—7 ,.,...m ......... 7 (discard negative root)
" 1 _ 3
e SN G.I_..wa = It ..}1 ;GW,.C
(e s Swi T Q.+ e {(+)+1

“> 36.34(14+0)° +(1+)—47.99 =

- 1+ = 1.1355, or —-1.1630 {discard negative root}

AV = s (LIN sn o = 128+ (111" (34)

T
Since 3o, = SIHE 108 it follows that (1.11)" =15.08

— AV =640.72

We accumulate the payments to the beginming of the 6" year
{time 5} and then accumulate them {or another 5 years.

205z (1.1 + Xsg (LI = 20000470 - X = 8.9
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2.1.14

2.1.15

2.1.16

2117

An investment of amount 1 is equal to the present valuc of the
return of principal in # ycars plus the present value of the interest
generated over the » years.

2825.45

The equivalent effective annual rate of interest is
= (1.04Y —1 = .0816. The balance on January 1, 2010 is

100,000(1.04)"° + 50005, —12,000s, (1.04) = 109,926,

10iz

Annuity (a) has present value S5z .
The present value of ammuity (b) can be formulated as

3055, + 60V ags  +90v*ar; . Note that annuity (a) can also be

c En ‘ wasmszcamm:mpﬁﬁw@
written as mmnmo ; = 55 Sam, +35 ﬁ;%.

same present value X, so that

1t} _ 72 b 10 ’ 20 .
} + 5500 = UOQM.Q% . BEjy a + 90 Al

35a, ol

After canceling the factor ar), the equation becomes

55+ 5549 = 30+ 601 90w,

With 10 = ¥, this becomes the quadratic equation

90y% +35y 25 = 0,
or equivalently 1832 + y—35 = 0. The toots are y =.50, —.556.
We ignore the negative root for % = y. Therefore, vi? = 50 so

that v={(.50)", and then i —.0718. Finally, X = 55az5 75 =575

SOLUTIONS 1O TEXTBOOK EXBRCISES < 20

2.1.18

2119

Option | corresponds to a single deposit earning ordinary
compound interest (compounded annually), and the accumulated

value at the end of 24 years is 10,000¢1+1)**.

Under Option 2, the 10,000 purchases an annwity-imnmediate at

10% paving K per vear, so that 10,000 = ,NQE 4 (the purchase

price of 10,600 is the present value of the annuity-immediate
being purchased). Solving for K results in

(= 10,000 _ 10000C1) _ 1000

T 1o - dosamg T b3

Under Option 2, the payments of 1,113 will be received at the
end of each year for 24 years (it is implicitly understood that
with an annuity-inanediate the payments begin one period after
the anpuity is purchased - this is referred to as the “end™ of the
year). If, as the payments are received, they are deposited into an
account earning interest at effective annual interest rate 5%, then
the accumulated value of the account at the end of 24 years is

L 83sss o = (L. :m.: E = (1113)(44.502) = 49,531.
_

241.05

Since Option 1 results in the same accumulated value, we have
10,000(1+)>* = 49,531, from which it follows that 7 =.0689.

The phrase “at the end of each year” indicates an annuity
immediate.

V- = A
Xag; = x (1) = 493, ﬁ@? 3 (=) - 2748,
Using the factorization 1-v¥" = (1—v*}14v"), we have
3Xa g2y i
i 30PN gl ey L 2748 L g 5 LI
pom T =) = 258 = 5574 — v = 858,

This idea has arisen in exam questions a number of times over

the years. A similar factorization could be applied it - and
S5 were given. A more mvolved situation arises if a and
== are given. In that case, we use the factorization

1=v" = =y )" 1),
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2,120 10,000 = K a—

2.1.21

10103

2.1.22 m.—u,v ﬁ oy, = thmf-__uﬁu. +....m\ﬁ:u

2.1.23

2.1.24

+200v° “azyg, > K = 1079.68

nli
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LOLUTIONS T4 TEXTROOK EXTRCISES < 31

2.1.25

2126

2.1.27

2.1.28

| T T St L 3 L A il-v") A i
e I e R
_ e b
N +ﬁ+a‘.t_ j
AL Sy
o Zdi . YTV
Gl TV %y T Tay, T 1o
= Q,:um.w - f.:+¢wx =1
Ly ayto] = 0 V= IR o 6180 or ~1.6180,
(discard negattve root)
N f—y" 1= = (1) -
@) dy; =~ = i (1+i) = (ki) agy
; | 7
= o Hicdp, = g thoe—— = ars +1—V
B T T It
= ~,+ﬁ¢.+ f.N .M._.Zu_‘.cxlwu = Hi“-_m.wm“mm
. Lyt =1 (" -1 @:Va o)
o) 5 = : Wh = TEH(ED Qf; = ()5,
= S hivsn = S b G:v = g +{lvi)" -
= {1+ () + a,xﬁ et c,___aa___ (Y -1
= S
At rate f per month, 3000 = :.\.wmn_ui > dpga. = 42.5667,

