CHAPTER 2: Analytic Functions

EXERCISES 2.1: Functions of a Complex Variable
1. a w={(3z% -3y +5z +1) +i(6zy + 5y +1)

-z : y
b.w—z2+y2+z( z’+y’)

C. w= 1 - z + —y+!
CT - 21 P -1
223 - 2% +3 . dzy

d w=

+1 —
(z—-12+¢ (z—-1)2+9p?
e. w= e cos3y + 1> sin 3y
f w=(e"+e*)cosy +i(e" — e ")siny
= 2coshzcosy +i2sinh zsiny
C
C\ {0}
. C\ {5, -}
Cc\ {1}
C
C

Rew > 5

Imw>0

|wf > 1

The intersection of |w} < 2 and —% < Argw < x/2

4. a. Taking & from 0 to 2x, the points z = re?? traveise the circle
|z} = r exactly once in the counterclockwise direction. For the

e Bn TP

ap oo

same values of 8 the points w = }1:7 = %e"” traverse the circle
1 . . ae s .
o] = ; exactly once in the clockwise direction, hence the mapping
is onto.
) 1 1 —iflg
b. For z = re% on the ray Argz = 0y, w = —= = —€ 1500

- retfo r
the'ray Argw = —f;. Taking values 0 < r < 0o shows that this
mapping goes onto the ray Argw = —bo.



4 (c) Iz-11=1 21;5920 =z=1+e% Fz)= /2. = 111+ e'®
. ='(1+ e’ 2 {2(1+cos0)} = 15 -1(Y2)sinB/(1+cos)
which is a vertical line at x = s

5. a. domain: C
range: C\ {0}
._ 1 1
b. f(-z)=e7*= ez f(z)

c. circle jw| =€
d. ray Argw == /4
e. infinite sector 0 < Argw < #/4

1 1{1 1 1 1
.2 J(5) = 5(;+z/—z) =3(-+3) =76
b. For z = " on the unit circle |z] = 1, J(z) = % (e"a + e—];a) = cos f.
For all values of ¢, this ranges over the real interval [—1,1]."
¢. For z = re¥ on the circle |2| = r, J(2) = L (re"a + -——1—9) =
I 2 e

1
5 (r + ;) cosf + z%— (r — l) sinf. Setting u and v equal to the
r

real and imaginary parts of this expression, respectively, one gets
a pair of parametric equations that are equivalent to the ellipse

v vt hich has f +1
+ =1, whi as foa at +1.
G+ 1 7 [Er- 1)
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A

2

X

-6 =4 -2 2 ] [ 0.é 0.4
10.  a. translate by z, rotate = /4 b. reduce by 1/2, rotate 7/4
0.7
N
0.25
-0.75 -0.5 -D.2% 0.25 0.5 ¢.7%
4 .25¢
X5 % 5 -1 7. e o]

c. translate by 7, reduce by 1/2  d. reduce by 1/2, rotate 7 /4,
translate by ¢

=1 =0.5 0.5 1

-1 -0,75=0,5-0.25 0.25% 0.5 0.75



11. a. translate by -3, b.magnify by 2,
rotate —x /2 rotate —x /2

=31 %3 1 ‘
c. translate by -3, ' d. magnify by 2, rotate ~x/2,
magnify by 2 translate by —3

%

1 |

-2t

12. Let a = pe*, F(z) = pz, G(z) = €z, and H(z) = z+b. Then
H(G(F(2))) =az+b.

13. (a) w=u+iv=zi=(1+iy)’=1-y+i2y -
u= 1y, v=2yy=vi2=>u=1- v?/4 a parabola in the w-plane.
b) w=u+ iv=zt = (x + iy)2 =(X+ Lr‘x)2 =x* - 1/x* + 2i
u=x"-1/x%v=2a straight line in the w-plane. o
(c) w=u+iv=z’= (1+ eV =(1+ 2_ela +e®=(e®+2+e%e®
=2+ 2cosB)e'9 =2(1 + cos(':))e19 a cardioid in the w-plane.
14, () x5 =2x/(1zP + 1), x2 = 2y/(0z® + 1), X3 = (2P - 1) /(izf® + 1)
w = €92 = xcos@-ysing + i(xsin@+ycos®), iwl = izl
X1 = (xcosq)—ysin(p).*'(lz!2 + 1), x0= (xsin(p+ycostp)!(lzl7‘ +1), X3=X3

