PROBLEM 2.1

KNOWN: Axisymmetric object with varying cross-sectional area and different temperatures at
its two ends, insulated on its sides.

FIND: Shapes of heat flux distribution and temperature distribution.

SCHEMATIC:
Tl T2

ASSUMPTIONS: (1) Steady-state, (2) One-dimensional conduction, (3) Constant properties, (4)
Adiabatic sides, (5) No internal heat generation. (6) Surface temperatures T, and T, are fixed.

ANALYSIS: For the prescribed conditions, it follows from conservation of energy, Eq. 1.12c,
that for a differential control volume, Ejp = Eqgyt OF Oy = Qy4+qx- Hence

gy Is independent of x.
Therefore
a, =0;A, =constant (1)
where A. is the cross-sectional area perpendicular to the x-direction. Therefore the heat flux

must be inversely proportional to the cross-sectional area. The radius of the object first increases
and then decreases linearly with x, so the cross-sectional area increases and then decreases as X2,

The resulting heat flux distribution is sketched below. <

g <

Continued...



PROBLEM 2.1 (Cont.)

To find the temperature distribution, we can use Fourier’s law:

) dT
a, = —k& (2)

Therefore the temperature gradient is negative and its magnitude is proportional to the heat flux.

The temperature decreases most rapidly where the heat flux is largest and more slowly where the
heat flux is smaller.

Based on the heat flux plot above we can prepare the sketch of the temperature distribution
below.

The temperature distribution is independent of the thermal conductivity. The heat rate and local
heat fluxes are both proportional to the thermal conductivity of the material.

COMMENTS: If the heat rate was fixed the temperature difference, T, - T,, would be
inversely proportional to the thermal conductivity. The temperature distribution would be of the
same shape, but local temperatures T(X) would vary as the thermal conductivity is adjusted.



PROBLEM 2.2
KNOWN: Hot water pipe covered with thick layer of insulation.
FIND: Sketch temperature distribution and give brief explanation to justify shape.
SCHEMATIC:

\
/-/o; . LT
warer pipe
Ttr)
Lnsulation BT . .
ry re T

ASSUMPTIONS: (1) Steady-state conditions, (2) One-dimensional (radial) conduction, (3) No
internal heat generation, (4) Insulation has uniform properties independent of temperature and
position.

ANALYSIS: Fourier’s law, Eqg. 2.1, for this one-dimensional (cylindrical) radial system has the form

dT dT
= —KA[ — = —k(271)—

where A, =27ar/ and ¢ is the axial length of the pipe-insulation system. Recognize that for steady-
state conditions with no internal heat generation, an energy balance on the system requires
Ein = Eout since Eq = Eg; = 0. Hence

qr = Constant.

That is, qy is independent of radius (r). Since the thermal conductivity is also constant, it follows that
r d—T = Constant.
dr

This relation requires that the product of the radial temperature gradient, dT/dr, and the radius, r,
remains constant throughout the insulation. For our situation, the temperature distribution must

appear as shown in the sketch. <

COMMENTS: (1) Note that, while g is a constant and independent of r, gy is not a constant. How
does q'r'(r) vary with r? (2) Recognize that the radial temperature gradient, dT/dr, decreases with
increasing radius.



PROBLEM 2.3
KNOWN: A spherical shell with prescribed geometry and surface temperatures.

FIND: Sketch temperature distribution and explain shape of the curve.

SCHEMATIC:
ry A
. o T
Spherical ry Large ( Thermal
She// + radien
Ttr) Small a7
dar
7;-_
) A ,iz ,’.z r
I 1 I>T;

ASSUMPTIONS: (1) Steady-state conditions, (2) One-dimensional conduction in radial (spherical
coordinates) direction, (3) No internal generation, (4) Constant properties.

ANALYSIS: Fourier’s law, Eq. 2.1, for this one-dimensional, radial (spherical coordinate) system
has the form

dT 2\dT
— kAL -k (4 ‘ )—
ar ar g dr

where Ay is the surface area of a sphere. For steady-state conditions, an energy balance on the system
yields Ej, = Eqyt, since Egq = Egt =0. Hence,

Qin =dout =0dr #dr (r)-

That is, qy is a constant, independent of the radial coordinate. Since the thermal conductivity is
constant, it follows that

r2 {d—T} = Constant.
dr

This relation requires that the product of the radial temperature gradient, dT/dr, and the radius
2 . o
squared, r -, remains constant throughout the shell. Hence, the temperature distribution appears as

shown in the sketch. <

COMMENTS: Note that, for the above conditions, q, # Qy (r); that is, gy is everywhere constant.
How does gy vary as a function of radius?



PROBLEM 2.4

KNOWN: Temperature dependence of the thermal conductivity, k(T), for heat transfer through a
plane wall.

FIND: Effect of k(T) on temperature distribution, T(x).

ASSUMPTIONS: (1) One-dimensional conduction, (2) Steady-state conditions, (3) No internal heat
generation.

ANALYSIS: From Fourier’s law and the form of k(T),
dT dT

q’)'(:—k d—X:—(ko +aT)d—X (1)

The shape of the temperature distribution may be inferred from knowledge of d2T/dx2 = d(dT/dx)/dx.
Since qY is independent of x for the prescribed conditions,

m—xz-i[(k0+aT)d—T}:O
dx dx dx

2 2
—(ko +aT)d—T—a[d—T} =0.

dX2 dx
Hence,
ko +aT=k>0
2T a [dT]? °y
5 :k a7 dx where {d_T} -0
dx 0 dx
from which it follows that for
T4
a >0 d°T/dx% < 0 a>0
T 229
a<l
a=0: d’T/dx?= 0
T,
a < 0: d?T/dx% > 0. —>x <

COMMENTS: The shape of the distribution could also be inferred from Eq. (1). Since T decreases
with increasing X,

a>0: kdecreases with increasing x = > | dT/dx | increases with increasing x

a=0: k=kg=>dT/dx is constant

a<0: kincreases with increasing x = > | dT/dx | decreases with increasing X.



PROBLEM 2.5
KNOWN: Irradiation and absorptivity of aluminum, glass and aerogel.

FIND: Ability of the protective barrier to withstand the irradiation in terms of the temperature
gradients that develop in response to the irradiation.

SCHEMATIC:

—_—
G =10x10W/m2 —»

—

X
(X,a| = 0.2
ch| = 0.9
a, =0.8

ASSUMPTIONS: (1) One-dimensional conduction in the x-direction, (2) Constant properties, (c)
Negligible emission and convection from the exposed surface.

PROPERTIES: Table A.1, pure aluminum (300 K): ky = 238 W/m-K. Table A.3, glass (300 K):
Kg = 1.4 W/m-K.

ANALYSIS: From Egs. 1.6 and 2.32

'k%X:O =05 =Gy =G
or
or|  _ oG
e Tk
The temperature gradients at x = 0 for the three materials are: <
_ oT 10x| _y (Kim)
Material
aluminum 8.4 x 10°
glass 6.4 x 10°
aerogel 1.6 x 10°

COMMENT: Itis unlikely that the aerogel barrier can sustain the thermal stresses associated
with the large temperature gradient. Low thermal conductivity solids are prone to large
temperature gradients, and are often brittle.



PROBLEM 2.6
KNOWN: One-dimensional system with prescribed thermal conductivity and thickness.
FIND: Unknowns for various temperature conditions and sketch distribution.
SCHEMATIC:

b—L=0.35m —]

T
SRS - dT , Temperature gradient

\\\ t/ dx

~ -I'2

“

” 0

F— x

ASSUMPTIONS: (1) Steady-state conditions, (2) One-dimensional conduction, (3) No internal heat
generation, (4) Constant properties.

ANALYSIS: The rate equation and temperature gradient for this system are
dT dr _Tp,-Ty

Y =—k— and : 12
Ix dx dx L (1.2
Using Egs. (1) and (2), the unknown quantities for each case can be determined.
k/‘\//\—/\»-/\
dT (-20-50)K
a LA™ 200 K/m < soeck 1o
@ dx 0.35m S~ — |a |
"o w K _ 2 < \\\\
Oy =—50 v X [—200;} =10.0 kW/m*. ~J0o0°C
W
— x
dT  (-10-(-30))K M
b - = =57 K/m < “ o
® 0.35m % _qlc
gy = -50 w {575} =286 kwim?. < 7 <
m-K m 30°C |-
w K
© gl =-50 {160—} - -80kw/m? <
m-K m |q;’|
T K o ]
Ty = L-d—+T1=O.35m><[160—}+70 C. 4T _ 160 k/m
dx m dx
70°C
T, =126°C. < <

Continued ...



PROBLEM 2.6 (Cont.)

@  q=-50" {—805}4.0 kwim? <
m

dT o K
Ty=Tp-L-—=40"C-0.35m| -80—
1= 12 dx m

T, =68°C. <

() ax=-50 WK {2005} = -10.0 kW/m? <

dx m

. m . 30°C
ar - _ . K . ¥l 4T - 200 k/m
Ty=To-L-—=30 C—0.35m[200—}=—40 c. < dx



PROBLEM 2.7
KNOWN: Plane wall with prescribed thermal conductivity, thickness, and surface temperatures.

FIND: Heat flux, g%, and temperature gradient, dT/dx, for the three different coordinate systems
shown.

SCHEMATIC: 7 A - AT N AT
A5 e N I R N
k=120 WmkKk | T; T
L =120 mm L — x<—r 2 x<—F
() (b) (c)

ASSUMPTIONS: (1) One-dimensional heat flow, (2) Steady-state conditions, (3) No internal
generation, (4) Constant properties.

ANALYSIS: The rate equation for conduction heat transfer is
dT
§=—k—, 1
Q5% =~k )
where the temperature gradient is constant throughout the wall and of the form

¢T_T(L)-T(0)

2
dx L @)
Substituting numerical values, find the temperature gradients,
— 700 — K
@ T_Te=T_ (100-500)K _qqr jm <
dx L 0.120m
— 500-700)K
@ T-T-To JK _ 1667 kim <
dx L 0.120m
— 700 — K
@ 9T To=T_ (100-500)K _ee7 km. <
dx L 0.120m
The heat rates, using Eq. (1) with k = 120 W/m-K, are
@ gl =-120 WK <1667 K/m=-200 KW/m2 <
m-
’ W 2
() qyx = —120W(—1667 K/m)=+200 KW/m <

© qi- —120%(1667 K/m)=-200 KW/m? <



PROBLEM 2.8

KNOWN: Two-dimensional body with specified thermal conductivity and two isothermal surfaces
of prescribed temperatures; one surface, A, has a prescribed temperature gradient.

FIND: Temperature gradients, 0T/0x and 0T/dy, at the surface B.
SCHEMATIC:

/.53
Insulation_ 1%

k=10W)m-k
Gradient at surface A

g=3ol</m S g i

WA=Zm

ASSUMPTIONS: (1) Two-dimensional conduction, (2) Steady-state conditions, (3) No heat
generation, (4) Constant properties.

ANALYSIS: At the surface A, the temperature gradient in the x-direction must be zero. That is,

(@TIox)a = 0. This follows from the requirement that the heat flux vector must be normal to an
isothermal surface. The heat rate at the surface A is given by Fourier’s law written as

q’yA:—k-wAﬂ =-10 w x2m><305:—6OOW/m.
’ Y Ia m-K m
On the surface B, it follows that
(0”T/§y)B =0 <

in order to satisfy the requirement that the heat flux vector be normal to the isothermal surface B.
Using the conservation of energy requirement, Eq. 1.12c, on the body, find

qy,A —dxB =0 or a%,B =dy,A-
Note that,
dx,B Z_k'WBﬂ}
’ oX |g
and hence

=60 K/m. <

(6TIx),, = —dy,A _ —(-600 W/m)
B k-wg 10 W/m-Kx1m

COMMENTS: Note that, in using the conservation requirement, ¢fn = +0y A and gyt = +0x B-



PROBLEM 2.9

KNOWN: Temperature, size and orientation of Surfaces A and B in a two-dimensional geometry.
Thermal conductivity dependence on temperature.

FIND: Temperature gradient JT/&y at surface A.

SCHEMATIC:

k=k,+aT

A T,=0C

ASSUMPTIONS: (1) Steady-state conditions, (2) No volumetric generation, (3) Two-dimensional
conduction.

ANALYSIS: AtSurface A, ka =k, +aTa =10 W/m-K — 10° W/m-K? x 273 K = 9.73 W/m-K while
at Surface B, kg = k, + aTg = 10 W/m-K — 10° W/m-K? x 373 K = 9.63 W/m-K. For steady-state
conditions, E;, = E,, Which may be written in terms of Fourier’s law as

ot ot
L ENSCLE
B ox 5 AB A ay A A
or I 1) KePe _ aoiimx 202, L _14.85 kim <
oy, ~ ox s Knha 9732

COMMENTS: (1) If the thermal conductivity is not temperature-dependent, then the temperature
gradient at A is 15 K/m. (2) Surfaces A and B are both isothermal. Hence, 0T /6x|A =0T /ay|B =0.



PROBLEM 2.10

KNOWN: Electrical heater sandwiched between two identical cylindrical (25 mm dia. x 60 mm
length) samples whose opposite ends contact plates maintained at T.
FIND: (a) Thermal conductivity of SS316 samples for the prescribed conditions (A) and their

average temperature, (b) Thermal conductivity of Armco iron sample for the prescribed conditions
(B), (c) Comment on advantages of experimental arrangement, lateral heat losses, and conditions for

which AT #AT».

SCHEMATIC:
T,=77°C To=77°C
aX=15mm SS3/6
Heater, a%=25.0%C Heater, aly=f50C
100 v, SS 316 100 Vv, Armco iron
0.2504 sL-250C 0% ATz=15.0C
T=77°C ax=15mm T=77°C
° Case A Case B

ASSUMPTIONS: (1) One-dimensional heat transfer in samples, (2) Steady-state conditions, (3)
Negligible contact resistance between materials.

PROPERTIES: Table A.2, Stainless steel 316 ('T'=400 K): Kss =15.2 W/m-K; Armco iron
(T=380 K): Kiron =67.2 W/m-K.

ANALYSIS: (a) For Case A recognize that half the heater power will pass through each of the
samples which are presumed identical. Apply Fourier’s law to a sample
AT
=kA.—
q ¢ Ax

_ gAx 0.5(100V><0.25OA)><0.015 m

= = . =15.3 W/m-K. <
AcAT  7(0.025m)/4x25.0°C

The total temperature drop across the length of the sample is AT 1 (L/Ax) = 25°C (60 mm/15 mm) =

100°C. Hence, the heater temperature is T, = 177°C. Thus the average temperature of the sample is
T=(To+Th)/2=127°C=400 K. <

We compare the calculated value of k with the tabulated value (see above) at 400 K and note the good
agreement.

(b) For Case B, we assume that the thermal conductivity of the SS316 sample is the same as that
found in Part (a). The heat rate through the Armco iron sample is

Continued ...



PROBLEM 2.10 (Cont.)

7(0.025m)*  150°C
X
4 0.015 m

Jiron = Aheater —dss =100V x0.425A —15.3 W/m - K x
Jiron =(42.5-7.51)W=35.0 W

where
Qg5 = kSSACATZ /AXz.
Applying Fourier’s law to the iron sample,

_OjronAX2  35.0W=x0.015m

iron = 5 =713 W/m-K. <
AcAT2  7(0.025m)”/4x15.0°C

The total drop across the iron sample is 15°C(60/15) = 60°C; the heater temperature is (77 + 60)°C =
137°C. Hence the average temperature of the iron sample is

T=(137 +77)" C/2=107°C=380 K. <

We compare the computed value of k with the tabulated value (see above) at 380 K and note the good
agreement.