Vil

Using the identities 5=+, = m.a._‘ﬁ,lm..AT b_u_ﬁ_ and

i

Sy = WD) g, wehave (L) = 2.045646.

m| R
= 012.
ﬁﬂ:

Then " = 488843, so that j =

Then i = (1+/}* -1 = 1539,
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2.1.29

2.1.30

2.1.31

2.1.32

uwmmwm

@) v;+v; v .I. VIV F VeV RV T
e S IR RS S
- SOV S
=y, E+,; v,

() () v+ v+ T+ 207+t v ]

= 2P vt ] = 2R
QG H -yt
_ L _ _ L
@ & =gy ¥ T LT e
3 wﬁj 1 _
Y L Z
Simce Zsy < mﬁj it follows that
unwmmlnm aﬁ < om ,I.T s0 mﬂmﬂ %ﬂ < ww
(b) F > and B Mbwwm . Since vf > . it follows that
- =V
B Tém_
28 <15 < L
19(X+Y) = 10,233 > X +7Y = 10233

5000 = Y(y+1° +v° +- +¢Eu+k‘?w +rt e v
— 5000 = Y+ VX Ry 10t et

= ?fﬁﬁ@ @J = 4.720263X +5.097884Y

Solving the two cquations for X and ¥ results in X =573.76 and
¥ =449.54.

~v'] = 11,309.89 - 367.21F

in{vg,)

14,000 = 367.21 [ag,,

— vk o= 8439 - k = =17

SOLUTIONS TO TEXTROOK BXERCISES < 33

- (i)

I 7 i i
S GO E
i = s
i N o SN/ S £
fore>n, v S5 = Vs =V a;

SECTION 2.2

221 (@) X ="009_ 44724, where =005 —1 is the one-

e
month cflective rate of interest.
{b) ».mnicovaﬂa. = 50,000 -+ a.‘,m,\. = 91 266087

> = In[1~91.366987 /] — 1685
In[v, |

(or using a calculator function). Then the 168 payment of
X +100 = 547.24 occurs on December 31, 2023, and the

amount of the additional final payment will be ¥ where

547.24am +Y-v,” = 50,000 — ¥ = 290.30.

2.2.2  Deaek’s accumulated value should be

1200855, = 12000.06)- L0922 = 60, 787.66.
Anne’s accumulated value should be
{1 cax -1 .
Mmocwl_& = [200- S 635,837.41.
Ira’s accumulated value should be Ec.f%r. where

J = (10642 _1 — 00486755 is the equivaleni one-month

.7 compound interest rate. Then

.H.cc&moqwmmaiw .
10055, = 100(1.00486755)- 252022 =1 = 67,958.10.

23 .O:mﬁoﬂ_% interest rate s j, where (1.07)7 ~1 = .01706.

_ 450555, (1.07)° = Yig - = 9872.
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224

2.25

226

We denote the 4-vear rate of interest by . Then the accumulated

value at the end of 40 years is X !Eomaa {10 4-year periods,

with valuation one full 4-ycar period after the 10™ deposit). The

accumulated value at the end of 20 years 1s 100§; 5 We arc
= 5x Eow.wm%

(-1 o ()
4 =

given that _cojar

A . where d; Li

This is equivalent to ) iy

¥
is the 4-year discount rate equivalent to the 4-year interest rate j.
Factoring the left hand side of the equation, we get

et e] L
nmu .. ’

from which it follows that (I+7) +1 = 5, and then {1+;)’ =4

and j=.3195, and d; =335% = 2421, Then

: Y -1 16-1
X Hwoawwmk.. Ihoo.!mwai%»cz 1@&133

Let j=6-month interest rate, and &; =0-month discount rate.

Then m&f H%‘_.ﬂmaw..hnuo - unw‘ .
Let k =2-year rate of interest, and &ﬁ = 2wyear discount rate.
Xiig, =20 > X = 20d, = 20-15; oﬁ_éfg

¢ ¢ & =

1440 -1
(since (1+ /) = 1+k). Therefore Huwoﬂ hliwivl = 3.71.

T + _I_&,“

Let P be the monthly payment Sally receives from Tim. Stnce
Sally’s vield over the 5 years is 3.725% every 6 months, the value
of her accumulated deposits at the end of 5 years must be

14,000(1 cﬁmwus = PSiins {(the deposits accumulate at ¥2% per

month). Solving for £ results in P =206.62. Let k be the monthly
rate on Ti's loan. Then 10,000 = 206.62-ag, . Using the

catoulator unknown interest fumction we get k =.0073, so that the
nominal arnual tnterest rate on Tom's loan is 12k =088,

SOLUTIONS 10 TEXTBOOK ExBRCISES < 35

10,000(1.05)" 2 2900 = 40,000 -> (1.05)"

n{d)
{105}
At time 28 the accumulated value is 10,000(1.05)%=39,201.29
and at time 29 the accumulated value is 10,000(1.05)% =41,161.36.
Since 40,000 is the target value of the fund, a reduced scholarship of
1161.30 can be awarded at tme 29 (September 1, 1999), while still

alfowing for the full payment of 2000 in perpetuity from time 30
{September 1, 2000) on.