X1 = (X1COS@-X28InP), Xz = (X1SINQ+X20089), X3 = X3 which corresponds
to a rotation of an angle @ about the x; axis.
(b)Y w=-1/z. Iwl=Uizl. w=-1/(x+y) = -x/lzl + iy/lzl
X1 = -X1, X2 = X2, X3 = -X3 50 that (Xy, X, X3) is obtained from
(X1, X2, X3) by a 180° rotation about the x; axis.
15,  w=(l+2)/(1 -2) = (4% + iyl —x - iy) = (1-1z + i2Zy)/(1- 2x + lzF)
lez_ =(1+2x+ iZy(1- 2% + 1z?). _
(X1, X2, X3) = (-X3, X2, X1) 50 that (X;, X3, X3) is obtained by a 90°
counterclockwise rotation about the x; axis.
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16,  w=(1-i)(l +iz) = (1- ix + Y1 +ix - y) = (1-12F + i2x)/(1- 2y + 1z%)
wi? = (1 + 2y + ZB)/(1- 2y + 1zP%).
(X1, X2, X3) = (-Xa, -X3, X2) 50 that {X], X2, X3) is obtained as a 90°
counterclockwise rotation about the x, axis followed by a 90°
counterclockwise rotation about the xjaxis.

17.  Any circle or line in the z-plane corresponds to a line or circle on the
stenographic projection onto he Riemann sphere. The function w=1/z
rotates the Riemann sphere 180° about the x; axis. Lines and circles on
the rotated sphere project to lines and circles in the w-plane. As a result
lines and circles in the z-plane map to lines and circles in the w-plane.

" EXERCISES 2.2: Limits and Continuity

1 1 z
Z, —g, E, and 'ﬁ The
sequence converges to 0 in a spiral-like fashion.

1. The first five terms are, respectively, 1? —

0.
[
0.
Q.
a.

1

—a.ZS 0.2 -0.15 ~0.1 -0.85 o.
=0.

2. 2i, —4, -8, 16, 32¢; divergent because terms grow in modulus without
bound.




3. If limg—.. 2y = 2o, then for any €0, there is an integer N such that
Iz,, - zgl<e for all n>N. For the same integer N we have
Xn - Xal<=lz, - Zol<g and ly, - yol<=lz, - zgl<e for all n>N. Therefore,
liMp—e Xn = X0 and limp ;e Yn = Yo.

If limg—;e. Xp = Xp and limy—. ¥, = Vo. then for any £; >0 and €, >0 there are
integers N; and N, such
Ixn - Xol<€; for all n > N; and ly, - ypl<€; for all n > N,. Given any € > 0;
lete, =¢e/2 and g5 = /2. Then
|z, - Zol<=€ IXp - Xgl + lyy - yol < € + €2 = € for all n > maximum(N,, N3).
Thus lim, . 7o = Zgp.

4. Ifzp=Xq + Iy = Zp = X¢ + 1Yo, then X, = X¢ and y; — yo (see Problem 3).

Zy = Xg - 1¥n — X0 - 1Yo = Zo.

If 2, = Xp - iyn = Zo = Xo - 1y0, then X, = Xp and y, — yg (see Problem 3)..
Zn = Xq + i¥n = Xo + iYo = 29. Thus z, — z, if and only if z, — Zo.

€ Dm |z} = 0 == There exists an integer N such that
flzn! — O = lza] < & whenever n > N. = |z, ~ 0] < & whenever
n>N. =>lm, .z, =0, and conversely.

& 23 — 0 as n — oo by problem 3, since the real-valued sequence
|z3] = 0 as n - co. On the other hand, if |2] > 1, then |23} — oo as
n — oo so zj diverges.
7 a. converges to 0
b. does not converge
€. converges to x
d. converges to 2+ 4
e. converges to 0

f. does not converge

8. Given & > 0, choose § = £/6. Then whenever
0<|z—(144)] <8,

162 — & — (2+ 60)] = 6]z — (1 +4)] < 6(c/6) =

£
1+¢

4, Giver & > 0, choose § =
that |z{ > 1 — 6 and

. Whenever 0 < |z — (—¢)} < § notice

-l ol - e (e



i,

12

13,

15

#0. Given that f and g are continuous at z,,
lim f(z) % ¢(z) = Jim f(z) & Jim gfz) = f(z0) % g(z0)

=2 f(z) + g(2) is continuous at z,.
Jim f(2)9(z) = Bm f(2) lim g(2) = f(z0)g(z0)

==> f(2)g(z) is continuous at z,.