(c) The principal advantage of having two identical samples is the assurance that all the electrical
power dissipated in the heater will appear as equivalent heat flows through the samples. With only
one sample, heat can flow from the backside of the heater even though insulated.

Heat leakage out the lateral surfaces of the cylindrically shaped samples will become significant when
the sample thermal conductivity is comparable to that of the insulating material. Hence, the method is
suitable for metals, but must be used with caution on nonmetallic materials.

For any combination of materials in the upper and lower position, we expect AT1 = AT». However,
if the insulation were improperly applied along the lateral surfaces, it is possible that heat leakage will

occur, causing AT # AT».



PROBLEM 2.11

KNOWN: Dimensions of and temperature difference across an aircraft window. Window
materials and cost of energy.

FIND: Heat loss through one window and cost of heating for 130 windows on 8-hour trip.

SCHEMATIC:

—» — L=0012m

ASSUMPTIONS: (1) Steady-state conditions, (2) One-dimensional conduction in the x-
direction, (3) Constant properties.

PROPERTIES: Table A.3, soda lime glass (300 K): kq = 1.4 W/m-K.

ANALYSIS: From Eq. 2.1,
g, = kAL = ap(T-T2)
dx L
For glass,

90°C

=14 x0.4mx0.4mx
g {0.012m

}=1680W <
m-K

The cost associated with heat loss through N windows at a rate of R = $1/kW-h overat =
8 h flight time is
$ 1kW <

Cy =NgyyRt=130x 1680 Wx 1 ——— x 8 h x =$1750
’ kKW -h 1000W

Repeating the calculation for the polycarbonate yields
Oxp = 252 W, C, = $262 <

while for aerogel,
Oxa = 16.8W, C, =$17.5 <

COMMENT: Polycarbonate provides significant savings relative to glass. It is also lighter (p, =
1200 kg/m®) relative to glass (pg = 2500 kg/m®). The aerogel offers the best thermal performance
and is very light (p. = 2 kg/m®) but would be relatively expensive.



PROBLEM 2.12

KNOWN: Temperatures of various materials.

FIND: (a) Graph of thermal conductivity, k, versus temperature, T, for pure copper, 2024 aluminum
and AISI 302 stainless steel for 300 < T <600 K, (b) Graph of thermal conductivity, k, for helium and
air over the range 300 < T <800 K, (c) Graph of kinematic viscosity, v, for engine oil, ethylene glycol,
and liquid water for 300 < T < 360 K, (d) Graph of thermal conductivity, k, versus volume fraction, ¢,
of a water-Al,03; nanofluid for 0 < ¢ <0.08 and T = 300 K. Comment on the trends for each case.

ASSUMPTION: (1) Constant nanoparticle properties.

ANALYSIS: (a) Using the IHT workspace of Comment 1 yields

Thermal Conductivity of Cu, 2024 Al, and 302 ss

500
200 _ Copper
N i
= 200 2024 Aluminum
=~ -
100
R 302 Stainless steel
0 ‘ T T T
300 400 500 600

T, Celsius

Note the large difference between the thermal conductivities of these metals. Copper conducts thermal
energy effectively, while stainless steels are relatively poor thermal conductors. Also note that,
depending on the metal, the thermal conductivity increases (2024 Aluminum and 302 Stainless Steel)

or decreases (Copper) with temperature.

(b) Using the IHT workspace of Comment 2 yields

Thermal Conductivity of Helium and Air

0.4

0.3 )
« | Helium
E
= 02 —
=
o |

0.1 Air

0 T T 1 I 7

300 400 500 600 700 800

T, Celsius
Note the high thermal conductivity of helium relative to that of air. As such, He is sometimes used as a

coolant. The thermal conductivity of both gases increases with temperature, as expected from
inspection of Figure 2.8.

Continued...



PROBLEM 2.12 (Cont.)
(c) Using the IHT workspace of Comment 3 yields

Kinematic Viscosity of Engine Oil, Ethylene Glycol and H20

001 o
0.001; Engine Oil
» ]
o 00001
S 1
= 1E5 Ethylene Glycol
c 3
1E-6 H20
1E-7 : :
300 320 340 360
T, Celsius

The kinematic viscosities vary by three orders of magnitude between the various liquids. For each case
the kinematic viscosity decreases with temperature.

(d) Using the IHT workspace of Comment 4 yields

Thermal Conductivity of Nanofluid and Base Fluid

0.8
T Nanofluid
« 0.7
<
E |
=
= _
0.6 Base fluid (H,0)
05 T ‘ ‘
0 0.02 0.04 0.06 0.08

Volume fraction, j

Note the increase in the thermal conductivity of the nanofluid with addition of more nanoparticles. The
solid phase usually has a higher thermal conductivity than the liquid phase, as noted in Figures 2.5 and
2.9, respectively.

COMMENTS: (1) The IHT workspace for part (a) is as follows.

/I Copper (pure) property functions : From Table A.1
/I Units: T(K)
kCu = k_T("Copper",T) /I Thermal conductivity, W/m-K

/I Aluminum 2024 property functions : From Table A.1

/I Units: T(K)

KAl = k_T("Aluminum 2024",T) /I Thermal conductivity, W/m-K
/I Stainless steel-AlSI 302 property functions : From Table A.1

/I Units: T(K)

kss = k_T("Stainless Steel-AISI 302", T) /I Thermal conductivity, W/m-K

T =300 /I Temperature, K

Continued...



PROBLEM 2.12 (Cont.)

(2) The IHT workspace for part (b) follows.

/I Helium property functions : From Table A.4
/I Units: T(K)
kHe = k_T("Helium",T) /I Thermal conductivity, W/m-K

/I Air property functions : From Table A.4
/I Units: T(K); 1 atm pressure
kAir = k_T("Air",T) /I Thermal conductivity, W/m-K

T =300 /I Temperature, K
(3) The IHT workspace for part (c) follows.

/I Engine Oil property functions : From Table A.5
/I Units: T(K)
nuQil = nu_T("Engine Oil",T) /I Kinematic viscosity, m"2/s

/I Ethylene glycol property functions : From Table A.5
/I Units: T(K)
nuEG = nu_T("Ethylene Glycol",T) /I Kinematic viscosity, m"2/s

/I Water property functions :T dependence, From Table A.6
/I Units: T(K), p(bars);

xH20 =0 /I Quality (O=sat liquid or 1=sat vapor)
nuH20 = nu_Tx("Water",T,xH20) /I Kinematic viscosity, m"2/s
T =300 /I Temperature, K

(4) The IHT workspace for part (d) follows.

/I Water property functions :T dependence, From Table A.6
/I Units: T(K), p(bars);

xH20 =0 /I Quality (O=sat liquid or 1=sat vapor)
kH20 = k_Tx("Water",T,xH20) /I Thermal conductivity, W/m-K

kbf = kH20

T =300

j=0.01 /I Volume fraction of nanoparticles

/IParticle Properties

kp = 36 /I Thermal conductivity, W/mK

knf = (num/den)*kbf
num = kp + 2*kbf-2*j*(kbf - kp)
den = kp + 2*kbf + j*(kbf - kp)



PROBLEM 2.13

KNOWN: Ideal gas behavior for air, hydrogen and carbon dioxide.

FIND: The thermal conductivity of each gas at 300 K. Compare calculated values to values from
Table A4.

ASSUMPTIONS: (1) Ideal gas behavior.

PROPERTIES: Table A.4 (T = 300 K): Air; ¢, = 1007 J/kg-K, k = 0.0263 W/m'K, Hydrogen; ¢, =
14,310 J/kg-K, k = 0.183 W/m'K, Carbon dioxide; ¢, = 851 J/kg-K, k = 0.0166 W/m'K. Figure 2.8:
Air; ¢ = 28.97 kg/kmol, d = 0.372 x 10° m, Hydrogen; s = 2.018 kg/kmol, d = 0.274 x 10° m,
Carbon Dioxide; s = 44.01 kg/kmol, d = 0.464 x 10”° m.

ANALYSIS: For air, the ideal gas constant, specific heat at constant volume, and ratio of specific
heats are:

R _8315kikmol-K _ o0 K

" 2897kghkmol  kg-K'
¢, =c,~R= 1oo7£—0287£_o7zoi- y= Lo L0074 59g
kg-K kg-K kg-K c, 0.720

From Equation 2.12

9y -5 ¢, [MKkgT
4 7d*\ wrx

_9x1.399-5 720 J/kg-K \/28.97 kg/kmol x1.381x10% J/K x 300 K
4 7[(0.372><10'9m)2 7 x 6.024 x 102 mol™ x1000 mol/kmol

k:

_0025 WV <
m-K

The thermal conductivity of air at T = 300 K is 0.0263 W/m‘K. Hence, the computed value is within 5
% of the reported value.

For hydrogen, the ideal gas constant, specific heat at constant volume, and ratio of specific heats are:

R, 8.315 kJ/kmol - K 4120 kJ

M 2018kghkmol  kg-K’
c
¢, =¢c,—R=14. 31A—4 120£_10 19L' y=-"t=""1 14.31 =1.404
kg-K kg-K kg-K c, 10.19
Equation 2.12 may be used to calculate
k=0.173 <
m-K

Continued...



PROBLEM 2.13 (Cont.)

The thermal conductivity of hydrogen at T =300 K is 0.183 W/m'K. Hence, the computed value is
within 6 % of the reported value.

For carbon dioxide, the ideal gas constant, specific heat at constant volume, and ratio of specific heats
are:

n_ R _8315kIkmol-K _ oo kI

M 4401kglkmol  kg-K'
c
c,=C,-R= 0.851i— 0.189L = 0.662L; y=-"L= 0.851 =1.285
kg-K kg-K kg-K c, 0.662
Equation 2.12 may be used to calculate
k =0.0158 W <
m-K

The thermal conductivity of carbon dioxide at T =300 K is 0.0166 W/m-K. Hence, the computed
value is within 5 % of the reported value.

COMMENTS: The preceding analysis may be used to estimate the thermal conductivity at various
temperatures. However, the analysis is not valid for extreme temperatures or pressures. For example,
(1) the thermal conductivity is predicted to be independent of the pressure of the gas. As pure vacuum
conditions are approached, the thermal conductivity will suddenly drop to zero, and the preceding
analysis is no longer valid. Also, (2) for temperatures considerably higher or lower than normally-
encountered room temperatures, the agreement between the predicted and actual thermal
conductivities can be poor. For example, for carbon dioxide at T = 600 K, the predicted thermal
conductivity is k=0.0223 W/m‘K, while the actual (tabular) value is k = 0.0407 W/m-K. For extreme
temperatures, thermal correction factors must be included in the predictions of the thermal
conductivity.



PROBLEM 2.14

KNOWN: Thermal conductivity of helium.

FIND: The helium temperature. Compare to value from Table A.4.

ASSUMPTIONS: (1) Ideal gas behavior.

PROPERTIES: Table A.4: Helium; s = 4.003 kg/kmol, ¢, = 5.193 ki/kg-K (independent of
temperature). Figure 2.8: Helium, d = 0.219 nm.

ANALYSIS: For helium, the gas constant, specific heat at constant volume, and ratio of specific heats
are:

n_ R _8315kIkmol-K _, o KI

M 4.003kglkmol  kg-K’
C
cv:cp—R=5.193£—2.077£:3.116£; 7=—p=£93=1.667
kg-K kg-K kg-K c, 3.166

From Equation 2.12

k=9;/—5 C, [MKgT
4 7d*\ wrx

2 2
T:Wﬂ'{ 4k d }

ak, | (97 -5)c,

2 2
_6.024 x 10” mol* x1000 mol/kmolxz | 4x0-15 W/m-K>xr x(0.219x10°m)
4.003 kg/kmolx1.381x10% J/K (9%1.667 —5)x 3166 J/kg- K

=288 K <

From Table A.4, the thermal conductivity of helium is 0.15 W/m-K when T = 294 K. <
The computed value of 288 K is within 2% of the reported value.

COMMENTS: The preceding analysis may be used to estimate the thermal conductivity at various
temperatures. However, the analysis is not valid for extreme temperatures or pressures. For example,
(1) the thermal conductivity is predicted to be independent of the pressure of the gas. As pure vacuum
conditions are approached, the thermal conductivity will suddenly drop to zero, and the preceding
analysis is no longer valid. Also, (2) for temperatures considerably higher or lower than normally-
encountered room temperatures, the agreement between the predicted and actual thermal
conductivities can be poor. For example, for carbon dioxide at T = 600 K, the predicted thermal
conductivity is k=0.0223 W/m‘K, while the actual (tabular) value is k = 0.0407 W/m-K. For extreme
temperatures, thermal correction factors must be included in the predictions of the thermal
conductivity.



PROBLEM 2.15
KNOWN: Identical samples of prescribed diameter, length and density initially at a uniform

temperature Tj, sandwich an electric heater which provides a uniform heat flux gg for a period of

time Atgy. Conditions shortly after energizing and a long time after de-energizing heater are
prescribed.

FIND: Specific heat and thermal conductivity of the test sample material. From the properties,
identify type of material using Table A.1 or A.2.

SCHEMATIC:
L R R s -t:—Insu;"a‘i‘mn ahout the

L \]:’_'f‘— D ‘ﬁld entire block / -']0/71/77
_¢_ — Sample 1, m D = 50 mm
- —Heater, P(W) m=78g
TH< - K
° i M : Samp/e 2,mT, =200 ¢

ASSUMPTIONS: (1) One dimensional heat transfer in samples, (2) Constant properties, (3)
Negligible heat loss through insulation, (4) Negligible heater mass.

ANALYSIS: The density of the sample is

p=— M 0078 kg —3970 kg/m>

aD?L/4  mx(0.05 m)2x0.01 m/4

Now consider a control volume about the two samples (of mass 2m) and heater, and apply
conservation of energy over the time interval fromt=0to o T0) = T,= 23.00°C

E T(=) = 39 80 °c

o N — . — — ——

|
| I
PAto —0=2mcp [ T (o)~ Tj ] Ein 1 |

where energy inflow is prescribed by the power condition and the final temperature T is known.

Ein — Eout = AE = E¢ —E;

Solving for Cp;

o PA, 20 Wx100s
P 2m[T(0)-Ti ] 2x0.078 kg[39.80-23.00] C

c, =763 J/kg-K <

The transient thermal response of the heater is given by

Continued ...



PROBLEM 2.15 (Cont.)

) 1/2
e ]

ﬂpCpk
_t 200
k=
, P2
e 6033 2x5093 W/m _46.0 Wi K <
%3970 kg/m® x 764 J/kg - K | (26.77 - 23.00)° C

where

do = " P2 = ZOV;/ - =5093 W/m?2.

2As 2(7zD /4) 2(7z><0.050 /4)m

With the following properties now known,

o = 3970 kg/m" ¢p = 763 Jkg K K = 46 W/m-K

entries in Table A.1 are scanned to determine whether these values are typical of a metallic material.
Consider the following,

o metallics with low p generally have higher thermal conductivities,
o specific heats of both types of materials are of similar magnitude,

o the low k value of the sample is typical of poor metallic conductors which generally have
much higher specific heats,

o more than likely, the material is nonmetallic.

From Table A.2, the first entry, sapphire, has properties at 300 K corresponding to those found for the

samples. <



PROBLEM 2.16
KNOWN: Five materials at 300 K.
FIND: Heat capacity, pc,. Which material has highest thermal energy storage per unit volume.
Which has lowest cost per unit heat capacity.

ASSUMPTIONS: Constant properties.