—>nz = 284,

Monthly effective interest is at rate ;=.0075, and effective annual
inferest is at rate i ={1.0075)%~1=.09380690. After » complete

years the accumulated value 15 1008 . + Wooa.j =17+ In order for

i i
this to exceed 100,000, we must have (using d; = 3 =.007444),

T% -1

Eirp-d

{1+ —
+1 On.ww i 4

x_
240.9353(1-+4)" —240.9353 > 1000.

1 In{5.15
Thus, (14" 2 5.15 = 7 2 me|¢w = 18.3.

#o= 18 mﬁ@i@m@ = 969.2, and

S3nl

o= 19 - w.mm.@ +5mmm“_ = (0782,

The account exceeds 106,000 sometime between January | and
December 31, 2013. The balance on April | after the depostt is
99,521, and the balance on April 30 just after interest is 100,268,

10087704 ﬂmooamﬂba - V4V - 50=0 — v" =.366025

{ignore negative root} — n = 25.6 — 26 deposits.
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n-10 .
2.10 5005 5 2 Eoc.mo &Q.Q& = s tatl_ Alos TR 30.32

2211

2.2.12

2.2.13

2.2.14

On January 1, 2015, Account A has a balance of 33,373 and
Account B has a balance of 33,219, On January 1, 2016 the
balances are 35,042 and 35,380.

1000 = 100-] az g, +vias -y, | —> ag, = 7-260287.

Using the unknown inferest calculator function we get
i=2.208%.

For the insurer, after expenses, the Eo.mm is

mmm.qw?%vﬁ. 125)% +(90) 853, |~ 250,000 = 234,829,

.ﬂ._m rate ow return earned by mpm @0&8&05@& is { where

12,000 = mwm.wmmmmu = &wm,mhmwmh.

.ﬁ _N, N
= 212147 = 1+ ix ¢aﬁ§8§

- j=.0140 o "9 = 1680.

12,000 = K-agg, — K =345.02.
J

= (1+i)° ~1. PV of perpetuity

starting in 6 years (two 3-year periods) is v; 3 037

T
— 3277 +32j-16=0— j=725 ar —1.25 (we .mmaoqm negative
root). Therefore (1+i)° =1.25. Let the 4-month interest rate be k.
Then (5 = 147 = (1.25)'°. PV of perpetuity-immediate of

; i hF“|[§: - =3
L every 4 months is X =+ R 39.84.

Three-ycar rate of intersst is

SOLUTIONS TO TEXTBOOK EXERCISES « 37

2.2.16

2.2.17

The 2-month effective rate of inferest 1s 7.
. = {5 = . . 16
() 25ag, = 150a8) = 755.83, where j = (1.06)"° —

(o) ome a3, 1m©w8aﬁvﬁ =724.08, where 7 = (1.02) £

(¢} 251+ /1555, = 1092.02, where j = (o7 -

() Nmﬁ+bm,wwm,_..«, = 1144.57, where j = % -1

The series 1s the same as a perpetuity-immediate of 1 per month
plus a perpetuiiy-immediate of 1 per year, At monthly rate 7 the

present value of the monthly perpetuity is WJ and the present value
of the annwal perpetuity is wu where § = (I+,1%~1 - J531

the equivalent effective annual rate of interest.

‘5 se=st P
.'.m&w&v .ﬂ ﬁm\,m,ma._r.a_&ulﬁx _ﬁﬁég
- QL..“ & dr = _1|lm it Pt
1 L+ ,
e (et (lee ooy
ch _.; brr @ e du = (77p () p+s)
L=K'a -
"= h = h.e‘ _ .ﬁ._.. 2
k= T R [+v™]
= ,...hi_u.we &

L

K[t+v"*] < 2K

li
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2.2.19(a) The 6-month effective interest rate is

_ 7= (LoD’ -1 = 030301,

ET.*S.%Sﬁ
05 || i
iy 10,000 - n = Wiy T 1287

500s-

With the 15” deposit (January 1, 2008, the balance is
uoomww\ =9320.00. With interest (1% every 2 months)

on February 28 the balance is 9320, 00(1.01) = 9413.20,

on April 30 it is 9307.33, and on June 30 it is 9602.41

On July 1, 2006, the mo@om: of 500 brings the balance to
10,102.41,

(b) The 6-month effective interest rate is
= (LOHY 1 = 01980390,

n=17.01. With the 17" deposit the balance is 9989.75.
9989.751+(04)] = 10,000 > ¢ = 025652 years, or

9.4 days. Close the account on wmﬂ:m@ 11, 2007.