S AR f)
zan}O ) = zll,n;‘n 7 = dlzo)’ provided g(zg) # 0
= —'@ is continuous at zp.
9(z)
—84
7.

)

2
62
~1/2
220

£ 42

» Clearly Arg z is discontinuous at z = 0. Let a > 0 be any real number
and consider the sequence

A

& o

o

zn ==a—1/n n=1,2,..., which converges to — a.

For each n, —7 < Argz, < —7/2, but Arg(—a) = .

zIan;o f(z) exists for all z 3 —1; f is continuous for all z # 0, —1; f has

a removable discontinuity at z = 0.

Let zp be any complex number. Given £ > 0 choose é§ = €. Then
whenever |z — 25| < 4,

l9(z) —9(20)| =12 —Z0| = 2= 20| = |2 — 20| <&

. Given ¢ > 0 choose § so that |f(z) — f(z0)| < & whenever |z — z¢| < é.
Then, whenever |z — z5| < &
a. [f(z) — f(2)| = [f(2) — f(z0)| = |f(2) — f(20)| < &
b. [Re f(z) — Re f(20)| = [Re (f(2) - £(20))| < |f(2) = f(0)| <&
¢. [Imf(z) — Im f(20)| = {Im (f(z) — f(20))| < |f(2) — f(20)l <€
d. [1£(2)] = If(20)li € |f(2) — fl)l < e

23



16 Given £ > 0, choose & > 0 such that | f(g(2)) — f(g(2))] < € whenever

' l9(z) — 9(20))- < bo. Now choose § > 0 such that |g(z) — g(z0)| < &
whenever |z — 2| < &. Then |f(g(z)) — f(9(%))] < € whenever
|z — 20| < 6; hence f(g(z)) is continuous at z.

14. No: Obserwethatalthm:,gh;—!ﬂand;-—rﬂasnﬂoo,

fG‘-) —+1+2£and_f(-::) -oﬁ;thus%f(z)doesnotexist.

~18: - Hlim,;f(z) =wq; themgiven £>0 there exists 6>0 such that -
if(z)-wol<g for all 1z-zol<d. Notice that
i(z)-wgl = f(z)-wol = f(z)-wolefor ail lz-zgl<®. So that lim,—,of(z} =wo.
HiMygosxoy—so (X,Y) = 1imgo ((f(2)+(2))/2) = (Wo+wo)/2 = Ho.
limx—)xo,y—)o 'U(X,}’) = limz—)m ((f(z)-ﬂ_&)’?l) = (WO'M)’QI = Uo.
Thus, liMyxey—e L(X,Y) = Mo and limyxe,y—0 VX,¥) = Vo.
Conversely, if litx—xo,y—0 H(X,¥) = Ko and limy—xoy—0 V(X,¥) = Vo, then
(by Theorem 1.) fo + iV =liMyesxoy—0 LIX,Y) + HliMxsxo,y—50 VX ¥) =
im0 (FZ)+(2))/2) + Yim,,z, ((f(2)-f(2))/2) = lim,s0 £(2) = Wo.
Also Ho - ivg = 1imx—>x0,y—>c P-(X,Y) - ilimx—axo,y—m V(x,y) = lim,—50
(F@)+{(zD/2) - lim,,, (f(2)-1(2))/2) = lim,z0 £(Z) = Wo.
Thus, lim,_,,,f(z) =wo.

JEE IR SIS S

g~ sinoe i oyt = — and lim sy =1

2.0, For any 2z in the complex plane,

Ll

mé=.li_m.@nc’cosy+i.l§.n_o°'e’siny=e’°anyn+ie"ainyo=c‘°.
—m L]

a. 1

b. 0 |
c. —7f24+1

d. 1

23 By contradiction: Suppose zlig;u f(z) # wo. Then there is an ¢ > 0

for which there exists a sequence {z,} such that [z, — 25| < -1- but

tf(zn) — we| > €. For this sequence, hm Zn = 2o but hm F(z) 7& Wy,

" contrary to hypothesis.
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23, If z,— o, then for any M>0 there exist an integer N such |z} >M for al
0> N. Consider the chordal distance (zaeo) = 2N(1zq2 + 1) < 2M(izal” )
=2z, < 2M <eforalln>N. Thus z,—> ecasn — e is equivalent to
%(Zpo0) = 0 as n — oo

24. If Him,_,,of(z) =00, then for any M>0 there exis 8 > @ such that If{z)l >M for
all z-zol < 5. Consider y(£(z),00) = 2N(If2) + 1) < 2A(If(2)f ) = 2/f(2)} <
/M < ¢ for all lz-zgl < 8. Thus lim,_,,,f(2) =eo, is equivalent to
lim,(f(2).5%) = 0.