PROPERTIES: Table A.3, Common brick (T =300 K): p= 1920 kg/m®, Cp = 835J/kg-K. Table
A.1, Plain carbon steel (T = 300 K): p = 7854 kg/m®, Cp =434 J/kg-K. Table A.5, Engine oil (T =300
K): p=884.1 kg/m®, c, = 1909 J/kg-K. Table A.6, Water (T =300 K): p = 1/v; = 997 kg/m®, ¢, =
4179 J/kg-K. Table A.3, Soil (T = 300 K): p = 2050 kg/m®, Cp = 1840 J/kg-K.

ANALYSIS: The values of heat capacity, pc,, are tabulated below.

Material Common Plain carbon | Engine oil Water Soil
brick steel

Heat Capacity | 1603 3409 1688 4166 3772

(kd/m*K)

<

Thermal energy storage refers to either sensible or latent energy. The change in sensible energy per
unit volume due to a temperature change AT is equal to pc,AT. Thus, for a given temperature change,
the heat capacity values in the table above indicate the relative amount of sensible energy that can be
stored in the material.

Of the materials considered, water has the largest capacity for sensible energy storage. <

Various materials also have the potential for latent energy storage due to either a solid-liquid or liquid-
vapor phase change. Taking water as an example, the latent heat of fusion is

333.7 kd/kg. With a density of p ~ 1000 kg/m® at 0°C, the latent energy per unit volume associated
with the solid-liquid phase transition is 333,700 kJ/m®. This corresponds to an 80°C temperature
change in the liquid phase. The latent heat of vaporization for water is very large, 2257 kJ/kg, but it is
generally inconvenient to use a liquid-vapor phase change for thermal energy storage because of the
large volume change.

The two materials with the largest heat capacity are also inexpensive. The consumer price of soil is
around $15 per cubic meter, or around $4 per MJ/K. The consumer price of water is around $0.40 per
cubic meter, or around $0.10 per MJ/K. In a commercial application, soil could probably be obtained
much more inexpensively.

Therefore we conclude that water has the lowest cost per unit heat capacity of the materials

considered. <

COMMENTS: (1) Many materials used for latent thermal energy storage are characterized by
relatively low thermal conductivities. Therefore, although the materials may be attractive from the
thermodynamics point of view, it can be difficult to deliver energy to the solid-liquid or liquid-vapor
interface because of the poor thermal conductivity of the material. Hence, many latent thermal energy
storage applications are severely hampered by heat transfer limitations. (2) Most liquids and solids
have a heat capacity which is in a fairly narrow range of around 1000 — 4000 kJ/m*.K. Gases have
heat capacities that are orders of magnitude smaller.



PROBLEM 2.17

KNOWN: Diameter, length, and mass of stainless steel rod, insulated on its exterior surface other
than ends. Temperature distribution.

FIND: Heat flux.

SCHEMATIC:
——  Stainless steel D =20 mm

T(X) = 305 K — 10 K (x/L)

L =100 mm

ASSUMPTIONS: (1) Steady-state conditions, (2) One-dimensional conduction in x-direction, (3)
Constant properties.

ANALYSIS: The heat flux can be found from Fourier’s law,

" dT
O =—k—
dx
Table A.1 gives values for the thermal conductivity of stainless steels, however we are not told which
type of stainless steel the rod is made of, and the thermal conductivity varies between them. We do
know the mass of the rod, and can use this to calculate its density:

p=M__M__ 0248 kg — 7894 kg/m®
V  zD’L/4  7x(0.02 m)2x0.1m/4

From Table A.1, it appears that the material is AISI 304 stainless steel. The temperature of the rod
varies from 295 K to 305 K. Evaluating the thermal conductivity at 300 K, k = 14.9 W/m-K. Thus,

qr = —k(;—Tz —k(=b/L)=14.9 W/m-Kx10 K /0.1 m =1490 W/m? <
X

COMMENTS: If the temperature of the rod varies significantly along its length, the thermal
conductivity will vary along the rod as much or more than the variation in thermal conductivities
between the different stainless steels.



PROBLEM 2.18
KNOWN: Temperature distribution in a plane wall. Whether conditions are steady-state or transient.

FIND: (a) Whether thermal energy is being generated within the wall, and if so, whether it is positive
or negative. (b) Whether the volumetric generation rate is positive or negative. (c) and (d) Whether the
temperature is increasing or decreasing with time.

SCHEMATIC:
I e I S 4o
| yJin. I Hing G, |
Lo T TOD Iy |
/:/ Uout [ \\_lit \:\\
| _A I g | I,
o T ] = o N T
| |<—| dx | |<—| dx | ||<— dx _'l| |<—| dx
—_— X —_— X —_— X —_— X
(a) (b) (© (d)

ASSUMPTIONS: (1) One-dimensional conduction in x-direction, (2) Constant properties.

ANALYSIS: An energy balance on the differential control volume can be expressed as

dE, . . .
dtt =E,—-E,,+ Eg 1)

The heat flux is given by Fourier’s law,

dT
"ok 2
ay ™ (2)

Assuming constant thermal conductivity, the slope of the temperature distribution indicates
the magnitude and direction of the heat flux according to Eq. (2). A positive slope means heat
is flowing from right to left and vice versa. The magnitudes and directions of the heat fluxes
are illustrated in the schematic above. With this background we can consider each scenario in
turn.

(@) Conditions are steady-state, therefore dEg/dt = 0 in Eq. (1). Since the slope of the
temperature distribution is positive, heat is flowing from right to left in the schematic.
With the slope higher at the right than the left, more heat is entering at the right than

leaving at the left. Therefore heat generation must exist and must be negative. <

(b) Conditions are steady-state, therefore dEs/dt = 0. The slope of the temperature distribution
is positive and is smaller at the right than the left, therefore less heat is entering at the right

than leaving at the left. Therefore heat generation must exist and must be positive. <

Continued ...



PROBLEM 2.18 (Cont.)

(c) Conditions are transient. There is no heat generation, therefore Eg =0 in Eq. (1). Since the

slope of the temperature distribution is negative, heat is flowing from left to right in the
schematic. With the slope steeper at the left than the right, more heat is entering at the left
than leaving at the right. Therefore, there is net heat transfer into the control volume and

dEs/dt > 0. Thus the temperature is increasing with time. <

(d) Conditions are transient. There is no heat generation. The slope of the temperature
distribution is negative and is smaller at the left than the right, therefore less heat is
entering at the left than leaving at the right. Therefore, there is net heat transfer out of the

control volume and dEg/dt < 0. Thus the temperature is decreasing with time. <

COMMENTS: If the thermal conductivity is not constant, it is not possible to tell whether the heat
flux is higher or lower at the two sides of the control volume.



PROBLEM 2.19
KNOWN: Temperature distribution in a plane wall experiencing uniform volumetric heat generation.

FIND: Whether the steady-state form of the heat diffusion equation is satisfied. Expression for the
heat flux distribution.

SCHEMATIC:

L LY
W

TS,2

Oe

|
!
Ts,l l /
I
I

\\/—\/i'\/\/

ASSUMPTIONS: (1) One-dimensional conduction in x-direction, (2) Constant properties.

ANALYSIS: The heat diffusion equation with constant properties is given by Eq. 2.21. Under one-
dimensional, steady-state conditions this reduces to

T g
i ®

The temperature distribution is given in the problem statement as

L’ 2) T, T, +T
T(x):& 1_X_2 pos2 st l—i- s1 7 ls2 @
2k L 2 L 2

This temperature distribution can be substituted into Eq. (1) to see if it is satisfied. Taking the
derivative of Eq. (2) twice,

jL? T,-T
ar :£ _2_2( _,_Mi (3)
ox 2k L 2 L
o°T gL ( 2 j
Z_o_A=l_c 4
ox> 2k \ L? @
Substituting Eqg. (4) into the heat diffusion equation, Eq.(1), yields
o 2 . . .
£ _% +g:_ﬂ+ﬂzo (5)
2k \ L k k k
Therefore the steady-state form of the heat diffusion equation is satisfied. <

Continued ...
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The heat flux is given by Fourier’s Law, with the temperature derivative from Eq. (3).
Therefore,

6) <

q()kﬂk{ﬁ(zjui}qu
OX

2k L 12 2 L 2L

COMMENTS: If there is no heat generation, the temperature distribution in Eq. (2) reduces to the
familiar linear form and the heat flux (Eq. (6)) becomes the well-known result from Chapter 1.



PROBLEM 2.20

KNOWN: Diameter D, thickness L and initial temperature T; of pan. Heat rate from stove to bottom

of pan. Convection coefficient h and variation of water temperature T (t) during Stage 1.
Temperature T of pan surface in contact with water during Stage 2.

FIND: Form of heat equation and boundary conditions associated with the two stages.

SCHEMATIC:

Stage 1
To(®, h

gz )
Wt ittt

ASSUMPTIONS: (1) One-dimensional conduction in pan bottom, (2) Heat transfer from stove is
uniformly distributed over surface of pan in contact with the stove, (3) Constant properties.

ANALYSIS:

Stage 1
2
Heat Equation: % = 1 ﬂ
OX a ot
Boundary Conditions: —k—T =(p = q20
Xlx=0 (;zD /4)
oT
—k— =h| T(L,t)-Ty(t
RGO RAC)
Initial Condition: T(x,o) =T
Stage 2
d%T
Heat Equation: — = 0
dx
Boundary Conditions: —kd—T =q5
XIx=0
T(L)=TL

COMMENTS: Stage 1 is a transient process for which T, (t) must be determined separately. As a
first approximation, it could be estimated by neglecting changes in thermal energy storage by the pan
bottom and assuming that all of the heat transferred from the stove acted to increase thermal energy

storage within the water. Hence, with g ~ mc, dT../dt, where m and cp, are the mass and specific heat
of the water in the pan, T(t) =~ (g/mcp) t.



PROBLEM 2.21
KNOWN: Steady-state temperature distribution in a cylindrical rod having uniform heat generation
of ¢, =6x10" W/m®.
FIND: (a) Steady-state centerline and surface heat transfer rates per unit length, q;. (b) Initial time

rate of change of the centerline and surface temperatures in response to a change in the generation rate
from ¢, to g, = 10° W/m?,

SCHEMATIC:
T(r) = 900 - 5.26-10°r2
/"0 = 0.030”’ q= 91 = 6']07 W/m3
‘ ?’a 5 2 k=30 W/m-k
o~ P:]lOOkg/mz’) cp=800J//<9-/(

ASSUMPTIONS: (1) One-dimensional conduction in the r direction, (2) Uniform generation, and
(3) Steady-state for ¢, =6x10" W/m®.

ANALYSIS: (a) From the rate equations for cylindrical coordinates,

T oT
"= _—k—o =-kA, —.
ar o q r oy
Hence,
oT
=—k(2xzrL)—
ar ( T )ﬁr
or
oT
' = —27aKr— 1
ar o 1)

where 0T/or may be evaluated from the prescribed temperature distribution, T(r).

Atr =0, the gradient is (0T/or) = 0. Hence, from Equation (1) the heat rate is

qr (0)=0. <
Atr =rq, the temperature gradient is

or 2

m
a1
or

ﬂ} - —2{5.26 x10° i}(ro) - -2(5.26x10°) (0.030m)
r=r

} —31.6x10% K/m.
I=r,

Continued ...
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Hence, the heat rate at the outer surface (r = rg) per unit length is

I (1) = ~27[30 Wim- K] (0.030m)| ~31.6x10° K/m|

0} (1) =1.785x10° Wim. <

(b) Transient (time-dependent) conditions will exist when the generation is changed, and for the
prescribed assumptions, the temperature is determined by the following form of the heat equation,
Equation 2.26

L[l = pen 2T
r or or zppﬁt

Hence
AT 1|1 a{ ﬁT} .
—=——|= —| kr—1|+0Q7 |.
ot pcp[r aor or

However, initially (at t = 0), the temperature distribution is given by the prescribed form, T(r) = 800 -
5.26x105r2, and

12 [kraT}E J [r(-10.52x105-rﬂ
r or or ror

_ 5(—21.o4><1o5 - r)
r

~30 Wim-K [-21.04 «10° K/mZJ

= -6.31x10" W/m3 (the original g=d ).
Hence, everywhere in the wall,
oT 1

Jt 1100 kg/m3x800 J/kg - K

[—6.31x107 +108} Wim3

or

a _ 41.91 K/s <
ot

COMMENTS: (1) The value of (0T/ot) will decrease with increasing time, until a new steady-state
condition is reached and once again (6T/ct) = 0. (2) By applying the energy conservation requirement,

Equation 1.12c, to a unit length of the rod for the steady-state condition, Ef, —Ef ¢ + E{;en =0.

Hence qp (0)—qp (1) =—01 (72'['2).



PROBLEM 2.22

KNOWN: Temperature distribution in a one-dimensional wall with prescribed thickness and thermal
conductivity.

FIND: (a) The heat generation rate, ¢, in the wall, (b) Heat fluxes at the wall faces and relation to
g.

SCHEMATIC:
M- 50WfnK, § o g’
- —T(x)=8+bx2 T(°C) : SR !
5 2=200°C __’914(0) | & | 9;(0'
>x  |L=50mm b=-ZOOO°C/m’~ X | :

| PN T

ASSUMPTIONS: (1) Steady-state conditions, (2) One-dimensional heat flow, (3) Constant
properties.

ANALYSIS: (a) The appropriate form of the heat equation for steady-state, one-dimensional
conditions with constant properties is Eq. 2.21 re-written as

q:-ki d_T
dx | dx

Substituting the prescribed temperature distribution,

g=k o i(a+bx2)} - k-9 [2bx] = —2bk
dx [ dx dx

q=-2(-2000°C/m2)x 50 W/m-K=2.0x10° W/mS. <
(b) The heat fluxes at the wall faces can be evaluated from Fourier’s law,
dT
(X)=-k —| .
% (%) dx L
Using the temperature distribution T(x) to evaluate the gradient, find
d 2
v (x)=—k —[a+bx } — _2Kkbx.
@ ( ) dx
The fluxes at x =0 and x = L are then
a5 (0)=0 <

G (L) = ~2KbL=-2 S0W/m- K (-2000°C/m? | <0.050m

a% (L) =10,000 W/m?. <

COMMENTS: From an overall energy balance on the wall, it follows that, for a unit area,
Ein —Equt +Eg =0 g% (0)—g% (L)+qL=0
ax (L)-dx(0) 10,000 W/m? -0
L ~0.050m

= 2.0x10°W/m2.

q:



PROBLEM 2.23

KNOWN: Analytical expression for the steady-state temperature distribution of a plane wall
experiencing uniform volumetric heat generation ¢ while convection occurs at both of its surfaces.

FIND: (a) Sketch the temperature distribution, T(x), and identify significant physical features, (b)
Determine ¢, (c) Determine the surface heat fluxes, gy (-L) and g (+L); how are these fluxes
related to the generation rate; (d) Calculate the convection coefficients at the surfaces x = L and x =
+L, (e) Obtain an expression for the heat flux distribution, g} (x); explain significant features of the
distribution; (f) If the source of heat generation is suddenly deactivated (g = 0), what is the rate of

change of energy stored at this instant; (g) Determine the temperature that the wall will reach
eventually with ¢ = 0; determine the energy that must be removed by the fluid per unit area of the wall

to reach this state.
SCHEMATIC:

T=a+bx+cx2 a=86°C/m
q k = 5 W/m-K b =-200 °C/m
p = 2600 kg/m3 ¢ = -2x10* °C/m?

cp =800 J/kg-K
T(+L) (%)
(T1.=30°C, h,
oA~

L > x +L =30 mm

ASSUMPTIONS: (1) Steady-state conditions, (2) Uniform volumetric heat generation, (3) Constant
properties.