2220 {8) 535, (108" #5592 100 —> S1.870375(1.04)° = 125
> n > 224 (23)

(b) S cam 04" -
Trial and error:
r=21 — 97316 =22 —5 |06.618,

sioa > 100,

2221 n-In(1.0075) = 008333, - L8322 o

n-In(1.0075) = 008333, - LIS | (008333
— n=29.7 or 300.6 (300.6 is an unrealistic answer)

SOLUTIONS TO TEXTBOOK EXERCISES < 39

2220 B = A+(14)' — (i)' = B-A4

I+t =1  B-4-1 . B-A-1
> A = hw = 222

2.2.23 {a) Follows from the Intermediate Value Theorem of calculus.
by (D ?ﬁ nfloo. (1) E.:%Tf =0, and (i} s, 15 an

Enm‘mmmﬁm function of £. If J,n>0 and M > ou then the
equation has a unique solution for 7.

2224 (+i)A=(B=A-1)F;, = B =» (+DA+(B-4-D(1+5) = B

s 27

_“u.l.mwz -1 _”ﬁ_.l. ..J: h ._ l...i
NN Nm .“m.u .m..u_n = i ﬂ_+.__,.w§l_
o _ oy faer] -1
Sali T M.é_.. ..... 1-u
e ._‘E:_ " L- :w;.
ﬁﬂmm - _WIM- .Pl.ﬁ.._,
faep] -1 T.mwmu“i = Spmlj
I e ) e ™
i
- )
. 5oy (1+iY -1 _ e’ -1
(¢) I+i=¢ i i & —1
@ e = ba Lo
d} agy, =4 = T
R R
Loo_ 11 _ &y
ot = 3 =" %
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2226 1+i= Q7" 1ej = ()P w=v oy =™

2227 (a) lin s

i Jo L eyt ()l
T s e )

Qeiy =1 ()" =1 (Y -1

RE))] . Yoo )

3& .
) = lim
Fr—yoo i ey

lim ¢
LA

(b) Since d < d™ < §< i < i, it follows that

Txv ,\ASV ..
il < _.R < RM« L Qz? < mhmw_,m.

(¢} 55, = hw,m_,&;& dt =144

SECTION 2.3

2.3.1

The ammuity is paid monthly, and the interest rate is quated as 3%
per month, but the geometric increase in the payments occurs once
per year. In order fo use the georpetric payment annuity present
I_
T..l: . .
value foromda K| ? .A_i % the paymenl puriod, interest period
N R .

and geometric growth period must coincide. In a situation such as
this, where those periods do not coincide, it is necessary 0 conform
o the geometric growth period. which, in this case, is onc year with

=.03. The equivalent interest rate per yvear is the effective annual
rate ¢ = (1.005)2 —1=_06168. Since the payments arc at the ends of
successive months, for each year we must find a single payment at
the end of each vear that is equivalent i the monthly payments for
that year. For the first vear, the single payment at the end of the year
that is equivalent in value to the 12 monthly payments during the

first year is 2000535, . 0 = 24,671~ K.

The monthly payments in the second year are each 2000(1.05), so
that the single payment at the end of the second year that is
equivalent in value to the 12 monthly payments during the second
year Is 2000{1.05)s .. =24,677(1.05) = K(1.05). In a similar

way, the single payments at the ends of the successive years that are

SOLUTIONS TO TEXTBOOK EXERCISES < 41

232

equivalent in value to the menthly payments during those vear are
K. K(.05), K(1.05)%,...,K{1.05)"° (the 20" vear would have
had 19 years of growth in the payment amount). Now, we have
interest period, (equivalent) payment period and geometric growth
period all being 1 year, so that the present value of the annuity,
valued one year before the first equivalent anmaal payment, is

=R 1.05 V°
Kl A =i v = (24,670 1~ rcaav - 419,242,
i—r {6168 .05

This answer is based on some roundoff. If exact calculator
values are used, the answer 1 419,253,

() 1000[ (101 + (990D + -t @8@;

= 1000(1. ocs :e ; 30,407
(i) 59,704

(iii) 151,906

k% = 01k in decimal form, The present value of the perpetuity-
mmmediate is 30a.- 5, =28 . The 10-year annuity has
geometrically :_S.gm,:m paymenis, with r=0lk, and the
valuation rate for present value is i=.0lk. Since i=r, the
present value of the geometrically increasing annuity is

- 530
Env = awvcsfli L0t

We are told that Jeff and Jason each use the same amount to

o thei Hes, refore 30— _330
purchase their annuities, and therefore SIE - To0E

for &k results in k= 6(%).

Solving
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2.34

235

PV 0y 10V + 10V + 10w <100

li

+10(+01K ) +10(1+.01K )7 +
= 10ag,0, 10V [ v+ (100180 + (1101K) v + -]
= 107, 100 —b = 167.50 - K =4

In order to use the geometric payment anmuity formula, the payment
period, imterest period and geomefric growth period must all
coincide. In this case the payments are eonthly and the geometric
growth (inflation) is amual. We deal with this sifuation by
detenmining 2 single anoual payment af the end of each year which
is equal o the accumulated value of the 12 monthly payments for
that year. Suppose that first year's monthly payment is R. Then a
smgle payment at the end of the year that 15 equivalent to the 12
month-end payments is mu@kt where 7 is the monthly interest rate

that s found from the equation (1+,)'° =1.06. Therefore, the
equivalont annwal payment for the first yoar is m_w.ﬂm.f_ =12.3265R.
I the sccond year the monthly payments are 1.032R, so the single
payment at the end of the second year that is equivalent to the
monthly payments m the second vear is

1.032Rs5;, =(1.032)(12.3265R).