25. (a) o= (by 3 {c) oo (d) oo () the limit

does not exist,

EXERCISES 2.3: Analyticity

1. Let Az = 2 — 2y so that Az — 0 <= z — z5. Then

i G0+ A7) = f(z0)

Azr—0 Az = L

given ¢ > 0, there is a § > 0 such that

flzo + Az) — f(z)

> — L| < ¢ whenever|Az — 0| < § =
Z —
£ l_.. i(zﬂ) - L, < ewhenever|z — zp| < § <

o £ = £(z0)

=220 Z - zo

= L.

Z — 2

f(z0) + f'(20)(z ~ 2p) + A(2)(z — 2) = f(2).

3. zanz]e f(z) = zli_nz%[f(zo) + f'(z0)(z — z0) + M2)(z — 20))
= fl20) + 0+ 0 = f(z).

2. A=) = fz) = f(z) - f'(20), then A(2) — 0 as z — z; and

o =10



Re(z+Az) —Re(z)

. . Re(Az) [ 1 ifAz=Az
4 a lim Az = Hm —— ‘{n, if Az = iAy
b, bm Im(z + Az) - —Im(z) = lim Im(Az) [0, #Az=Az
g vec Az T A0 Az ~t, if Az = {Ay

c. Casel, z =0,

fim 8200 ﬂi‘-zJ’HAy)"’:{ £1, if Az = Az

Azp Az Az=0 Az +iAy —3, fAz= +iAy
Case 2, z £ 0.
lim |z+ Az| — 1z}
Az—p Az
VE+ AP 5 (1 Ay o
= lim
Az—g Az +iAy
- im — (EFAT (4 A ()
v\ VY )
R T Ay)(\(z+ Az) + (y + Ay)? + /27 y?)

- hm 224z + (Az)? + 29Ay + (Ay)?
S0 (Az + i) (= + Aoy 1 (g Ay)? + /T F )

{\/_,._y, fAz=Az,z40
= g £ Az =4Ay, z2£0

5. Rule 5: (f + g)'(z) = Jim (f £9)(= +AA2 ~ (f £ 9)(=)

[f(zo + A2) — f(z) 4 920+ Az) — Q(Za)]
Az

Az-g Az

= f'(20) % ¢'(20)

Rule 7: (fg)(z0) = Jim im F9(%0 +A£ fg(zo)

2 -



— Hm {f(ZO + Az)g(z0 + Az) — f(20 + Az)g(20)

Az Az

flzo + Az)g(zo) — f(zo)g(zg)
* Az }

Kim {f(ZO-}-AZ) [9(20+Az) _9(20)]

Az—0 Az

WRICETERE Y

= F(20)d' (z0) + 9(z0) f'(o)

6. Let » > 0 be an integer.

d ., d /1 —nz?1 . a1
Then Fr (;) =" (using Rule 8) = —nx .

7. a. 1827416z +:
b. —12z(2* — 34)-7
—iz* + (2 4+ 272)2% + 2m2 + 18
(223 + 22 + 7)?
—(24+2)%(52% + (16 +¢)z — 3 + &)
(z2+:iz+1)p
e, 242(2% — 1)3(2? +i2)%(532* + 28i2% — 502 — 257)

C.

d.

8. Let z = z5 + Az. Then
|7 () ~ f(z)]

lim ~———————_ —
2=+ zZn |z — ZDI

- flzo + Az) — flz)
Ali]ilo Az -

= |f'(z0)-

fz) - f(zo)]

lim arg{f(z) — f(z)] —arg(z — z0) = lm arg [ z — 2

Z—+zZg 22—z

atg [lim flzo+ Az) — f(zo)] — arg[f'(z0)]

Azr—0 Az

2- 12



9. a 2-3
b. &i

~-1+4/15
2

1

d. 31

10. h‘m lzo + Az,z - IzOF

Az—D Az

Jim (20 + A2)(Zo + AZ) — 2,3,
Azr—0 Az

= lim (fo‘l‘%zoi'm) ={%+‘ch Az =Ag

Az-s0 Z—2z if Az=iAy
If z, = 0, then the difference quotient is

Aim (0 +0 +4z) = 0.