ANALYSIS: (a) Using the analytical expression in the Workspace of IHT, the temperature
distribution appears as shown below. The significant features include (1) parabolic shape, (2)
maximum does not occur at the mid-plane, T(-5 mm) = 86.5°C, (3) the gradient at the x = +L surface
is greater than at x = -L. Find also that T(-L) = 74°C and T(+L) = 62°C for use in part (d).

Temperature Distribution

90

80

T(©)

70

€0 T T T T T
-30 -20 -10 0 10 20 30

X (mm)

(b) Substituting the temperature distribution expression into the appropriate form of the heat diffusion
equation, Eq. 2.21, the rate of volumetric heat generation can be determined.

d (dT

_(d_}rﬂ:o where T(X)=a+bX+CX2
X

dx k

i(0+b+2cx)+g:(0+2c)+g=0
dx k k
Continued ...



PROBLEM 2.23 (Cont.)
q:—2ck:—2(—2><104°C/m2)5W/m-K:2><105W/m3 <

(c) The heat fluxes at the two boundaries can be determined using Fourier’s law and the temperature
distribution expression.

qx (x) = —kz—T where T(x)=a+bx+cx?
ay (-L)=—-k[0+b+2cx], _ | =-[b-2cL]k

TERE —[—200°C/m - 2(—2 ><104°C/m2)O.O3OmJ x5W/m-K =-5000W/m? <

Ay (+L) = —(b+2cL)k = +7000 W /m? <

From an overall energy balance on the wall as shown in the sketch below, Ej, —Eqy¢ +Egen =0,

?
+q% (-L) - (+L)+2dL=0 or —5000W/m?—7000W/m? +12,000W/m? =0

where 2gL =2x2 x10° W /m> x0.030 m = 12,000W / m2, so the equality is satisfied

ééen =2qL  T(L ~up : | T(+L)
deonvy ]! Ax(-L) QX(+L) ' ! qconvr
—p || —> | —>
ax(-L) Ox(+L) Ho 1t
I ek th
-L L> x +L
Part (c) Overall energy balance Part (d) Surface energy balances

(d) The convection coefficients, h) and hy, for the left- and right-hand boundaries (x = -L and x= +L,
respectively), can be determined from the convection heat fluxes that are equal to the conduction
fluxes at the boundaries. See the surface energy balances in the sketch above. See also part (a) result
for T(-L) and T(+L).

qg:onv ¢ =0% (_L)

hi[ T —T(-L)]=h[30- 74]K =-5000W/m?  h; =114W/m?.K <
Aeonv,r =ax (+L)
he[T(+L)~T., ]=h; [62—30]K = +7000W /m? hy =219W/m? K <

(e) The expression for the heat flux distribution can be obtained from Fourier’s law with the
temperature distribution

% (x) =~k G- = —K[0+b+ 20

Ay (X)=—-5W/m- K[—ZOO"C/m + 2(—2 x104°C/m2)}x ~1000+2x10°x <

Continued ...
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The distribution is linear with the x-coordinate. The maximum temperature will occur at the location
where g% (Xmax ) =0,

1000W /m?

- - = ~5.00x103m = -5mm <
2x10° W/m

Xmax =~

() If the source of the heat generation is suddenly deactivated so that ( = 0, the appropriate form of
the heat diffusion equation for the ensuing transient conduction is

k(9T e O
OX \ OX ppat

At the instant this occurs, the temperature distribution is still T(X) =a + bx + cxz. The right-hand term
represents the rate of energy storage per unit volume,

EL =k§[0+b+20x]= k[0+20]:5W/m-Kx2(—2x104°C/m2):—2><105W/m3 <
X

(g) With no heat generation, the wall will eventually (t — o) come to equilibrium with the fluid,

T(x,0) = T, =30°C. To determine the energy that must be removed from the wall to reach this state,
apply the conservation of energy requirement over an interval basis, Eq. 1.12b. The “initial” state is

that corresponding to the steady-state temperature distribution, Tj, and the “final” state has T+ = 30°C.
We’ve used T, as the reference condition for the energy terms.

in —Eout = AEst = Ef —Ej with  Ej, =0.
" +L
L +L
out :pcp.[+L [a+bx+cx2 —Tw}dx =pCp [ax+bx2/2+cx3/3—TooxJ
- -L

St = PCp [2aL+0+ 2cL3/3—2TOOL}

but =2600kg/ m® <8001/ kg- K[2X86°Cx0.030m +2(_2><104°C/m2)
(0.030m)3/3—2(30°C)0.030m}

vt =6.24x10% 3/ m? <

COMMENTS: (1) In part (a), note that the temperature gradient is larger at x = + L than at x
=- L. This is consistent with the results of part (c) in which the conduction heat fluxes are
evaluated.

Continued ...
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(2) In evaluating the conduction heat fluxes, gy (x) it is important to recognize that this flux

is in the positive x-direction. See how this convention is used in formulating the energy
balance in part (c).

(3) It is good practice to represent energy balances with a schematic, clearly defining the
system or surface, showing the CV or CS with dashed lines, and labeling the processes.
Review again the features in the schematics for the energy balances of parts (¢ & d).

(4) Re-writing the heat diffusion equation introduced in part (b) as
dx dx

recognize that the term in parenthesis is the heat flux. From the differential equation, note
that if the differential of this term is a constant (q/k), then the term must be a linear function

of the x-coordinate. This agrees with the analysis of part (e).
(5) In part (f), we evaluated Eg, the rate of energy change stored in the wall at the instant the

volumetric heat generation was deactivated. Did you notice that Eg; =2 x10° W /m? is the
same value of the deactivated ¢? How do you explain this?



FIND: Appropriate forms of heat equation, initial condition, and boundary conditions.

SCHEMATIC:

PROBLEM 2.24
KNOWN: Transient temperature distributions in a plane wall.

N
177 t—w
/\_T;f—o
— x L

(a)

AN
177 t— o
—

—x L

()

t—

I—>w

ASSUMPTIONS: (1) One-dimensional conduction, (2) Constant properties, (3) Negligible radiation.

ANALYSIS: The general form of the heat equation in Cartesian coordinates for constant k is
Equation 2.21. For one-dimensional conduction it reduces to

At steady state this becomes

T q 10T
-t —-=—
x> k a ot

&T+q
dx? k

If there is no thermal energy generation the steady-state temperature distribution is linear (or could be
constant). If there is uniform thermal energy generation the steady-state temperature distribution must

be parabolic.

Continued...



PROBLEM 2.24 (Cont.)

In case (a), the steady-state temperature distribution is constant, therefore there must not be any
thermal energy generation. The heat equation is

2
oT_1ar <
x>  a ot

The initial temperature is uniform throughout the solid, thus the initial condition is
T(x,0)=T <

At x = 0, the slope of the temperature distribution is zero at all times, therefore the heat flux is zero
(insulated condition). The boundary condition is

ar -0 <
aX x=0

At x =L, the temperature is the same for all t > 0. Therefore the surface temperature is constant:
T(L,t)=T, <

For case (b), the steady-state temperature distribution is not linear and appears to be parabolic,
therefore there is thermal energy generation. The heat equation is
2 N
T 10T
01,91t <
ox° k a ot
The initial temperature is uniform, the temperature gradient at x = 0 is zero, and the temperature at x =

L is equal to the initial temperature for all t > 0, therefore the initial and boundary conditions are

T(x,0)=T, 88—1 =0, T(Lt)=T <

x=0

With the left side insulated and the right side maintained at the initial temperature, the cause of the
decreasing temperature must be a negative value of thermal energy generation.

In case (c), the steady-state temperature distribution is constant, therefore there is no thermal energy
generation. The heat equation is

2
oT _1ar <
ox> a ot

Continued...



PROBLEM 2.24 (Cont.)

The initial temperature is uniform throughout the solid. At x = 0, the slope of the temperature
distribution is zero at all times. Therefore the initial condition and boundary condition at x = 0 are

T(x,0)=T, L <
OX |0

At x = L, neither the temperature nor the temperature gradient are constant for all time. Instead, the
temperature gradient is decreasing with time as the temperature approaches the steady-state
temperature. This corresponds to a convection heat transfer boundary condition. As the surface
temperature approaches the fluid temperature, the heat flux at the surface decreases. The boundary
condition is:

oT
~k— =h[T(Lt)-T <
x [T(L)-T,]

X=L

The fluid temperature, T.., must be higher than the initial solid temperature to cause the solid
temperature to increase.

For case (d), the steady-state temperature distribution is not linear and appears to be parabolic,
therefore there is thermal energy generation. The heat equation is

2 .
oT g_14d1 <
x> k a ot

Since the temperature is increasing with time and it is not due to heat conduction due to a high surface
temperature, the energy generation must be positive.

The initial temperature is uniform and the temperature gradient at x = 0 is zero. The boundary
condition at x = L is convection. The temperature gradient and heat flux at the surface are increasing
with time as the thermal energy generation causes the temperature to rise further and further above the
fluid temperature. The initial and boundary conditions are:

T(x,0)=T,, aa—T =0, —kﬂ

=h[T(L,t)-T <
X |,—o oX [Tto-T.]

x=L

COMMENTS: 1. You will learn to solve for the temperature distribution in transient conduction in
Chapter 5. 2. Case (b) might correspond to a situation involving a spatially-uniform endothermic
chemical reaction. Such situations, although they can occur, are not common.



PROBLEM 2.25
KNOWN: Rod consisting of two materials with same lengths. Ratio of thermal conductivities.
FIND: Sketch temperature and heat flux distributions.
SCHEMATIC:

T T,<T, Ty

ASSUMPTIONS: (1) Steady-state conditions, (2) One-dimensional conduction, (3) Constant
properties, (3) No internal generation.

ANALYSIS: From Equation 2.19 for steady-state, one-dimensional conduction with constant
properties and no internal heat generation,

i(ké—-rjzo or %:0
OX\ oOX OX

From these equations we know that heat flux is constant and the temperature gradient is inversely

proportional to k. Thus, with ks = 0.5kg, we can sketch the temperature and heat flux distributions as
shown below:

0.2 0.4 0.6 0.8 1
x/L

ax

<

COMMENTS: (1) Note the discontinuity in the slope of the temperature distribution at x/L = 0.5.
The constant heat flux is in the negative x-direction. (2) A discontinuity in the temperature distribution

may occur at x/L = 0.5 due the joining of dissimilar materials. We shall address thermal contact
resistances in Chapter 3.



PROBLEM 2.26

KNOWN: Wall thickness. Thermal energy generation rate. Temperature distribution. Ambient fluid
temperature.

FIND: Thermal conductivity. Convection heat transfer coefficient.
SCHEMATIC:

¢ =1000 W/m?

T
; * i i_" q'{conv
T..=20°C | @ eona |
L=1 H T..=20°C
! h=2?
Tx)=a(l2—x2) +b — }
/""—/_:‘/\"-—
—-{ | }-7 2L =100 mm
! X

ASSUMPTIONS: (1) Steady state, (2) One-dimensional conduction, (3) Constant properties, (4)
Negligible radiation.

ANALYSIS: Under the specified conditions, the heat equation, Equation 2.21, reduces to
d’T

dx’ +E:O

With the given temperature distribution, d°T/dx? = -2a. Therefore, solving for k gives

. 3
k:iznggw/mk <
2a 2x15°C/m

The convection heat transfer coefficient can be found by applying the boundary condition at x = L (or
atx=-L),

dT
_k&x:L =h[T(L)-T,]
Therefore
_k?jl 2kal _ 2x33.3 W/im- K x15°C/m’ x0.04 m
_ [T(L)—X'F;] “b-T. . ac_30C st S

COMMENTS: (1) In Chapter 3, you will learn how to determine the temperature distribution. (2)
The heat transfer coefficient could also have been found from an energy balance on the wall. With

Ein — Eow + E; =0, we find ~2hA[T(L) - T.,] + 2G LA = 0. This yields the same result for h.

out



PROBLEM 2.27

KNOWN: Three-dimensional system — described by cylindrical coordinates (r,¢,z) —
experiences transient conduction and internal heat generation.

FIND: Heat diffusion equation.
SCHEMATIC: Seealso Fig. 2.12.

92+dz
rdg” . e
PR ,/I
" {\L AL ’1/9;+d¢ Tp+dg
dZI \‘= /,'\\\‘
Lk X 98 rd
&’ \"‘I’ rdr _L
@ 9z —r Tg

ASSUMPTIONS: (1) Homogeneous medium.

ANALYSIS: Consider the differential control volume identified above having a volume
given as V =dr-rd¢-dz. From the conservation of energy requirement,

Qr_qr+dr+Q¢_Q¢+d¢+QZ_qz+dz+Eg:Est- 1)
The generation and storage terms, both representing volumetric phenomena, are
Eq=qV=q(dr-rd¢-dz) Eq=pVcd TIdt=p(dr-rdg-dz)co TIot, (2.3)

Using a Taylor series expansion, we can write

o 2 b2l
Greor =Gr+——(ar)dr, dgedg =g +a—¢(q¢)d¢, Gzedz =Gz +—(0z)dz. (4.56)
Using Fourier’s law, the expressions for the conduction heat rates are
qr =—kA O TIO r=-k(rd¢-dz)d TIdr (7)
dyp =—kAy0 Tlrdp = —k(dr-dz)2 Tirop (8)
0z =—kAz0 TId z=—k(dr-rd¢)d T/J z. 9)

Note from the above, right schematic that the gradient in the ¢-direction is 0T/ro¢ and not
o0T/o¢. Substituting Egs. (2), (3) and (4), (5), (6) into Eq. (1),

17 17 0 . oT
—E(qr)dr—a—¢(q¢)d¢—z(qz)dz+q dr-rd¢-dz=p(dr-rd¢-dz)cﬁ. (10)
Substituting Egs. (7), (8) and (9) for the conduction rates, find

17 oT 17 T o oT
——1| —k(rd¢-dz)— |dr ———| =k (drdz)— |d¢p ———| -k (dr-rd¢)— |d
ﬁr[ ( ¢ Z)o”r} ﬁ¢{ ( Z)ro”¢}¢ éz[ ( ¢)§z}z
+( dr-rd¢-dz:p(dr-rd¢-dz)c%. (11)

Dividing Eq. (11) by the volume of the CV, Eq. 2.26 is obtained.

170 oT 17 oT o oT | . oT
10127 1 O[OT], 21 0T, e <
rorl or| 20| dp| oz Oz ot




PROBLEM 2.28

KNOWN: Three-dimensional system — described by spherical coordinates (r,$,0) — experiences
transient conduction and internal heat generation.

FIND: Heat diffusion equation.
SCHEMATIC: See Figure 2.13.
ASSUMPTIONS: (1) Homogeneous medium.

ANALYSIS: The differential control volume is V = dr-rsin6d¢-rd6, and the conduction terms are
identified in Figure 2.13. Conservation of energy requires

Or —Gr+dr +Gg —Ag+dg + 90 —Uo+do + Eq = Est- 1)

The generation and storage terms, both representing volumetric phenomena, are

Eq =gV =q[dr-rsinddg¢-rdo] Eqt = pVCO;—-[= p[dr~rsin¢9d¢~rd0]ci—:. (2,3)

Using a Taylor series expansion, we can write

o
Or+dr =dr +——(qr)dr, Qg+dp =g +— a (Q¢)d¢ dg+do =Yg + (%9)0“9- (4,5,6)

or o9
From Fourier’s law, the conduction heat rates have the following forms.
qr =—kA2 T/d r=—k[rsinfdg-rd@]o T/ r (7)
Qg = —kAyS Tirsindop = —k[dr-rd@]J Tir sin6dp (8)
Qg = —kAgd TIrdo = —k[dr-rsingdg|o Tirde. 9)

Substituting Egs. (2), (3) and (4), (5), (6) into Eq. (1), the energy balance becomes

V74 V74 1% . . . oT
_5_(qr)dr__¢( ¢)d¢—%(q9)d0+q[dr‘rsm@dgﬁ-rdﬁ] = p[dr-rsinodg- rdH]cE (10)

Substituting Egs. (7), (8) and (9) for the conduction rates, find

P T A oT
_E{ k[rsingdg-rdo]— P }dr—ﬁ—(/ﬁ{—k[drrde]rsinH&Jd(ﬁ

_%{ k[dr- rsm9d¢] }d9+q[dr rsinddg-rdg]= [dr-rsin9d¢-rd9]ci—-[ 1)

Dividing Eq. (11) by the volume of the control volume, V, Eq. 2.29 is obtained.
izi{kﬂ“} . i{k“} . [ksm@ﬂ}+q— I <
reor Ar] r%sinc9 L ¢ r° sing O 20 at

COMMENTS: Note how the temperature gradients in Eqgs. (7) - (9) are formulated. The numerator
is always 0T while the denominator is the dimension of the control volume in the specified coordinate
direction.