In the same way we can see that the monthly payment in the
third year is equivalent to a single year end payment of

a.&%@@. ={1.032)*(12.3265R),

This pattern continues to the 20" vear, when the monthly
pavment is equivalent to a single vear end payment of

(1.032)" Rsryy, =(1.032)7 (12.3265R).

SOLUTIONS TO TEXTBOOK EXERCISES < 43

236

23.7

238

The present value of the equivalent annual payments i3

cﬁ.mc

1232658 1-[5%)
=03

We arc told that the buyout package {present value) has a value
of 100,006,

26
Therefore 12.3265R- ? M gmwa = 106,000, from which we

get R =548,

r.w

100,000 = 2000(v+1* + ) 1+ (1m0 (1) + -

- NOOOP.%B_& = ﬂmnw
1 —viery )

() Final salary is 18,000(1.04)’ =73 871. Total carccr salary

is 18,000] 1+ (1.04) = (1.04)2 +---+ (104 | = 18,00055,
=1,470,640,50 career average annual salary is 39,747.
Pension is (.70%39,747) = 27,823 = (377Y(73,87 ).

(B) (37).025)(39,747) = 36,766
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SOLUTIONS TO TEXTBOUK EXERCISES < 43

{¢) Average salary in final 10 years is ,
(- 10)(18,000) TH.?@B. (1042 4+ 1 (1.04y° | = 62312
Pension is ((0253(37)(62,312) = 57,639.

{d) Accumulated amount after 37 years is
(.06)(18,000) (1.06)* + (1.04)(1.06)*

peee 4 (1.04)% ] (1.06)

Lo 37
_ (06)18,000)(L.06)"| &)

. LO4
1 L6

Then 242,845 = X dg . — X = 19,974,

T‘QES =242.845.

239 The total payout over 20 years is

2000x12%] 141,03+ (103} +-- = (1037 ]

= 24,000x% (.03 -1

S = 644,889,

- Note that in the 20th year, there will have been 19 annual
inflationary increases since the first year. We formulate the
present value in a way that is similar to that 1h Example 2.18 and
in BExercise 2.3.5 above. The valuc at the end of cach year of that

vear's payments is ﬁ:.,.mw\.u where j = (1+)"? —1 is the

equivalent monthly rate of interest and £ is the monthly
pavment. The monthly payments are 2000 in the first vear,

2000(1.03) in the second year, 2000(1.03)° in the third
year,...,2000(1.03)" inthe 26% year. Now using the equivalent
annual payment at the end of each year, the present value is

200057 % v, + (L3P + (L0 -+ (1032 |

+i
= 2000~ g3, %3

We set this equal to the given present value of 346,851 and solve
for i. This requires a numerical solution. MS EXCEL Solver
gives & solution of {=.0644.

2310 X = Z|{T+.05(s)g o6 | = 816152,

H

H

m? + 0250 Ky o&

= 1657197 > L

X
16.57
8.16

2.03.

il

2.3.11 Sandy’s annuity has present value
90azg, +10Ia)z,; = L+10(+1).

Danny’s annuity has present value 1804z, = w.mb.

We are told that 20+ 10(}+ 1) = 224

We solve the quadratic equation (8 «8& —I = 0 which results
In =102 {ignore the negative root —.346).

2.3.12 With monthly ratej, X = mﬁavmm_%

We are given 3-month rate

0225 o (L) = 1.0225 — j=.007444.

i 0yS0
o .nwg.omqﬁlsae.:aﬁ% .....
A =2 007445 = 2729.
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2.3.13 The progression of fund X and deposits o fund ¥ are described
in the following timeline.

Fund X earrs interest at rate 6%.

Amount in Fund X | Deposit to Fund ¥ | Fund Y Interest

0 1009

i 9060 100 +6¢
2l s 100 52
3 700 100 +48
4 600 100 a2
5 500 106 +36
b 400 106 Lo 130
7 300 100 +24
8 200 100 -+18

9 100 100 +12

10 0 100 =6

The deposits into Fund ¥ consist of a combination of level deposits
of 100 each for 10 years, along with decreasing deposits. The
accurmulated value in Fand ¥ is

10085 ., + 6(Ds) = 151930+~ 565.38 = 2085.

10i.00

2.3.14 The timeline of the paymenis is

) 1 2 3

o

|
|
Pmt. 1 2

The schedule of payments can be writfen as the combination of
two series

Time 1 2 3 4 SR n+l nr+l
n 7l fl 1 e L3 1) #
-n  —{n-1 -2y ~(n-3 - -l

SOLUTIONS ¢ TEXTBOOK EXERCISES < 47

2.3.16

2.3.17

In other words, the perpetuity can be written as a level perpeturty

immediate whose payments start at » and decrease by 1 per year.