11. nowhere analytic

nowhere analytic

. analytic except at 2 = 5

everywhere analytic

nowhere analytic

analytic except at z = 0

nowhere analytic

nowhere analytic

12. The case when n = 1 is trivial. Assume that the result holds for all
positive integers less than or equal to n and define

?1 (2) = P(2)(z— 2n4.)- Since Q(z) = P(z)(z~ z,41) + P(z), it follows
that

Q(z)  P(z) 1 S S

FP® oo pp oo

Q(z)_P(z) z—-z,.“:z—z; Z—2Zq Z— Zn41
> -173



13.

14.

15.

16.

17.

a, b, d, f, and g are always true

i £ _ o 1(2) = flz0)l/(z — 20) _ f'(20)
=% g(z) 2= [g(z) — g(20)]/(2 — 20) ~ ¢'(20)
3

5
Any pomt on the line through z; and z; has the form

= e + V3 (— - t) t real (see Section 1.3, Exercise 18). However,
f(zz) ~ f(z1) = 0 but f'(w) = 3w? # 0 on the line in question.

F'(z0) = f(20)(9h)"(20) + f'(20)gh(20)
= f(20}lg(0)R'(20) + g'(20)h(20)] + f'(20)g(20)R(20)
= f'{20)9(20)h(z0) + f(20)g'(20)R(20) + f(z0)9{z0)h'(20)

EXERCISES 2.4: The Cauchy-Riemann Equations

2.

Ju
a..-a—x=1?é§§=—1
b, o= 3”‘ 17A—=0
Bu Bv
C. ay 275-—-—3' i
du ) Ov Ou Ov du v
a—-iﬁ + dy _3_8 ,buta—y—ﬁxy_g Therefore — ay_ 5z

only wher 2 = 0 or y = 0 This means 4 is differentiable on the axes
but % is nowhere analytic since lines are not open sets in the complex
plane.

du v 8‘u

=6z4+2=— —by = _g_m Since these partial derivatives

Bz 33

exist and are oontmuous for all  and y, ¢ is analytic. g can be written
as g(z) = 322 4+ 2z — 1.

3 -1y



du . u(Az, 0)—u(0 0) 0

du . u(0, Ay)—u(l] 0) . 0

— = hm hm-— 0.
dy Aay-o Ay ay—0 Ay
Similar ly——wgv::Oa.ndav-O

However, when Az — 0 through real values (Az = Az)
f0+Az) - f(0) _
Alﬂlu Az =0
while along the real line y = z (Az = Az + iAz)
(A AP Bri(An) (A1

2{Az)s
Az(1+73)

L

i 10+ 42) ~ £(0)
4z—0 Az

t'* N P ZE-

Therefore f is not differentiable at z = 0.

= 2¢”~'[z cos(22y) - y sin(2ey)] =

@IS’

= —2e’2"2[y cos(2zy) + x sta(2zy)] = --‘;%

[ 1s entire because these first partials exist and are continuous for all
T and y.

v
Oz

2™V (z + iy){cos(2zy) + i sin(2zy)]
2e&V)ei2ov(g 4 4y
= 238‘2

) =gt i

(This derivative could have been obtained directly, since f(z) = =)
6. z=re =z =rcosfand y = rsin § and
f(z) = w(z(r, 6), y(r,6)) + iv(z(r,6), y(r, 0))
Ou Budz oudy Bu

ou
o azar;?g_ar Bz o0+ 5, sind



10.

11.

Similar applications of the chain rule yield

g; 5 ( rsmﬁ)-f—a—yrcosé?
v _ o osf + v ing

o Bz Oy ®

dv v ov

26" 6‘3( rsmﬁ)—!—arcosé‘

Replace the partial derivatives on the right sides of the equations for

0
7 and & o by their Cauchy-Riemann counterparts to obtain:

or
du  Ov ov . 18v
eyl gt =g
dv Ou du 18u
5 ay 01'2059-}-a SIDG——;%

Let h(z) = f(z) — g(z). Then & is analytic in D and F(z)=0s0ohis
a constant function.

h(z) = ¢ = f(2) — g(z) = f(z)=g(2)+¢

ou Ju Gv
=cin D = = == _=
u(z,y) = cin D = o 0 and 5y 0 3 Hence
fi(z) = Ou + z—av =0 so f is constant in D.
%2 15, is constant in

By contradiction. If f is analytic in a domain D then vz,y) =0
(a constant) = f is constant (by condition 8) = u is constant.
{However, there is no open set in which u(z,y) == |2* — z| is constant).