PROBLEM 2.29
KNOWN: Temperature distribution in a semi-transparent medium subjected to radiative flux.
FIND: (a) Expressions for the heat flux at the front and rear surfaces, (b) Heat generation rate C](x),
(c) Expression for absorbed radiation per unit surface area in terms of A, a, B, C, L, and k.

SCHEMATIC:
l llaser' irradiation

t = jlﬁemi‘fransparenf medium,
4 } T(x)='kAa—2 e 9% :Bx+C
L

ASSUMPTIONS: (1) Steady-state conditions, (2) One-dimensional conduction in medium, (3)
Constant properties, (4) All laser irradiation is absorbed and can be characterized by an internal

volumetric heat generation term ¢(x).

ANALYSIS: (a) Knowing the temperature distribution, the surface heat fluxes are found using
Fourier’s law,

=K 1 |- - By (e

X ka?
Front Surface, x=0: q’)’((O)z—k{+kA-1+ B:|=—[A+ kB} <
a a
Rear Surface, x=L: q’)’((L):—k{+kée'a'-+8}=—[ée'a'- +kB}, <
a a

(b) The heat diffusion equation for the medium is

i d_T +g=0 or q:-ki d_T
dx \ dx k dx \ dx

q(x):—ki{+ée'ax+8}:Ae'aX. <
dx| ka

(c) Performing an energy balance on the medium,
Ein —Eout +Eg =0

recognize that Eg represents the absorbed irradiation. On a unit area basis
~n =y ~n " " A -aL

Alternatively, evaluate Eé’ by integration over the volume of the medium,

~n __ L. _L -ax _A 'aXL_A -aL
Eg_IO q(x)dx—J'O Ae dx—-z[e }0 _;(1—e )



PROBLEM 2.30
KNOWN: Spherical shell under steady-state conditions with no energy generation.

FIND: Under what conditions is a linear temperature distribution possible.

SCHEMATIC:
0 T(ry)

ASSUMPTIONS: (1) Steady state, (2) One-dimensional, (3) No heat generation.

ANALYSIS: Under the stated conditions, the heat equation in spherical coordinates, Equation 2.29,
reduces to

T(ry)

T(r)

i(krzd—-rjzo
dr dr

If the temperature distribution is a linear function of r, then the temperature gradient is constant, and
this equation becomes

d
a(k.r2)=o

which implies kr® = constant, or k ~ 1/r’>. The only way there could be a linear temperature
distribution in the spherical shell is if the thermal conductivity were to vary inversely with r?. <

COMMENTS: Itis unlikely to encounter or even create a material for which k varies inversely with
the spherical radial coordinate r in the manner necessary to develop a linear temperature distribution.
Assuming linear temperature distributions in radial systems is nearly always both fundamentally
incorrect and physically implausible.



PROBLEM 2.31

KNOWN: Steady-state temperature distribution in a one-dimensional wall is T(x) = sz +
Bx + C, thermal conductivity, thickness.

FIND: Expressions for the heat fluxes at the two wall faces (x = 0,L) and the heat generation
rate in the wall per unit area.

ASSUMPTIONS: (1) Steady-state conditions, (2) One-dimensional heat flow, (3)
Homogeneous medium.

ANALYSIS: The appropriate form of the heat diffusion equation for these conditions is

2 . 2
d_'2I'+g =0 or = -kd—-zr.
dx= Kk dx
Hence, the generation rate is
4=k 2| 9T |- k9 roaxiB +0]
dx | dx dx
G=-k[2A] <

which is constant. The heat fluxes at the wall faces can be evaluated from Fourier’s law,
dT
v =—k—=-k[2Ax + B
ax Ix [ ]

using the expression for the temperature gradient derived above. Hence, the heat fluxes are:

Surface x=0:

9% (0)=-kB <
Surface x=L:

g% (L) =—-k[2AL +B]. <

COMMENTS: (1) From an overall energy balance on the wall, find
'i'n—'g)ut+Ea:.0 _
o (0)-ay(L)+Eg =(-kB)—(-k)[2AL+B]+Eg =0
Eé =—2AKL.

From integration of the volumetric heat rate, we can also find E§ as

: L. L
g :IO q(x)dx=J'0 -k[2AJdx=-k[2AL ]
which agrees with the above, as it should.



PROBLEM 2.32
KNOWN: Plane wall with no internal energy generation.

FIND: Determine whether the prescribed temperature distribution is possible; explain your
reasoning. With the temperatures T(0) =0°C and T, =20°C fixed, compute and plot the

temperature T(L) as a function of the convection coefficient for the range 10 < h < 100 W/m?K.
SCHEMATIC:

120 s
T(°C) i > Aoy
0 ' .
T(0 T(L
g=0 v
k=45WmK § ! s oagm U130 Wim2K

ASSUMPTIONS: (1) One-dimensional conduction, (2) No internal energy generation, (3) Constant
properties, (4) No radiation exchange at the surface x = L, and (5) Steady-state conditions.

ANALYSIS: (a) Is the prescribed temperature distribution possible? If so, the energy balance at the
surface x = L as shown above in the Schematic, must be satisfied.

Ein —Eout =0 ay (L)—agy =0 (1,2)
where the conduction and convection heat fluxes are, respectively,
T(L)-T(O o
qx (L) = —kj—Tj = —k%()z -45W/m- Kx(120-0) C/O.18m = —3000W/m2
X Jx=L

Qy =h[T(L)-T,]=30W/m? K x (120 20)° C = 3000 W/ m?

Substituting the heat flux values into Eq. (2), find (-3000) - (3000) = 0 and therefore, the temperature
distribution is not possible.

(b) With T(0) =0°C and T, = 20°C, the temperature at the surface x = L, T(L), can be determined
from an overall energy balance on the wall as shown above in the schematic,

L T(L)-T(0
Ein —Eout =0 ax (0)—qgy =0 _k%()_h[T(L)_TOO]ZO

—4.5w/m-K[T(L)—o"c}/o.mm—sow/mz-K[T(L)—zo"c}o

T(L) = 10.9°C <
Using this same analysis, T(L) as a function of 20
the convection coefficient can be determined
and plotted. We don’t expect T(L) to be * Pt
linearly dependent upon h. Note that as h 1 ]

increases to larger values, T(L) approaches
T,_. To what value will T(L) approach as h
decreases?

Surface temperature, T(L) (C)

o] 20 40 60 80 100

Convection cofficient, h (W/m”2.K)



PROBLEM 2.33

KNOWN: Coal pile of prescribed depth experiencing uniform volumetric generation with
convection, absorbed irradiation and emission on its upper surface.

FIND: (a) The appropriate form of the heat diffusion equation (HDE) and whether the prescribed
temperature distribution satisfies this HDE; conditions at the bottom of the pile, x = 0; sketch of the
temperature distribution with labeling of key features; (b) Expression for the conduction heat rate at
the location x = L; expression for the surface temperature T based upon a surface energy balance at x

=L; evaluate Tg and T(0) for the prescribed conditions; (c) Based upon typical daily averages for Gs
and h, compute and plot Tg and T(0) for (1) h = 5 W/m*K with 50 < Gs < 500 W/m?, (2) Gs = 400
W/m*with 5 < h <50 W/m*K.

SCHEMATIC:
/“’-""" = 2
A|r G¢ =400 Wim
J/ =25 OC2 S ¢ )
J
— h 5 Wim<-K [ S ag=€=0.95

L=1m

SIS

ASSUMPTIONS: (1) One-dimensional conduction, (2) Uniform volumetric heat generation, (3)
Constant properties, (4) Negligible irradiation from the surroundings, and (5) Steady-state conditions.

PROPERTIES: Table A.3, Coal (300K): k =0.26 W/m'K

ANALYSIS: (a) For one-dimensional, steady-state conduction with uniform volumetric heat
generation and constant properties the heat diffusion equation (HDE) follows from Eq. 2.22,

afdry. a_y <
dx\dx /) k
Substituting the temperature distribution into the HDE, Eq. (1),
2 2 2
T(x)=Te+ I 1% d 1o 9 (o211 99 90 2.3)
2k 1.2 dx 2k 1.2 k
we find that it does indeed satisfy the HDE for all values of x. <
From Eqg. (2), note that the temperature distribution must be quadratic, with maximum value at x = 0.
At x =0, the heat flux is X
112 Parabolic shape
|
2 |
" dT qL 2X
a ( ) _kd_j =—k| 0+ K (O— 2) =0 1 Zero gradient
x=0 L -0 } at bottom
|
. o . 0 -
so that the gradient at x = 0 is zero. Hence, the bottom is insulated. Ts 7(0) T(x)

(b) From an overall energy balance on the pile, the conduction heat flux at the surface must be
0 (L) = g = dL <

Continued...



PROBLEM 2.33 (Cont.)

From a surface energy balance per unit area shown in the schematic above,
Ein —Eout+Eg =0 qg((l—)_q::onv"’GS,abs_E:O
qL—h(Ts =T, )+0.95Gg — &0 Ts =0 (4)
10w/ m3 2m - 8W/m2K (T, - 303K) + 0.95x500W/ m? - 0.95x5.67x10 8 W/ m?K*Td 0
T = 305.6 K = 32.6°C <
From Eg. (2) with x =0, find

10W/m3><(2 m)2
2x0.26W/m-K

12
T(O):TS+%=32.6°C+ =109.5°C ) <

where the thermal conductivity for coal was obtained from Table A.3.

(c) Two plots are generated using Eq. (4) and (5) for T and T(0), respectively; (1) with h = 5 W/m*K
for 50 < Gg < 500 W/m? and (2) with Gs = 400 W/m? for 5 < h < 50 W/m*K.

Solar Irradiation, Gs = 400 W/nY2

100 —
g 80
e
E
o 60 —
[
(=8
£
g a0
5 o858 588-5858-8868885588805
20
0 T T T T T T T T
0 10 20 30 40 50
Convection coefficient, h (W/m2.K)
—&— T0(C)
—&— Ts(C)
Convection coefficient, h= 5 W/m"2.K
120
100
g 80 —
p i
5 60 —|
& 1
2 20
£
o i
20
0 4
-20 T T T T T T T T T
0 100 200 300 400 500
Solar irradiation, Gs (W/m"2)
—&— TO0(C)

—&— Ts(C)

Continued...



PROBLEM 2.33 (Cont.)

From the T vs. h plot with Gs = 400 W/m?, note that the convection coefficient does not have a major
influence on the surface or bottom coal pile temperatures. From the T vs. Gs plot with h =5 W/m*K,
note that the solar irradiation has a very significant effect on the temperatures. The fact that T, is less
than the ambient air temperature, T, , and, in the case of very low values of Gs, below freezing, is a
consequence of the large magnitude of the emissive power E.

COMMENTS: In our analysis we ignored irradiation from the sky, an environmental radiation effect

you’ll consider in Chapter 12. Treated as large isothermal surroundings, G, = aT:'k where Ty = -

y
30°C for very clear conditions and nearly air temperature for cloudy conditions. For low Gg
conditions we should consider Gy, the effect of which will be to predict higher values for Ts and

T(0).



PROBLEM 2.34
KNOWN: Cylindrical system with negligible temperature variation in the r,z directions.

FIND: (a) Heat equation beginning with a properly defined control volume, (b) Temperature
distribution T(¢) for steady-state conditions with no internal heat generation and constant properties,
(c) Heat rate for Part (b) conditions.

SCHEMATIC:

Insulation

IE

g

ASSUMPTIONS: (1) T is independent of r,z, (2) Ar = (r, - 1) <<T;.

ANALYSIS: (a) Define the control volume as V = rid¢-Ar-L where L is length normal to page.
Apply the conservation of energy requirement, Eq. 1.12c,

. . . . AT

Ein —Eout + Eg =Egt Q¢—Q¢+d¢+quPVCE 1.2)
oT

where g = —k(Ar-L) Ag+dg =g +—— (q¢)d¢ (3,4)
o ¢ o ¢

Egs. (3) and (4) follow from Fourier’s law, Eq. 2.1, and from Eq. 2.25, respectively. Combining Egs.
(3) and (4) with Eq. (2) and canceling like terms, find

1 0 oT) . oT
2 (k jqp o
r o\ ¢ ot’

Since temperature is independent of r and z, this form agrees with Eq. 2.26.

(b) For steady-state conditions with ¢ = 0, the heat equation, (5), becomes

d|, dT

With constant properties, it follows that dT/d¢ is constant which implies T(¢) is linear in ¢. That is,

dT T2 Tl l B _ l ) <
d¢ — ﬂ(Tz T1) or T(¢) T1+ﬂ(T2 T1)¢. (7.8)

(c) The heat rate for the conditions of Part (b) follows from Fourier’s law, Eqg. (3), using the
temperature gradient of Eq. (7). Thatis,

g = k@ylgi[ i{@—iﬁ}z—krb_ }LU} ). @<

Tl
COMMENTS: Note the expression for the temperature gradient in Fourier’s law, Eq. (3), is

oTIrjod not oT/0¢. For the conditions of Parts (b) and (c), note that g is independent of ¢;
this is first indicated by Eq. (6) and confirmed by Eq. (9).



PROBLEM 2.35

KNOWN: Heat diffusion with internal heat generation for one-dimensional cylindrical,
radial coordinate system.

FIND: Heat diffusion equation.
SCHEMATIC:

st r+dr

N~ —

ASSUMPTIONS: (1) Homogeneous medium.

ANALYSIS: Control volume has volume, V = A, -dr = 2zr -dr -1, with unit thickness
normal to page. Using the conservation of energy requirement, Eg. 1.12c,
Ein—Eout + I‘Egen = Eg
oT
- +qV = pVc, —.
Or =Ur+dr T4V = pVCp ot
Fourier’s law, Eq. 2.1, for this one-dimensional coordinate system is
ar =—kArﬂ= —k><27zr~1><ﬂ.
or or
At the outer surface, r + dr, the conduction rate is

24 24 oT
—qr +-2(qy)dr=q; +-| —k-2zr-Z |dr.
Or+dr =0r ﬁr(Qr) dr ﬁr{ T ﬂr}

Hence, the energy balance becomes

ol oT oT
- +—| —k2zr——|dr |+ §-2xzrdr=p-2zrdr-c, ——
ar {Qr ar| T o”r} } q-2zrar=p-27z P 5y

Dividing by the factor 2zr dr, we obtain

17 OT] oT
=——| kr— |+@3=pCp ——. <
[ | q,Opat

COMMENTS: (1) Note how the result compares with Eq. 2.26 when the terms for the ¢,z
coordinates are eliminated. (2) Recognize that we did not require ¢ and k to be independent

ofr.