The present value of the perpetuity can be formulated as the
combination of the two present values.

o _ Py Ba; gy
PV = nigs 15 —(Daki 105 = n(-4hz)~ (5% = a5 = 771

Therefore U105 8.0055 = n =19,

12,000 = 395az5, + X g, —v¥iag, | - X = 4498

I_

A+nB, A+ (n-DB, 4+ (n-2)8,. ., 4+28,4+ B
The series of payments is 104, 97, 94,..., 31, 28 = 25+ (25)(3),

25 {24)3), 25+(23)(3),..., 254+(2X3), 25+ 3. the PV1s
NMQM& + wﬁ.bnwb ......

If the deposits had been made at the 8% rate then the accumulated
value at the end of 20 vears would be moowwg,om =14,827. The

actual investment accumulates to

ll

300(20) + 300i(Js)s - .
i

= 6000+ 600] $35,,, —20],

and we set this equal to 14,827. ._Hnromwwoao

6000 +600] 55, ~20] = 14,827 — 5,

= 3471 = = =.05.

£
2
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2.3.18 PV of Annuity 2 = 2x(PV of Anauity 1)
— Hag - (Da)g = UDa)g

i - - {%5] -

H

qr
= =19 > o = ]ww i=93 - (Dayy = 394

23.19 If j is the monthly effective interest rate, i the effective annual
interest rate and » the annual inflation rate used for valuation
purposes, then the present value of the perpetuity-immediate is
ho;ﬂ@u

i—r
(i) PV before deindexing=168,620, PV after deindexing
=84,310
(il) PF before deindexing = 56,207, PV after deindexing = 42,155
(1i1) PV before deindexing = 166,497, P¥ afler deindexing = 83,249
(1v) P¥ before deindexing = 164,354, P¥ after arﬁ%ﬁmm 82,177

2320 (a) 500,000=1000-rv - n = 503
{b) Balance just after ¢
1000(LOTY [+ (LOIW? 4+ (LS5 ]
= 100001.01Y (505—1w = f(¢).
£ = 1000v1.00) [(5305-1)- (1.0 1] = 0

— 1 . 5
~» t = 503 oy = 404.5

At =404 the balance is
1000(.0D* ™ (505-404)y = 5,569,741, and at =403 the
balance is 1000(1.01)*(505-405)v = 5,569,741

withdrawal is

SOLUTIONS TO TEXTROOK EXBRCISES < 49

2.3.21 {a) 100,000 = 6250 lnqmoﬁav&_" = 1014

vwo T

&) 100,000 = 7000| () 1 1= 1266

nl_c

2322 (a) X = ()" 120402 300" 4= (m=D(14) 0

(D)X = (42 + 204" + 30140y 2
toee e (=D (I+E) + (144)
(Y D"+ 1) b (D) -0 = &

rif

—#

{b) Syl is r+1 paymeunts of 1 each plus interest on an

mereasing total deposit.

2323 (2) (lo)g+(Da)y

(v+207 439 = (=" e ™)

+ ?2 (=D (=207 - 2t V

(D + (AT o+ (I oo (4L

K

{(n i%ﬂ

s zim PP

() whmo» _amﬂm ﬁa« i

It

zN._ W

k=0 ¢

g — 0"
fi

Ua)g
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2324

2.3.25

- . . Sl ia
oy By
=TT
I
=2i

The increasing perpetuity immediate can be looked at as a
combination of a level perpetuity immediate of 1 per vear, and

each vear another perpetuity imynediate of 1 per year starts up, so
that the anmual payment grows by 1 every year forever.

(a) () %A_;%%%T:._,%v

RH *HAMLJVFH + Q...T Ny + Qnm.__m.wim R Awu_‘m_w...: u

— (i 2007 =301 ey
- cﬁavwm

{b) %._. Vidt ="

.. ) . 100,000
Using the chain rule with K =————
8 “a0d,
d K= _.OOuQOva‘mm»«ng.ﬁ ) d : and
T am s T W%LN TR

s v&a

The numerical values of the derivative are

Do o K =7459.13 (or 74.59 per 1% increase in %)

QE

=13 = K=7101.66 (or 71.02 per % increase i H?J

pr

SOLUTIONS 7O TEXTBOOK EXERCISES < 51

2.3.27

2.3.28

Balance December 31, 2004 is 500,000(1+1); withdrawal January 1,
2005 is %u leaving a balance o

Balance December 31, 2005 is 15500, o%?a

ocbccﬂivr 500,000(1+. )¢ leavine
T 19 , leaving a

withdrawal

January 1, 2006 is 48

balance of  11-500,000(1+:)%.