Imf(z):OinD——-:}-?E:—a—?:O:}@:O
. dz Oy Jz
==>f’(z)—;ﬁ+z§-§-—0=>f1s constant in D.

Re f(z) = E[f(z) + f(2)] is real valued and analytic if both f and f

are analytic. Hence Re f(z) is constant by Exercise 10. It follows that
f(z) is constant by Exercise 8.

a9 -1b



12. |f(2)| constant in D = |f{2)® = «? + v* is constant in D. Fu = 0
or v =0 in D, then f is constant by Exercises 8 and 10. Otherwise,

2
oz 3z
L
oy 2u8y+2vay_- 2uaz+2vaz—0
1 AlfF 1 ‘9!)'|2 2
=309 T3V gy 0=y )
NN Y
0z ~ 3::_33;_3;;_
=>f'(z)—-a—u+zgv 0

= f is constant in D.
13. [f(2)| is analytic and real-valued, so the result follows from Exercises
10 and 12.

14. I the Line is vertical then Re f(z) is constant and this reduces to Prob-
lem 8. If the line is not vertical, then v(z,y) = mu(z,y) + b, and

%_m@_ Ov
oz 9z oy
bo_ Bu__ ov_ .00
oy~ oy @z " oy
It follows that
v du v Bu . . Bu B

Hence f(z) is constant.

dubv Budv
15. J(%,yo) = “5;% - ja;a‘

2 {=z0.w0) 2

=[5t )] + [Rtene)
= [F'a)l* (asing Equation (1)
2-177



3f_6f8:z: af oy
3 = 3z ¢ | oy o€
Ou Ov\l Gu Ovy 1l .
“\& ' §+(a—y+‘ay)“
1{8u Ov i {Ov Ou
=§(55+5§)+5(‘a?5;)
of _of0x  0/d
On ~ Oz 8y Oy oy
du Ovy1 ou .Ov
= %4“15; §+(a—y+t-é§)

Li(a 8 (o o)
T o\oz Oy 2\dy Oz

16. a.

EXERCISES 2.5: Harmonic Functions

1. a uzy) =2 -y +2c+1, %=2=‘%=”A“=
v(z,y) = 22y + 2y, %:0:—%:=>Av=
b wle) = g b= e = g =
2 3,2 2
M@Y= -0 3'- y?’ g;; - _z(ym(zgj- y;)g = _g; = v
c. u(z,y) = e’ cosy, % = ¢ cosy = —% = Au=0
v(z,y) = e"siny, % =e"siny = -g—:g == Av =10

2. h(z,y) = az® + bay — ay?

2~13



4 = Re(—iz), v = —z + a, where a is a constant

u = Re(—ie®), v = —c"cosy + o

. u=Re -_Eizz—iz—z),vx-—%(zz—yz)—(z+y)+a
It is straightforward to verify that Au = 0.

Ou v

#— = €08z coshy = —

Oz dy
= v(z,¥) =/ooszooahydy= cos zsinh y + ¥(z)

o oo

A

%=sin:tsi.nhy=—%:sinzsinhy+¢'(z)==—¢(z)=a
Thus, v(z,y) = cosxsinhy + a.

e. 1t is straightforward to verify that Au = 0.
Ou z v oty

% TAg Gy
o(z9) = [ mi—dy =t~ (L) 4 ()
P Y ) s =a

8y Tty Oz 2y
Thus, v(z,y) = tan™? (4:-) +a.

f u=Re (-:'e’, ) ,u= =¥ cos(2zy) + a.
4. Suppose v and w are both harmonic conjugates of u, and consider

$(z,y) = w(z,y)—v(z,y). Then (using the Cauchy-Riemann equations
for v and w),

9 _ o & _ (5")4
=)=

8z 8z 06z oy
and similarly % = 0. Hence ¢(z,y) = a, from which it follows that
| w(z,y) = o(z,y) +a.
5. If f(2) = u(z,y) + iv(z, y) is analytic then —if(z) = v(z,y) — iu(z, y)

is analytic. Thus —u is a harmonic conjugate of v.
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6. Since f(z) = u+1v is analytic, —[ (2)]* = (u —v?) + {uw is analytic.
Thus uv = Im% [f(2)]%s harmonic.