PROBLEM 2.36

KNOWN: Heat diffusion with internal heat generation for one-dimensional spherical, radial
coordinate system.

FIND: Heat diffusion equation.
SCHEMATIC:

| )
9r I~ \fg’ | gi‘-l-df‘
\'-\_\’

ASSUMPTIONS: (1) Homogeneous medium.

ANALYSIS: Control volume has the volume, V = A, - dr = 4nr2dr. Using the conservation
of energy requirement, Eq. 1.12c,

Ein —Eout + I‘Egen = Eg
. oT
Or —Or+dr +qVZPVCpE'

Fourier’s law, Eq. 2.1, for this coordinate system has the form

qr =—-kA, ﬂ:—k-47zr2 ﬂ
L or or

At the outer surface, r + dr, the conduction rate is

0 ol 2 0T
Ur+dr =dr ar(Qr) Qr or| Z ér}

Hence, the energy balance becomes

0 2§T . 2 2 oT
- gy +—| —k-4xr dr |[+q-4xr“dr=p-4xr°dr-c, —.
Ar {Qr Of,r{ Y } q-47 par P ot

Dividing by the factor 47r2dr, we obtain

L2127 oy O, <
or ot
COMMENTS: (1) Note how the result compares with Eq. 2.29 when the terms for the 0,
directions are eliminated.

(2) Recognize that we did not require ¢ and k to be independent of the coordinate r.



PROBLEM 2.37
KNOWN: Steady-state temperature distribution in a radial wall.

FIND: Whether the wall is that of a cylinder or sphere. Manner in which heat flux and heat rate vary
with radius.

SCHEMATIC:

Cylinder
or

Sphere?
T(r) = Cin(r/r,) + C,

ASSUMPTIONS: (1) One-dimensional conduction in r, (2) Constant properties.
ANALYSIS: From Equation 2.26, the heat equation for a cylinder reduces to

Q{EQIJZO 1)
or\_ or
and for a sphere it reduces to
E(rz ﬂj ~0 @
or or
From the given temperature distribution,
ﬂ:&, rﬂzcl, rzﬁzclr ®)
or r or or

Substituting terms into Egs. (1) and (2), it can be seen that Eq. (1) is satisfied and Eqg. (2) is not.
Hence, the wall is cylindrical. <
From Equation 2.25, the radial component of the heat flux is

oT C

"= —k—=-k—=2 4
q, p ; (4)
Therefore, the magnitude of q; decreases with increasingr, g; oc1/r. <
At any radial location, the heat rate is
g, =—0/A(r) = —k&27er =-k27LC, (5)
r
Hence, q, is independent of r. <

COMMENTS: The result that ¢, is invariant with r is consistent with the energy conservation
requirement. If q, is constant, the heat flux must vary inversely with the area perpendicular to the
direction of heat flow. Thus, q;' varies inversely with r as seen.



PROBLEM 2.38

KNOWN: Radii and thermal conductivity of conducting rod and cladding material. VVolumetric rate
of thermal energy generation in the rod. Convection conditions at outer surface.

FIND: Heat equations and boundary conditions for rod and cladding.
SCHEMATIC:

r ’ Cladding, ke

ASSUMPTIONS: (1) Steady-state conditions, (2) One-dimensional conduction in r, (3) Constant
properties.

ANALYSIS: From Equation 2.26, the appropriate forms of the heat equation are
Conducting Rod:

ﬁi(rdlj_Fq =0 <
rdr dr
Cladding:
i(rdLJ =0. <
dr dr
Appropriate boundary conditions are:
(0 T()=Te(n) <
dT,, _, dT;
© k=gl Tk <
dT,
@ ke~ Sl =[Te (o)~ T | <

COMMENTS: Condition (a) corresponds to symmetry at the centerline, while the interface

conditions at r = rj (b,c) correspond to requirements of thermal equilibrium and conservation of
energy. Condition (d) results from conservation of energy at the outer surface. Note that contact
resistance at the interface between the rod and cladding has been neglected.



PROBLEM 2.39

KNOWN: Steady-state temperature distribution for hollow cylindrical solid with volumetric heat
generation.

FIND: (a) Determine the inner radius of the cylinder, r;, (b) Obtain an expression for the volumetric
rate of heat generation, ¢, (c) Determine the axial distribution of the heat flux at the outer surface,

ar (r0 , Z), and the heat rate at this outer surface; is the heat rate in or out of the cylinder; (d)
Determine the radial distribution of the heat flux at the end faces of the cylinder, q5 (r, +zo) and

az (r, —zo) , and the corresponding heat rates; are the heat rates in or out of the cylinder; (e)

Determine the relationship of the surface heat rates to the heat generation rate; is an overall energy
balance satisfied?

SCHEMATIC: r —47,= 4m
/:/7| T(r,z) =a+ br2 +cIn(r) + dz2 r(m), z(m)

o—

Insulated | , j . a= -20°C ¢ =-12°C
boundary n 7 ----------- - - b =150°C/m2 d =-300°C/m?2
k=22 W/m-K

| I

P

I S I

L1 I r

0 i r,=1.5m
ASSUMPTIONS: (1) Steady-state conditions, (2) Two-dimensional conduction with constant
properties and volumetric heat generation.

ANALYSIS: (a) Since the inner boundary, r = r;, is adiabatic, then gy (ri,z) =0. Hence the

temperature gradient in the r-direction must be zero.

ﬁ] =0+2br,+c/r;+0=0
or Jg

1/2 o 1/2
; :{_LJ :(_chj —02m <
2b 2x150°C/m

(b) To determine ¢, substitute the temperature distribution into the heat diffusion equation, Eqg. 2.26,
for two-dimensional (r,z), steady-state conduction

10( oT o(oT q

ror\ or 0z\ oz k
l3(r[0+2|or+c/r+o])+3(0+0+0+2o|z)+9=0
ror oz k

1[4br+0]+2d +ﬂ=0
r k
G =-k[4b+2d]=-22W/m- K[4><150°C/m2 +2(—300°C/m2)} =0W/m?® <

(c) The heat flux and the heat rate at the outer surface, r = ro, may be calculated using Fourier’s law.

q:(roz)zkﬂ) =-k[0+2br, +c/r, +0]
, or ),
Continued ...



PROBLEM 2.39 (Cont.)

0/ (r,2) = -22W/m K[ 2x150°C/m’ x1.5 m~12°C/1.5 m | = 9724 W/ m’ <
a,(r,)=Aa(r2) where A, =2zt (2z,)
q, (1) = —47 x1.5 M x 4.0 mx 9724 W/m? = ~733.2 KW <

Note that the sign of the heat flux and heat rate in the positive r-direction is negative, and hence the
heat flow is into the cylinder.

(d) The heat fluxes and the heat rates at end faces, z = + z5 and — z, may be calculated using
Fourier’s law. The direction of the heat rate in or out of the end face is determined by the sign of the
heat flux in the positive z-direction.

At the upper end face, z = + z: <

-
q;(r,+zo):—k2—) =—k[0+0+0+2dz, |
z

0

o) (1,424 ) = —22W/m K 2(—300°C/m2)4.0 m = +52,800 W / m* <
p 2 2
4, (+29)=Az a5 (r,+24) where A, =;z(r0 - )
- 2 .2\ 2 2 <
q, (+24) =7 (1.5 = 0.2° )Jm” x 52,800 W / m“ = +366.6 kW
Thus, heat flows out of the cylinder.
At the lower end face, z = - z,: <
T
q(r,-z,)= ka—j =-k[0+0+0+2d(-z,)]
oz 20
a7 (r,-z,) = -22W/m? - K x 2(~300°C/m)(~4.0 m) = -52,800 W / m* <
q, (-2, ) = -366.6 kW <

Again, heat flows out of the cylinder.

(e) The heat rates from the surfaces and the volumetric heat generation can be related through an
overall energy balance on the cylinder as shown in the sketch.

q’;(r,+zo): +52,800 W/m?2
T qz(r,+zo)= +366.6 kW

|

I L Egen=qV

! 4 / T z

B [ 0(0,2) = -9724 W/m?
7 —> ~

- q.r02) = -733.2 kW

Ls | T 0(1-Zo) = -52,800 W/m?
qz(r,-zo) = -366.6 kW

Continued...



PROBLEM 2.39 (Cont.)

Eip — Eqy + Egen =0 where Egey =GV =0
Ei, =-0, (r,) =-(-733.2kW) = +733.2 kW <
Eou = +0, (z,) 0, (-2, ) =[366.2-(-366.2) |kW = +733.2kwW <

The overall energy balance is satisfied.

COMMENTS: When using Fourier’s law, the heat flux g} denotes the heat flux in the positive z-

direction. At a boundary, the sign of the numerical value will determine whether heat is flowing into
or out of the boundary.



PROBLEM 2.40
KNOWN: Temperature distribution in a spherical shell.

FIND: Whether conditions are steady-state or transient. Manner in which heat flux and heat rate
vary with radius.

SCHEMATIC:

Spherical shell,
77/")-‘- —%—1-1‘ Cz

ASSUMPTIONS: (1) One-dimensional conduction in r, (2) Constant properties.
ANALYSIS: From Equation 2.29, the heat equation reduces to
iﬁ(rzﬂ] 127
20r\ dr) adt
Substituting for T(r),

1ﬂ__ii£r2&):o_

aot R2orl 2

Hence, steady-state conditions exist.
From Equation 2.28, the radial component of the heat flux is

2T . G
rr:_k_: =1
ql’ or r2

Hence, g, decreases with increasing r2 (q’r' ocl/ rz).
At any radial location, the heat rate is

qr = 47zr2q'r' =47KC;.
Hence, gy is independent of r.

COMMENTS: The fact that q, is independent of r is consistent with the energy conservation
requirement. If g, is constant, the flux must vary inversely with the area perpendicular to the

N o 2
direction of heat flow. Hence, gy varies inversely withr .



PROBLEM 2.41

KNOWN: Spherical container with an exothermic reaction enclosed by an insulating material whose
outer surface experiences convection with adjoining air and radiation exchange with large
surroundings.

FIND: (a) Verify that the prescribed temperature distribution for the insulation satisfies the
appropriate form of the heat diffusion equation; sketch the temperature distribution and label key
features; (b) Applying Fourier's law, verify the conduction heat rate expression for the insulation
layer, q;, in terms of T, and T; apply a surface energy balance to the container and obtain an
alternative expression for g, in terms of § and ry; (c) Apply a surface energy balance around the
outer surface of the insulation to obtain an expression to evaluate Ts,; (d) Determine T, for the
specified geometry and operating conditions; (e) Compute and plot the variation of T, as a function
of the outer radius for the range 201 <r, <210 mm; explore approaches for reducing T, < 45°C to
eliminate potential risk for burn injuries to personnel.

SCHEMATIC:
Reaction, T, q=qyexp (-A/T,)
Tsur Insulation, k
Ts 1
's2
Too,h

ASSUMPTIONS: (1) One-dimensional, radial spherical conduction, (2) Isothermal reaction in
container so that T, = Ts, (2) Negligible thermal contact resistance between the container and
insulation, (3) Constant properties in the insulation, (4) Surroundings large compared to the insulated
vessel, and (5) Steady-state conditions.

ANALYSIS: The appropriate form of the heat diffusion equation (HDE) for the insulation follows
from Eq. 2.29,

1 T
_E(rz d_j _o <
2 dr dr

The temperature distribution is given as

T(r)sz,1_<Ts,1_Ts,2){%} 2)

Continued...



PROBLEM 2.41 (Cont.)

Substitute T(r) into the HDE to see if it is satisfied:

2
1d r2 O—(T T )Eiﬁ&[i_) 0
2 dr M (/)
1d i
N (T -T2 | <
r2 dr (Tt S'2)1—(f1/r2)]

and since the expression in parenthesis is independent of r, T(r) does indeed satisfy the HDE. The
temperature distribution in the insulation and its key features are as follows:
(1) Tsa>Tss Tot |
(2) Decreasing gradient with increasing radius,

r, since the heat rate is constant through T(r)

the insulation. ;
$,2

(b) Using Fourier’s law for the radial-spherical coordinate, the heat rate through the insulation is
T T
qr=—kArd—=—k(47zr2)d— <
dr dr

and substituting for the temperature distribution, Eq. (2),

0+(r1/r2)

2
= 4kar? | 0—(Taq-Top)—— 7
Qr 72l ( s,1 S,Z) 1_(r1/r2)

B 47rk(TS,1 —Tsyz) @<

~ (Vn)-(Un)

Applying an energy balance to a control surface about the container atr = ry,

ar

Ein - I‘Eout =0

qv-qr =0

where QV represents the generated heat in the container,

ar = (4/3) 71 @) <

Continued...



PROBLEM 2.41 (Cont.)

(c) Applying an energy balance to a control surface placed around the outer surface of the insulation,

Ein - Eout =0

dr —Acony —Yrad =0

where
Ag = 4rr2 (6)

These relations can be used to determine Ty, in terms of the variables ¢, ry, rp, h, T_, e and Tg.

(d) Consider the reactor system operating under the following conditions:

r, =200 mm h =5 W/m?K €=0.9
r, =208 mm T, =25°C Teur =35°C
k =0.05 W/m-K

The heat generated by the exothermic reaction provides for a volumetric heat generation rate,
q=0oexp(-A/Ty) do =5000W/m3 A=75K 7)

where the temperature of the reaction is that of the inner surface of the insulation, T, = T;. The
following system of equations will determine the operating conditions for the reactor.

Conduction rate equation, insulation, Eg. (3),

B 47 x0.05W/m- K(Ts,l —Ts,Z)

= 8
T (0.200m-1/0.208m) ©®
Heat generated in the reactor, Egs. (4) and (7),
ar = 4/37(0.200m)* g 9)
g =5000W/m° exp(~ 75K /T 1) (10)

Surface energy balance, insulation, Egs. (5) and (6),

Gr ~5W/m? K Ag (T 2 ~298K ) —~0.9A¢5.67x10~8 W/ m?K* (Ts‘fz (308 K)4) =0 (11)
Ag = 47(0.208m)? (12)

Continued...



PROBLEM 2.41 (Cont.)

Solving these equations simultaneously, find that

Ts1=94.3°C Ts 2 =52.5°C <

That is, the reactor will be operating at T, = T, = 94.3°C, very close to the desired 95°C operating
condition.

(e) Using the above system of equations, Egs. (8)-(12), we have explored the effects of changes in the
convection coefficient, h, and the insulation thermal conductivity, k, as a function of insulation
thickness, t=r, - ry.

55 120
o) — T
o o
& by 100
G 50 ° 4
5 %)
g ) ]
: 45 “éi -
2 ) —
Q
g £ L
3 40 3 |
3 40
= )
2 1
3
0]
35 20
0 2 4 6 8 10 0 2 4 6 8 10
Insulation thickness, (r2 - r1) (mm) Insulation thickness, (r2-r1) (mm)
— k=0.05W/mK, h=5W/m2.K — k=0.05W/mK h=5W/m2K
—%— k=0.01W/mK, h=5W/m2K —%— k=0.01 W/m.K, h=5W/m"2.K
—6— k=0.05 WimK, h=15W/m2.K —©— k=0.05W/mK, h=15Wm"2.K

In the T, vs. (2 - r1) plot, note that decreasing the thermal conductivity from 0.05 to 0.01 W/m-K
slightly increases T, while increasing the convection coefficient from 5 to 15 W/m*K markedly
decreases Ts,. Insulation thickness only has a minor effect on Ty, for either option. Inthe T, vs. (r;
- r1) plot, note that, for all the options, the effect of increased insulation is to increase the reaction
temperature. With k = 0.01 W/m-K, the reaction temperature increases beyond 95°C with less than 2
mm insulation. For the case with h = 15 W/m?.K, the reaction temperature begins to approach 95°C
with insulation thickness around 10 mm. We conclude that by selecting the proper insulation
thickness and controlling the convection coefficient, the reaction could be operated around 95°C such
that the outer surface temperature would not exceed 45°C.