2004 + ¢ is %

Withdrawal on January |,

() 100,000 =1600a -«

~» n=}1833

136
— 100,000 = Eooarwﬁooql + Xv
-~ X = 53246

— Aw.u_. trial and oﬁoa 7= ww

~» 100,000 = 990agg . +100/a)zg s + X'

-> X = 76119
_ 1600
AOV MOO. 000 = ﬂ;OMl Et__ N

where v, = %

- =90

— 100,000 = 180 . 4 %2

1.01 "uoij
- X = §3.85

{d) Total withdrawn: (2}185,532, (b) 148271, (c)144,957.
The more rapidly the payments increase, the more quickly the
account is exhausted and the smaller the total withdrawn.
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2.3.29

2.3.30 ¥oreach HAA ....... 1 v o {(n— e AAam_..J“ ._..H,m;m.lJi?E.

2331 (a) PV

H%ﬁ&%t_@ = 17, :ﬁé. At ?.cuu the wm&mﬁ side is

mmﬁ i H.cwuw\w (the axmﬁ <m_mw is .cmwov.

2

This is true since NAA 5 J implies that n—-¢+1 > ¢ s0 that

_“mm _ i@«a..:._ A T%.l «H_ cﬁéwworwmmnﬁqmmm::o

ot (- < P!xw;vﬁ +P.wf J "~ Then

@)y = v+ 207 +37 oo (n=ip

= [y+m” T:r« + (n-Ip L .

=3
i

Fis

Tﬂ g vy £ (v 2y

It
——
| =
N‘
ot
—
=3
=

= X = 1+ + ¥ P e
Xt = v e 20 g

Ev\m‘ﬁi\Jn 2k i

T+ v ey = e

...... G I
’ (=¥ (iag)

k2

eyl

(b) ¥ = (I+ vty Ty o M?» gy

an.vhw: m:,n w”-

130 " +-

g
oy (from past ()

= dpl ok e3 ] =

SOGLUTIONS TO TEXTROOK EXERCISES « 53

2332

2333

2.3.33

2336

Since all r.'s and K, ’s are >0, f{{) n Example 2.23 15 a
decreasing function of 4, and f(0) = M K,. Thus, in mowﬁmm
fy=L,if f(H=L> NLA then i <0, m:a:n\@ hAMR

then 7 > 0.

Let f() = K, (13" K (i)™ oo K (D) 7 + K,
Since ¢, >, for r<n, it follows that f{Z) is an mcreasing
function of . Also, lim f({)=0 and lim f(Q)=cc. ki follows

=1 el

that if L > 0, there is a unique i > ~1 for which f{i}~ L.

PV = 14 (142 + (1524307 + (e 243440 4.
= [l v+ 217 o] D01 +v+v" +]
F3 v+ e

= [y’ a0 e 20430 4] = g (J)

PV o= v+ 20 4 3 ot A:IC,\_HL + v + (a1

VR Nﬂmxlw + «‘M_.TH

D R R AT [ VLRV

il

+[V vt 4 ,_.%._.J

+...+Hﬁ:+.€:+_ +.ﬁz+m+...+<wle

fl

N S CA
a1ty -V = apia

PV = v 2vE e bk (= ey

= {fa)=+ m" NPV
ﬁ, ;_

G —rv"
+ - v = ..H.M<N... ....... - |_| HM.T‘ W
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{m) gl
._.L

i
..m__..h.-.w H

2.3.37 (a) hm (simy H.m = lim T

" -3 Ry

(b) (Ja)ay s the presenmt value

= g = (T@ay.

of an n-ycar continuously

payable annuity for which the rate of payment is 1 per year
during the first year, the rate of payment is 2 per year during

the second year, efc.

2.3.38 The accumulated value at time ¢ is

E o= Fy-e®™ 4 [ h(s)-e¢ .

Then,

4F = Fy-5e7 1 h(eye 0 £l h(sye™ G ds = SF,+h(2).

i

.ﬁ (n—) dt

.ﬁ Mu {n—1}d *%uwv

2339 (a) (D@}

u?éff; i)
v v

_ dg—n

_ -y

)

() +(DaYy = g o' derfg (o' dt

= .; av df
= Al

SOLUTIONS TO TEXTBGOK EXERCISES < 55

H

() ... 0 A0 dt

Byt ym
= [ S5 =

2.3.40 The present valuc is

Jor (= a

e = 11"

5

. = (Ja);

A+ (A+BW +{A+2B0 +---(A+(n-1)BW"

H

The accunmilated value is  (A—B)sg + B(Is)y; = Asyy + B(Is)-

SECTION 24

(4-BYv+v*
(4--Bla, + Bllay;

"y By £ 2BV 138V o nBY"

1|

242 It i< j then s

nlj
Fy
1oV = wij s ZE x:
ﬁ v 4 oy
(sity = S

e a5

241 (@) (1) 1000agy,, = 7469.44

(i1) $ = 6794.19
(i) 1000v33 s, = 3813.44
(by (i) 746944 = v}* 100055, - > 7 = 203053
S 1= 0830
(i) 6749.19 = 1000255, — i = .1356
(iif) 6749.19 = 1000-v7" -5y . — V' = 1834737

> §o.,, and g < dgy; 8O that

nit*

= (1+i)" and

= (147, Thus, i < i < /.
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SOLUTIONS TO TEXTBOOK EXERCISES <