1. ¢(z,y) =z +1
8. a. Yes, because A(u +v) = Au+ Av = 0.

b. No. Take u = z,v = 22 — y? as an example.

c. Yes, because AUy) = Usgy + Ugyy = Uggy + Uyyzr

0 a
= 'a—x-(Au) = -3-;(0) = 0.

9. ¢z, y)=ay~1 (this 1s Im (-%zz - z))

10. Let z = rcosf and y = rsind.

g_? = _gli%‘:. g-ggg:ggcose+g§sin9
2t et
- ngcos 9+362§2sm90039+gi§5m 6
2o b %;—5% gi’( —rs no) g—jrcosﬁ
+ —ai—z%%;;(r cos §) + %%( s8) + '5y*(—’f sin 6)
= Tl 9+a‘9;( 2 smacosa)+—gi§-r2ms 6
+ gg(_msa) + %(—rsm f).

1«-‘)-0



Combining these partial derivatives, one gets

Po 104 18 _&¢ P _ .
Ry ey vl Rl %

v ___ 2y =yl +yr-1)=0.
11-1mf(2)=y—m—0==-ys +y—y=y(z"+y

i isfyi =0k the circle |z} = 1. The
The points satisfying z2 + y* — 1 = 0 lie on .
pointI:. (other than z = 0) satisfyingy =0 lie on the real axis.
=z" = "cosﬂ+isin6)"=r"(oosn9+isinn8)==-. ' .
= lj;f}(z)zz r:ct()snﬂ and Im f(z) = r"sinné are harmonic since f is
analytic.
13. ¢(z,y) = Imz* = r*sin4d = —day® + izy

14. Let §(z,y) = ln}f(2)] = %m(uz +0%)

a“+v?—t—’
o6 _0s0u 0080 _ 5

Be  Gudzr  Dvdz  ultv?

AN BT S NS
R CRCI R

+
972 (u? + v2)? u? + o2

i . , . d
A similar calculation yields 3;2:. By applying Laplace’s equation an

i dvt ?-22 + ﬁ the sum
the Cauchy-Riemann equations of u and v to 53

ay*’
simplifies to reveal that A¢ = 0.
15. Consider ¢(z) = Re(Az" + Bz")+ C which is harmonic for 1<Iz(<2.
Consider the polar formforz. z= rle’9 and select n=3 to agree with the
cosine argument. g(re'®) = Ar’Re(e™) + BrRe(e™® + C.
©(re”®) = Ar'cos36 + Brcos38 + C = (Ar+Br-)cos38 + C.

r=1= (A+B)cos30 + C=0 = A +B =0, C = 0.
r=2=> (A*8+B/8)c0s36 = 5c0s36. A = 40/63, B = -40/63
o(re") = (40/63)(r” - r *)cos36 = (40/63) Re (z*-™").

1 z o yeps
18. #z,y) = mln|z| —lor¢(z,y) = lnl-é-| are two possibilities.



17. a. ¢(z,y) =Re(* +5z+1) =2 —¢y* + 5z +1
2 2z(z® + 4y + %)
b- ¢(z,y) = 2Re (z+2i) a4yt tdy+4
18. Let u = ¢z, v = —¢,. Then
| ou buy = Ov
= ===
Ju dv
53; = ézy _5;

19.  cos’0 = (V2)cos20 + ¥2 = ©(z) = ARe(r “e ) + B = Ar’cos26 + B. In
the limit as r->m @¢z)=%2=> B =%. Onthecircle lzl=l,r=1. = A=%.
9©(z) = (Y)r 20520 + %2 = Re [_1!(2z Y+ Y.

ov  Ou v Ju
s _ = _— .
Z¢. In order that % = 52’ let v(z,y) '[0 ax(:z:,n)dn—i-ib(z:) Then
v v PPy ,
7 = f m(ﬂ«" n)dn + ¢¥'(z)
= / 7 —(z,7)dn + ¢'(z) (because u is harmonic)
Ou '
= —g(En)+ (0 + )
In order that @ - Ou it must be true that ¥'(z) = —@(x 0)
T a 3$ ay, IL TNus € = 8y N .
Thus, 5
¢ Ju
== [ — d
$(@)= - [ (G0 +a
and
v Ju ¢ Ju
w(@9) = [ golemdn— [ 3o 00dC+a.
21, It is easily verified that u = In|z| satisfies Laplace’s equation on