PROBLEM 2.42

KNOWN: Thin electrical heater dissipating 4000 W/m2 sandwiched between two 25-mm thick plates
whose surfaces experience convection.

FIND: (a) On T-x coordinates, sketch the steady-state temperature distribution for -L < x < +L;
calculate values for the surfaces x = L and the mid-point, x = 0; label this distribution as Case 1 and
explain key features; (b) Case 2: sudden loss of coolant causing existence of adiabatic condition on
the x = +L surface; sketch temperature distribution on same T-x coordinates as part (a) and calculate
values for x =0, + L; explain key features; (c) Case 3: further loss of coolant and existence of
adiabatic condition on the x = - L surface; situation goes undetected for 15 minutes at which time
power to the heater is deactivated; determine the eventual (t — oo) uniform, steady-state temperature
distribution; sketch temperature distribution on same T-x coordinates as parts (a,b); and (d) On T-t
coordinates, sketch the temperature-time history at the plate locations x = 0, + L during the transient
period between the steady-state distributions for Case 2 and Case 3; at what location and when will the
temperature in the system achieve a maximum value?

SCHEMATIC:
Electric heater
q’(’): 4000 W/m?2
T = 20°C
h = 400 W/mZ2-K Plates p = 2500 kg/m3

Cp =700 J/kg-K

ZM | I ?zr k =5 W/m-K

L> x +L =25 mm

ASSUMPTIONS: (1) One-dimensional conduction, (2) Constant properties, (3) No internal
volumetric generation in plates, and (3) Negligible thermal resistance between the heater surfaces and
the plates.

ANALYSIS: (a) Since the system is symmetrical, the heater power results in equal conduction fluxes
through the plates. By applying a surface energy balance on the surface x = +L as shown in the
schematic, determine the temperatures at the mid-point, x = 0, and the exposed surface, x + L.

L T

11 dconv
—> || —>

ax(+L) 1| @
11
I.Ein —Eout =0

9% (+L)—dgony =0 where g% (+L)=0ap/2

0o /2—-h[T(+L)-T,]=0

T (+L) =03 /2h+ T, =4OOOW/m2/(2><4OOW/m2-K)+20°C:25°C <
From Fourier’s law for the conduction flux through the plate, find T(0).

Ok =dp/2=Kk[T(0)-T(+L)]/L

T1(0) = Ty (+L) +qpL/ 2k = 25°C +4000W /m? - K x 0.025m / (2x5W /m - K) = 35°C <

The temperature distribution is shown on the T-x coordinates below and labeled Case 1. The key
features of the distribution are its symmetry about the heater plane and its linear dependence with
distance.

Continued ...



PROBLEM 2.42 (Cont.)

Case 3, T3(x)

Case 2, Tp(x)

T(), (°C)

Case 1, T1(x)
T,(0) = 35°C

S
7 X

(b) Case 2: sudden loss of coolant with the existence of an adiabatic condition on surface x = +L. For
this situation, all the heater power will be conducted to the coolant through the left-hand plate. From a
surface energy balance and application of Fourier’s law as done for part (a), find

Tp(~L)=qp /h+T,, =4000W/m? /400 W /m? . K + 20°C = 30°C <

Ts (0) =Ty (—L)+q6L/k ~30°C +4000W/m?x0.025 m/5W/m-K =50°C <
The temperature distribution is shown on the T-x coordinates above and labeled Case 2. The
distribution is linear in the left-hand plate, with the maximum value at the mid-point. Since no heat
flows through the right-hand plate, the gradient must zero and this plate is at the maximum
temperature as well. The maximum temperature is higher than for Case 1 because the heat flux
through the left-hand plate has increased two-fold.

(c) Case 3: sudden loss of coolant occurs at the x = -L surface also. For this situation, there is no heat
transfer out of either plate, so that for a 15-minute period, At,, the heater dissipates 4000 W/m2 and
then is deactivated. To determine the eventual, uniform steady-state temperature distribution, apply
the conservation of energy requirement on a time-interval basis, Eg. 1.12b. The initial condition
corresponds to the temperature distribution of Case 2, and the final condition will be a uniform,
elevated temperature T¢ = T3 representing Case 3. We have used T, as the reference condition for
the energy terms.

out + Egen =AEst =Ef —Ef )
Note that Ej, —Eg ¢ =0, and the dissipated electrical energy is
Len = OhAto = 4000 W /m? (15x 60)s = 3.600x10° J/m? @)

For the final condition,
Ef = pc(2L)[Tf T | = 2500kg/m3 x700J/kg-K(2x0.025m)[Tf —20]°C
Ef =8.75x10%[Tf —20]3/m?
where T¢ = T3, the final uniform temperature, Case 3. For the initial condition,
E/ =pCJ._+II: [T2(X) T :pc{[fL [TZ(X)—TOO]derJ'JL [T2(0)-To]dx} (&
where T, (x) is linear for -L < x <0 and constant at T, (0) for 0 <x < +L.
Tp(x)=To(0)+[T2(0)-To(L)]x/L —-L<x<0
T (x) =50°C+[50-30]°Cx/0.025m
T (x) =50°C +800x (5)
Substituting for T, (x), Eq. (5), into Eq. (4)

®3)

Continued ...



PROBLEM 2.42 (Cont.)

El = pc{J-E)L[50+800x—TOO]dx+[T2 (0)_Too:||—}
2 0
E{=pc [50x+400x —wa} L+[T2(O)_Too:||—

Ef = pC{—[—50L+4OOL2 +ToL | +[T2(0)-T.o ] L}

Ef = pcL{+50—400L - T, + T2 (0) - T |

E{ = 2500kg/m°> x 7003/ kg - K x0.025 m {+50 — 400 0.025— 20+ 50— 20} K

E! = 2.188x108 3/m? 6)
Returning to the energy balance, Eq. (1), and substituting Egs. (2), (3) and (6), find Ts =T3.

3.600x10% 1/m? =8.75x10%[ T3 — 20] - 2.188x10° 3/ m?

T = (66.1+20)°C =86.1°C <

The temperature distribution is shown on the T-x coordinates above and labeled Case 3. The
distribution is uniform, and considerably higher than the maximum value for Case 2.

(d) The temperature-time history at the plate locations x = 0, + L during the transient period between
the distributions for Case 2 and Case 3 are shown on the T-t coordinates below.

Maximum point

T(x,1) /
LE]

T2(0) = To(+L)

Ta(b) TCLY
To |
1 ~
0 _ Time (min)
Case 2 Heater deactivated

Note the temperatures for the locations at time t = 0 corresponding to the instant when the surface
X = - L becomes adiabatic. These temperatures correspond to the distribution for Case 2. The heater
remains energized for yet another 15 minutes and then is deactivated. The midpoint temperature,

T(0,1), is always the hottest location and the maximum value slightly exceeds the final temperature T3.



PROBLEM 2.43
KNOWN: Plane wall, initially at a uniform temperature, is suddenly exposed to convective heating.

FIND: (a) Differential equation and initial and boundary conditions which may be used to find the
temperature distribution, T(x,t); (b) Sketch T(x,t) for these conditions: initial (t < 0), steady-state, t —
oo, and two intermediate times; (c) Sketch heat fluxes as a function of time for surface locations; (d)

Expression for total energy transferred to wall per unit volume (J/m3).

SCHEMATIC:
Tx0)=Ti

<—u]7',h o>Ti

Insulation= E

>x L

ASSUMPTIONS: (1) One-dimensional conduction, (2) Constant properties, (3) No internal heat
generation.

ANALYSIS: (a) For one-dimensional conduction with constant properties, the heat equation has the
form,

FT_107T
Ax% a ot

Initial, t<0:  T(x,0)=Tj uniform
Boundaries: x=0 2 T/J X)g=0 adiabatic

and the x=L  ~k& T/6X) =h[T(Lt)-T,] convection

conditions are:

(b) The temperature distributions are shown on the sketch.

< Dteady-state,

o . i‘ T(x,00)
T(x1) ‘
T; E*'Inifia/, 716,0)
O L i

Note that the gradient at x = 0 is always zero, since this boundary is adiabatic. Note also that the
gradient at x = L decreases with time.

(c) The heat flux, g% (x,t), as a function of time, is shown on the sketch for the surfaces x = 0 and x
=L.

Continued ...



PROBLEM 2.43 (Cont.)

-2 (x.1) )
‘ 95,9

0 ——<7x(0)

7t

For the surface at x =0, g% (0,t) =0 since it is adiabatic. Atx=Landt=0, q%(L,0) isa
maximum (in magnitude)

A% (L.0)|=h|T(L.0)-T,|
where T(L,0) = T;. The temperature difference, and hence the flux, decreases with time.

(d) The total energy transferred to the wall may be expressed as

o0
Ein =IO GeonvAsdt
Ein, = hAsj(;’o(TOo ST(Lt))t

Dividing both sides by AgL, the energy transferred per unit volume is

%:% o [T T (L) [J/m?’}

COMMENTS: Note that the heat flux at x = L is into the wall and is hence in the negative x
direction.



PROBLEM 2.44

KNOWN: Qualitative temperature distributions in two cases.

FIND: For each of two cases, determine which material (A or B) has the higher thermal conductivity,
how the thermal conductivity varies with temperature, description of the heat flux distribution through
the composite wall, effect of simultaneously doubling the wall thickness and thermal conductivity.

SCHEMATIC:
T(x T(X
| Jw — | J®
L, e Lz Ly > Lz
kA kB kA kB
Case 1. Case 2.

ASSUMPTIONS: (1) Steady-state, one-dimensional conditions, (2) Negligible contact resistances,
(3) No internal energy generation.

ANALYSIS: Under steady-state conditions with no internal generation, the conservation of energy

requirement dictates that the heat flux through the wall must be constant. <
For Materials A and B, Fourier’s law is written g, = —k ddi = Qg = kg ddi. Therefore,
X X
ko _ dTg/dx >1 and kg < ka for both cases. <
kg dT,/dx

Since the heat flux through the wall is constant, Fourier’s law dictates that lower thermal conductivity
material must exist where temperature gradients are larger. For Case 1, the temperature distributions
are linear. Therefore, the temperature gradient is constant in each material, and the thermal
conductivity of each material must not vary significantly with temperature. For Case 2, Material A, the
temperature gradient is larger at lower temperatures. Hence, for Material A the thermal conductivity
increases with increasing material temperature. For Case 2, Material B, the temperature gradient is
smaller at lower temperatures. Hence, for Material B the thermal conductivity decreases with increases

in material temperature. <

COMMENTS: If you were given information regarding the relative values of the thermal
conductivities and how the thermal conductivities vary with temperature in each material, you should
be able to sketch the temperature distributions provided in the problem statement.



PROBLEM 2.45

KNOWN: Plane wall, initially at a uniform temperature Tj, is suddenly exposed to convection with a

fluid at T, at one surface, while the other surface is exposed to a constant heat flux q.

FIND: (a) Temperature distributions, T(x,t), for initial, steady-state and two intermediate times, (b)
Corresponding heat fluxes on gy — X coordinates, (c) Heat flux at locations x =0 and x =L as a

function of time, (d) Expression for the steady-state temperature of the heater, T(0,), in terms of
4o, T, K, hand L.

SCHEMATIC: .
» ?2=0,k
Heater, 9, ‘Ll‘L

Too,h

H )

Lnsulation P L T(x,0)=7,7

ASSUMPTIONS: (1) One-dimensional conduction, (2) No heat generation, (3) Constant properties.
ANALYSIS: (a) For T;j <T,, the temperature distributions are

TN T |

To | —Too
77. MT@)O):I
@) L X

Note the constant gradient at x = 0 since g (0) = qg.

(b) The heat flux distribution, gy (x,t), is determined from knowledge of the temperature gradients,
evident from Part (a), and Fourier’s law.

%) | (%"= 7%0m) )] %AON-%"
! "
° 0 °l =)
0 — .

(c) On gy (x,t)—t coordinates, the heat fluxes at the boundaries are shown above.

(d) Perform a surface energy balance at x = L and an energy balance on the wall:

dcond = Aconv = h[T(LPO)—Too] (1), acond =d0- (2

|
For the wall, under steady-state conditions, Fourier’s law gives _ E _
dT T(0,00)—T(L,oo) Deond |9canv
do =—k&= k ) : 3) xzL

Combine Egs. (1), (2), (3) to find:
T(O,oo) =Ty + g (1/h + L/K).



PROBLEM 2.46

KNOWN: Plane wall, initially at a uniform temperature T, has one surface (x = L) suddenly

exposed to a convection process (T, > To,h), while the other surface (x = 0) is maintained at Tg.
Also, wall experiences uniform volumetric heating ¢ such that the maximum steady-state temperature

will exceed T .

FIND: (a) Sketch temperature distribution (T vs. x) for following conditions: initial (t < 0), steady-
state (t —» ), and two intermediate times; also show distribution when there is no heat flow at the x =

L boundary, (b) Sketch the heat flux (qy Vs. t) at the boundaries x = 0 and L.
SCHEMATIC:

2(+=0) T +)

To=T(0,%) T T T7c_v,h

L>x

ASSUMPTIONS: (1) One-dimensional conduction, (2) Constant properties, (3) Uniform volumetric
generation, (4) T, < T, and § large enough that T(x,0) > T, for some x.

ANALYSIS: (a) The initial and boundary conditions for the wall can be written as

Initial (t <0): T(x,0)=T, Uniform temperature
Boundary: x=0 T@Ot) =T, Constant temperature
oT :
x=L —ka— =h[T(Lt)-Ts | Convection process.
x=L

The temperature distributions are shown on the T-x coordinates below. Note the special condition
when the heat flux at (x = L) is zero.

(b) The heat flux as a function of time at the boundaries, g% (0,t) and gy (L.t), can be inferred
from the temperature distributions using Fourier’s law.

Tix,#) 1 (x,0) * T T?;'(L,f)
9, x,f) ) /_.

7; l[? (L ) 0 i >t
70- T 0) ay (L,0) = 9L
0 Lx "o ~Te) Yooy

COMMENTS: Since T(x,)> T, forsome x and T, > T, heat transfer at both boundaries must be
out of the wall at steady state. From an overall energy balance at steady state,

+q;'( (L,oo)—q;'( (O,oo) =qL.



PROBLEM 2.47

KNOWN: Qualitative temperature distribution in a composite wall with one material experiencing
uniform volumetric energy generation.

FIND: Which material experiences uniform volumetric generation. The boundary condition at
X = -La. Temperature distribution if the thermal conductivity of Material A is doubled. Temperature
distribution if the thermal conductivity of Material B is doubled. Sketch the heat flux distribution

q;(x) through the composite wall.

SCHEMATIC:

T(x)
Oy
— LA —><ﬁi LB —>

ASSUMPTIONS: (1) Steady-state, one-dimensional conditions, (2) Constant properties.

ANALYSIS: Consider a control volume with the LHS control surface at the interface between the
two materials and the RHS control surface located at an arbitrary location within Material B, as shown
in the schematic. For this control volume, conservation of energy and Fourier’s law may be combined
to yield, for uniform volumetric generation in Material B,

" dT
G(£) = ax ™

dT
or —
s dx

oc f @

x={

X

The temperature distribution of the problem reflects the preceding proportionality between the
temperature gradient and the distance ¢, and it is appropriate to assume that uniform volumetric

generation occurs in Material B but not in Material A. <

The boundary condition at x = -L is associated with perfectly insulated conditions,

dT
or —
X=—L, dx

" dT
0=0,(x=-La)=-k—
qx( A) dx

=0 <

X=—L,

The temperature distribution in Material A corresponds to q;’A =0, and is independent of its thermal

conductivity. <

Continued...