37

245

24.4

2.4.06

248

(a) 1000(/a)z,, = 63,920

(b) 1000(Js)gg g —-10P 555, = P ~> P = 67,659

36.06
SRR I D5 NS IS S M;
P~ WT% ; 2 WTQL__ h (€) Ry(L.10) ~1000(5)z,, = I, until .10B_; $1000¢
1000¢ - sz  +1000(f5)55 o~ 108 s = B

The result follows from the fact that
Solve for ¢ by trial and error.

t=8: — B,=86,712 — I, =61815, B =66,997,
P, 271,698, B, =75,866, P, =79,453,

. =82,398, P, =84,638, B =86,102

I...m.l_m ~%,m.l,wu hl._h\.w....k. u.m-uVM.u gﬂ._. Im ﬁa.-c wm'm.AJ\..

(@) (15,000-10P)sz,, +10,000 = P ~» P = 80,898

(b) (15,000-8500)s5,, +S = 85,000 — § = 18311
Machine I: X (1—d3'® = kwm s 1=d = (125)
52, -1 First seven vears depreciation equals
B =i T T Trisy | ] ] )
K " (-8, = X-X(0-dY = X[1- T l= 7667X
A= By _ 1-(125)7 |= . .

Machine I First seven years depreciation equals
A= |_”_m_+f+mﬂwwmof;|£

r[ ()] - G0

Setting these equal for machines I and T we get

As j increases, s—. increases, and thus - decreases,
nif 1oy

fl

and thus wlﬂz increases, showing that Limuu. > 0.
sy

H L~ <{ then ?w_wummbltm& < Aﬁhvmﬂmﬁ 50 that A
667X = I%:?I.« v - 986X =Y.
55 8

.wM?; = n+i A.W.uuwﬁluw.r\

i L=X=1000
-y i<, and sy = n+i-ll)—z. > ati-Ush . = Sy i
? Fdb a-lj ﬂ@ i} i -5 _
- J () _w Qw‘ Yy = iwi.c\.m (X-Y} = 800
(ili) ¥ = (66875 X.
n-2
(R-12,250)55055 = 245.000 — R = 22,250 From (i), and {ii) gm.m%u 8 = n=4 and X¥-Y =4000.
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2.4.11 Annual deposits at the end of cach year for the 15 years arc
2(20,000), .2(20,000)(.8), .2(20,0001.8)",..., 2(20,000)(.8)"*

Accumulated vahue at effective annual 6% 1s

2(20,000)(1.06)'* +.2(20,000(.8)(1.06) - 13
+.2(20,000)(.8)(1.06)"% +- -+ +.2(20,000)(:8)
= 4000(1.06Y*[ 1+ 8y + (8)° 4+ (81 ]

-
'

~ 4000(1 ‘%v;ﬁi\.w m@ - 36,320,

1o B

2.4.12 Under the sum-of-years-digils method, the depreciated value at
the end of 4 years in a 10-year depreciation schedule is

T . ,m. 1
m& = &8+ Al.,w,,_blv mkpml_%v

S+ ﬁmvagcimv
1909.09 + 61828
= 2218.

We can solve for 8,5 =500,

Under the straight line method for the remaining 6 years (from
time 4 to time 10), the depreciation per year will be

2218500 _ 963
2ls-20 3.

CHAPTER 3

SECTION 3.1

3.1 (@) L=1000ay  +500v ag | =4,967.68
(i) OB =4967.68(1.1)° —1000s | =3,301.98

(iti) 1, =3301.98(.1) =330.20,

(iv) OBy =500ay, =867.77
3.1.2 60 monthly payments. Final 20 payments (41,42 . )are
10000.98)*,1000(.98)* ..., 1000(.98)"°.

OBy, = 1000(.98) v 106 +1000(.98)*v2

40+ 1000(.98)F v

1000(.98) v o5 [ 1+ (983 = (98)537 -+ (982 1° |

1- (980"

= 1000(.98)"y s -

gmw PV = 250am) +5(Da)sy = 2643.84+356.16 = 3000

50
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24.11 Annual deposits at the end of each year for the 15 years arc
2(20,000), .2(20,000%.8), 2(20,000%(.8),..., 2(20,000)(.8)"*

Accumulated value at effective annual 6% is

2(20,000)(1.06) + .2(20,000(.8)(1.06)-13
+.2(20,000)(.8)1.06)'% +--- +.2(20,000)(.8)

lf

000(1.06) [ 1+ B+ (8 4+ (8149 ]

it

%cocbeﬁ T%ﬁj = 36,329.

2.4.12 Under the sum-of-years-digits method, the depreciated value at
the end of 4 years in a 10-year depreciation schedule is

8, = m;m;-;E-@ 5 +(2L)(5000-8)

the 4

1909.09 + 61825
2218,

We can solve for 5, § =300,

Under the straight line method for the remaining 6 years (from
time 4 to time 10), the depreciation per year will be

2218390 _ 2563,

6