C\ {0} and that v+ ¢v = In |2| +iAzrg(z) satisfies the Cauchy-Riemann
equations on the domain D = C\ {nonpositive real axis}, so that

Arg (z) is a harmonic conjugate of u on D. By Problem 4, any harmonic
conjugate of u has to be of the form Arg(z)+a in D. i is impossible to
have 2 harmonic conjugate of this form that is continuous on C\ {0}.

= ~ @ty + Py — ?!’:_r_ﬂbv_ + Yty =

gle
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EXERCISES 2.6: Steady-State Temperature as a Harmonic Func-
tion. ;

1. a. b.
100° 100°
80° o
80° 30° 0° N 80
60° 60° 40° ——\'—- 60°
40° 40° 20° —_\— AQ°
0° — 20°
20° 20 -
o o°
c d.
20° 40° 60° 80° 50° 100° s50°
L1 1 100° L L1
T U
0° el o° 0°
— 40°
L 20°
0° o o
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100°

80° +—"  ~——-30°
60° d—— ~—1_ 60°

40° — ﬂ_ 40°
20° 0° - 20°

0° 0°

2. This does not violate the maximum principle.

OQ

Oo' Oo




3. This does not violate the maximum principle.

100°
50° ' 50°
0° o°
100°



10.

Exercises 2.7

f(z) = z* + ¢ where c is a real constant.

L= (1 +V(1-40))/2, L= (1 -N(1-4c)/2

Only &, is an attractor for -3/4 < ¢ < Y.

f(c) = ¢and f'(¢) > 1 Therefore we can pick a real number p between |
and If'(¢) | such that If(z) - ¢l = plz-gl for all z in a sufficiently small disk
around ¢. If any point zg in this disk is the seed for an orbit z, = f(zg), z, =
f(z1), ... Za = f(za.1), then we have Iz,-¢) 2 plzp.-¢l 2 .. 2 plzg-Gh
Because p>1, the point z, moves away from ¢until the
magnitude of the derivative becomes 1 or less. The orbit is out of the disk.
(a) Fixed points are {; =i, {; = -1. Both are repellors.

(b) Fixed points are {; = 1/2, {; =-1/2, {3 =-1. Fixed points {, and {3
are repellors, but fixed point £, is an attractor.
2o = €™ with ¢ an irrational real number. z, = ¢, Because lz,i = 1,
the trajectory will follow the unit circle. If iterations p and q coincide,
2mo2” - 2no2% = 2o (2P - 29) = 2xk for some integer k. But because (27 -
2% is an integer that can be represented by m, the equation 2nom=2nk is
satisfied only if k=0/m or ot = k/m. Because o is irrational it cannot be
represented by a rational number and no iterations repeat.

Fixed points are {; = -1/2 + iV5/2 (an attractor) and {, = -1/2 - iV5/2 (a
repetior).

f(z) =z°. The seedis zg. z, = 20>, Za= 70", ... 2o = 2o™(2"). To have an n
cycle z, = zg = p"(2"). Or zu/zo = 2" (2"-1) = 1 = &'*". Solving gives

zo = eMi2m/(2°-1)).

The cycle is 4. 2*(2m/p) = 2rmod p = 2* = 1 mod p. p=3.5,15. 3 will
give repeated cycles of length 2. 5 and 15 will give the desired cycles of
length 4.

Student Matlab: n=100;c=.253; zo=0;y(1)=z0;

for k=1:n-1,y(k+1)=y(k)}*2+c;end

plot(y)

If lod € 1 the whole complex plane is the filled Julia set. If lod 2 | the
origin is the filled Julia set.

{z) =2 - F@)/F(z). f(§)={-FE/F()={=FC/FE) =0=FE)=0
with the possible exception of the points where F'() = 0.

f(z) = 1 - F(2)/F(2) + F2)F'(/(F(2))’ = F2)F'(2)/(F(z))’

£(0) = FOF(ONFE)) = 0 where F(L) #0 and every zero of F(z) is an
attractor as long as F'({) # 0.
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