PROBLEM 2.47 (Cont.)

If the volumetric energy generation rate, ¢, is unchanged, Equation (1) requires that the temperature
gradient everywhere in Material B will be reduced by half if the thermal conductivity of Material B is
doubled. Hence, the difference between the minimum and maximum temperatures in the composite

wall would be reduced by half. <

Considering Eq. 1, it follows that the heat flux distribution throughout the composite wall is as shown
in the sketch below.

-L L
A 0 B
X

COMMENTS: If you were given information regarding which material experiences internal energy
generation, the boundary condition at x = -L, and the thermal conductivities of both materials, you

should be able to sketch the temperature and heat flux distributions.



PROBLEM 2.48
KNOWN: Size and thermal conductivities of a spherical particle encased by a spherical shell.

FIND: (a) Relationship between dT/dr and r for 0 < r <ry, (b) Relationship between dT/dr and r
forr; <r <r,, (c) Sketch of T(r) over therange 0 <r <r,.

SCHEMATIC: Chemical reaction

Ambient air
T,.h

Control volume B

Control volume A

ASSUMPTIONS: (1) Steady-state conditions, (2) Constant properties, (3) One-dimensional heat
transfer.

ANALYSIS:

(a) The conservation of energy principle, applied to control volume A, results in

Ein + I'Eg - Eout: Est (1)
here E. = ay = g h )
where Eg—qV—qEnr (2)
since E4=0
. . ) dT
Ein - Bou = A7A = - (kg ) (d4mr”) (3)

Substituting Egs. (2) and (3) in Eq. (1) yields

4 3 ar >
—mr’ +k;—(4mr) =0
anr 1dr(nr)
or
dr _ qr <

Continued...



PROBLEM 2.48 (Cont.)
(b) For r >ry, the radial heat rate is constant and is
: : 4 3
E, =0, =qvy = q§7fr1 4)
: : ) dT
Ein - Eout = /A= - (-k, E)mz (5)
Substituting Egs. (4) and (5) into Eq. (1) yields
dar, -, .4 3
K),—A4nr® +q—nr7 =0
2 dr e +q 3n r
or

dr 3k,r?

(c) The temperature distribution on T-r coordinates is

Tnforrt/r2=05

— e o
. ®
w
.-E [ ]
=
> 1 — +
©
=
O
& +
" 09 +
E +
= +
0.8 I I I
0 0.25 0.5 0.75 1
ri/n2
—&— sphere
—+— shell

COMMENTS: (1) Note the non-linear temperature distributions in both the particle and the
shell. (2) The temperature gradient at r = 0 is zero. (3) The discontinuous slope of T(r) at r,/r, =
0.5 is aresult of ky = 2ks.



PROBLEM 2.49

KNOWN: Long cylindrical rod with uniform initial temperature immersed in liquid at a lower
temperature.

FIND: Sketch temperature distribution at initial time, steady state, and two intermediate times for two
rods with different thermal conductivities. State boundary conditions at centerline and surface.

SCHEMATIC: T.

Material A Material B

T Pa Pg = Pa
Ca Cg = Ca
D T, h K, kg >> Ky

ASSUMPTIONS: (1) One-dimensional conduction in radial direction, (2) Constant properties, (3)
Fluid temperature remains constant, (4) Convection heat transfer coefficient is constant.

ANALYSIS: Referring to the figure below, first consider Material A of moderate thermal
conductivity. Initially, the rod temperature is uniform at T;. When the rod is first exposed to the
liquid, heat is transferred from the rod to the fluid due to convection, causing the surface temperature
to decrease. The resulting temperature gradient in the rod causes heat to conduct radially outward, and
the temperature further inside the rod decreases as well. Toward the beginning of this process, the
temperature near the center of the rod is still very close to the initial temperature (see Material A, t1).
As time increases, the temperature everywhere in the rod decreases (see Material A, t;). Eventually, at
steady state, the rod temperature reaches the fluid temperature, T...

T; ~
~
---------- ------—---—--- - o tl
MaterlaIB \
t
T
Material A \
—_—— 2 \
—— -
— ~—
T
0 0.2 0.4 0.6 08 !
r/(D/2)

Continued...



PROBLEM 2.49 (Cont.)

The boundary condition at the rod surface expresses a balance between heat reaching the surface by
conduction and heat leaving the surface by convection:

il =h[T(D/2,t)-T,] 1 <

r D/2

From this, it can be seen that the temperature gradient at the surface is negative and its magnitude
decreases with time as the surface temperature approaches the fluid temperature. This is shown for the
two intermediate times for Material A.

Next compare Material A to Material B having a very large thermal conductivity. At time t =0 when
both rods have the same temperature T;, it can be seen from the right hand side of Equation (1) that the
heat flux is the same for both materials. Energy is being removed from both rods at the same rate.
However, because of the large thermal conductivity of material B, its temperature gradient is smaller
and its temperature tends to be nearly uniform, as shown in the figure for Material B, t;. Its
temperature is higher at the surface and lower in the center as compared to Material A. Because its
surface temperature stays higher for longer, the heat flux leaving the rod is larger, and overall it cools
faster. Attime t,, when Material A’s surface temperature is close to T, but it is still warm in the
center, Material B has already reached steady state.

The rod with the higher thermal conductivity reaches steady state sooner. <
The boundary condition at r = 0 expresses radial symmetry:

a -0 <
or |,

The boundary condition at r =D/2 was given in Equation (1).

COMMENTS: The problem of transient conduction in a cylinder will be solved in Chapter 5.



PROBLEM 2.50

KNOWN: Temperature distribution in a plane wall of thickness L experiencing uniform volumetric
heating ¢ having one surface (x = 0) insulated and the other exposed to a convection process

characterized by T, and h. Suddenly the volumetric heat generation is deactivated while convection
continues to occur.

FIND: (a) Determine the magnitude of the volumetric energy generation rate associated with the
initial condition, (b) On T-x coordinates, sketch the temperature distributions for the initial condition

(T <0), the steady-state condition (t — «0), and two intermediate times; (c) On qy - t coordinates,
sketch the variation with time of the heat flux at the boundary exposed to the convection process,
gy (L,t); calculate the corresponding value of the heat flux at t = 0; and (d) Determine the amount of

energy removed from the wall per unit area (J/m2) by the fluid stream as the wall cools from its initial
to steady-state condition.

SCHEMATIC:
T(x,0)=a+bx2 x(m) p = 7000 kg/m3
Insulated a=300°C b=-1.0x104°C/m2  Cp=450 J/kg-K
boundary Gg#0fort<0; §=0fort=0 k=90 W/m-K
| ? ? T = 20°C
|_> h = 1000 W/m?2-K
X L=0.1m

ASSUMPTIONS: (1) One-dimensional conduction, (2) Constant properties, and (3) Uniform internal
volumetric heat generation for t < 0.

ANALYSIS: (a) The volumetric heating rate can be determined by substituting the temperature
distribution for the initial condition into the appropriate form of the heat diffusion equation.

d d_T}ﬂ:o where T(x,O):a+bx2
dx\dx ) k

9 oramx)+d=0=2p+ 920
dx K K

q=—2kb=—2><90W/m-K(—1.0><104°C/m2)=1.8><106W/m3 <

(b) The temperature distributions are shown in the sketch below.

A Initial L a0 =hTLo) - Tew]

300 \< T(x,0) = a + bx2
200 w ay(L.t)
\' Steady-state

100

To b Tx@)
Il N SN
7z 7

0 L X 0 t

T(x,1), (°C)

Continued ...



PROBLEM 2.50 (Cont.)

(c) The heat flux at the exposed surface x = L, g5 (L,0), is initially a maximum value and decreases

with increasing time as shown in the sketch above. The heat flux at t = 0 is equal to the convection
heat flux with the surface temperature T(L,0). See the surface energy balance represented in the
schematic.

a% (L,0) = lony (t=0) = h(T(L,0)~T,, ) =1000W / m? . K (200 - 20)°C =1.80x10° W/ m? <
where T(L,0)=a+bL% =300°C—1.0x10%C/m? (0.1m)? = 200°C.

T(L,0) = a + bx2
:—> dconv(t=0)
|
|
(d) The energy removed from the wall to the fluid as it cools from its initial to steady-state condition
can be determined from an energy balance on a time interval basis, Eq. 1.12b. For the initial state, the

wall has the temperature distribution T(x,0) =a + bxz; for the final state, the wall is at the temperature
of the fluid, T = T,. We have used T, as the reference condition for the energy terms.

in —Eout = ABst = Ef —Ef with fh =0

out = PCp I::(IJ_ [T(X,O)—Too]dx

out = PCp j::(l)' [a +bx? -Ty }dx =pCp [ax +bx3 /3—Toox};

but = 7000kg /m> x 4503/ kg - K[300x0.1—1.0x104(0.1)3/3—20x0.1} K-m

v 4 =7.77x107 3/m? <

COMMENTS: (1) In the temperature distributions of part (a), note these features: initial condition
has quadratic form with zero gradient at the adiabatic boundary; for the steady-state condition, the wall
has reached the temperature of the fluid; for all distributions, the gradient at the adiabatic boundary is
zero; and, the gradient at the exposed boundary decreases with increasing time.

(2) In this thermodynamic analysis, we were able to determine the energy transferred during the
cooling process. However, we cannot determine the rate at which cooling of the wall occurs without
solving the heat diffusion equation.



PROBLEM 2551

KNOWN: Thickness of composite plane wall consisting of material A in left half and material B in
right half. Exothermic reaction in material A and endothermic reaction in material B, with equal and
opposite heat generation rates. External surfaces are insulated.

FIND: Sketch temperature and heat flux distributions for three thermal conductivity ratios, ka/Kg.
SCHEMATIC: 1.

| Material A | Material B

ASSUMPTIONS: (1) Steady-state conditions, (2) One-dimensional conduction, (3) Constant
properties.

ANALYSIS: From Equation 2.19 for steady-state, one-dimensional conduction, we find

o(,oT . aq .
—|k—|=—-q or ==
axi ax] a OX “

From the second equation, with uniform heat generation rate, we see that q;' varies linearly with x,

and its slope is +(, in material A and -, in material B. Furthermore, since the wall is insulated on

both exterior surfaces, the heat flux must be zero at x = £L. Thus, the heat flux is as shown in the
graph below and does not depend on the thermal conductivities. The heat generated in the left half is
conducting to the right and accumulating as it goes. Once it reaches the centerline, it begins to be
consumed by the exothermic reaction and drops to zero at x = L.

k, = 0.5kg

x/L

Continued...



PROBLEM 2.51 (Cont.)

. " oT o . ) . .
Since q; = -k 6_ the temperature gradient is negative everywhere, and its magnitude is greatest
X

where the heat flux is greatest. Thus the slope of the temperature distribution is zero at x = -L, it
becomes more negative as it reaches the center, and then becomes flatter again until it reaches a slope
of zero at x = L. When ka = kg, the temperature distribution has equal and opposite slopes on either
side of the centerline. If kg is held fixed and k is varied, the results are as shown in the plot above.
Since the temperature gradient is inversely proportional to the thermal conductivity, it is steeper in the
region that has the smaller thermal conductivity. Physically, when thermal conductivity is larger, heat
conducts more readily and causes the temperature to become more uniform.

If 4 =—24,, an energy balance on the wall gives:

d_EtSt = E'in - E‘out + E'g
dE, . . . .
d_tt: Eg =(da +Gg)V =—0,V

where V is the volume. Since dEg/dt is non-zero, the wall cannot be at steady-state. With the
exothermic reaction greater than the endothermic reaction, the wall will continuously decrease in

temperature. <

COMMENTS: (1) Given the information in the problem statement, it is not possible to calculate
actual temperatures. There are an infinite number of correct solutions regarding temperature values,
but only one correct solution regarding the shape of the temperature distribution. (2) Chemical
reactions would cease if the temperature became too small. It would not be possible to continually

cool the wall for the case when, initially, 4 =20, .



PROBLEM 2.52

KNOWN: Radius and length of coiled wire in hair dryer. Electric power dissipation in the wire, and
temperature and convection coefficient associated with air flow over the wire.

FIND: (a) Form of heat equation and conditions governing transient, thermal behavior of wire during
start-up, (b) Volumetric rate of thermal energy generation in the wire, (c) Sketch of temperature
distribution at selected times during start-up, (d) Variation with time of heat fluxatr=0and r = ry,.

SCHEMATIC:

=
|

! L]
: Egen
| 1
L=05m ! '~
f i A
_—
s rg=1mm

ASSUMPTIONS: (1) One-dimensional, radial conduction, (2) Constant properties, (3) Uniform
volumetric heating, (4) Negligible radiation from surface of wire.

ANALYSIS: (a) The general form of the heat equation for cylindrical coordinates is given by Eq.
2.26. For one-dimensional, radial conduction and constant properties, the equation reduces to

lﬁ(rﬂj q_repdl _1aT <
ror\ or k k ot a ot
The initial condition is T(r,0)=T; <
The boundary conditions are: 6T/6r|r:0 =0 <
oT
—k—|  =h[T(r.1)-T] <
r=ry
(b) The volumetric rate of thermal energy generation is
Eq P 500 W
g=—3 —elec _ =3.18x10° W/m* <

vV 2L 7(0.001m)? (0.5m)
Under steady-state conditions, all of the thermal energy generated within the wire is transferred to the
air by convection. Performing an energy balance for a control surface about the wire, —E; + Eg =0,

it follows that —2z1,L q"(ry,t — )+ Pgee = 0. Hence,

P, 500 W
q"(ry,t > o0)= elec _ ~159x10° W/m? <
2zt,L  27(0.001m)0.5m
N i P \N “
Ty i » Steady-state, T(bo) O [ """~~~ ~°2=7 q(Fo,)
\</ q“(rO,t)
— N
' i g“(0.1)
T, ———e— Initial, T(r,0)
| L ol 5
0 ro I 0 t

COMMENTS: The symmetry condition at r = 0 imposes the requirement that (;‘T/ar|lr:0 =0, and

hence q”(o,t) =0 throughout the process. The temperature at rq, and hence the convection heat flux,

increases steadily during the start-up, and since conduction to the surface must be balanced by
convection from the surface at all times, |aT/ar|r_r also increases during the start-up.
-0



PROBLEM 2.53
KNOWN: Temperature distribution in a composite wall.

FIND: (a) Relative magnitudes of interfacial heat fluxes, (b) Relative magnitudes of thermal
conductivities, and (c) Heat flux as a function of distance x.

SCHEMATIC:

> X

ASSUMPTIONS: (1) Steady-state conditions, (2) One-dimensional conduction, (3) Constant
properties.

ANALYSIS: (a) For the prescribed conditions (one-dimensional, steady-state, constant k),
the parabolic temperature distribution in C implies the existence of heat generation. Hence,
since dT/dx increases with decreasing X, the heat flux in C increases with decreasing x.
Hence,

43>z
However, the linear temperature distributions in A and B indicate no generation, in which case
92 =03
(b) Since conservation of energy requires that q3 g =03 ¢ and dT/dx)g <dT/dx)c, it follows
from Fourier’s law that

kB > kc.
Similarly, since g o =q% g and dT/dx)p > dT/dx)g, it follows that
kA < kB'

(c) It follows that the flux distribution appears as shown below.

/|
x4 Xz X

0

i L
&

\v

7.

COMMENTS: Note that, with dT/dx)4 c = 0, the interface at 4 is adiabatic.
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