2 LIMITS

2.1 The Limit Idea: Instantaneous Velocity and Tangent Lines

Preliminary Questions
1. Average velocity is equal to the slope of a secant line through two points on a graph. Which graph?

SOLUTION Average velocity is the slope of a secant line through two points on the graph of position as a function of
time.

2. Can instantaneous velocity be defined as a ratio? If not, how is instantaneous velocity computed?

SOLUTION Instantaneous velocity cannot be defined as a ratio. It is defined as the limit of average velocity as time
elapsed shrinks to zero.

3. With 7 in hours, at t = 0 Dale entered Highway 1. At ¢ = 2 he was 126 miles down the highway, on the side of the
road with a flat tire. At r = 3 he was still on the side of the road, waiting for road assistance. What was Dale’s average
velocity over each of the time intervals:

(@) Fromr=0tor=2

(b) Fromt=0totr=3

(c) Fromt=2tor=3

SOLUTION

(a) Over the time interval from ¢t = 0 to ¢ = 2, Dale traveled 126 miles. His average velocity was therefore

12
ﬁ = 63 miles/hour

(b) Over the time interval from 7 = O to r = 3, Dale traveled 126 miles. His average velocity was therefore

126

30 = 42 miles/hour

(c) Over the time interval from ¢ = 2 to ¢ = 3, Dale traveled O miles. His average velocity was therefore

0
35" 0 miles/hour

4. What is the graphical interpretation of instantaneous velocity at a specific time ¢ = #,?

SOLUTION Instantaneous velocity at time 7 = , is the slope of the line tangent to the graph of position as a function of
time at t = .

Exercises

1. A ball dropped from a state of rest at time ¢ = O travels a distance s(f) = 4.9 m in ¢ seconds.
(a) How far does the ball travel during the time interval [2,2.5]?
(b) Compute the average velocity over [2,2.5].

(c) Compute the average velocity for the time intervals in the table and estimate the ball’s instantaneous velocity at t = 2.

Interval [2,2.01] | [2,2.005] | [2,2.001] | [2,2.00001]

Average
velocity

SOLUTION
(a) Given s(f) = 4.9/, the ball travels As = 5(2.5) — s(2) = 4.9(2.5)> — 4.9(2)> = 11.025 m during the time interval
[2,2.5].
(b) The average velocity over [2,2.5] is
As  s(2.5)-s(2)  11.025
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time interval | [2,2.01] | [2,2.005] | [2,2.001] | [2,2.00001]

average velocity | 19.649 19.6245 19.6049 19.600049

The instantaneous velocity at r = 2 is approximately 19.6 m/s.

2. A wrench dropped from a state of rest at time ¢ = O travels a distance s(f) = 4.9/ m in ¢ seconds. Estimate the
instantaneous velocity at ¢ = 3.

SOLUTION To estimate the instantaneous velocity, we compute the average velocities:

time interval [3,3.017 | [3,3.005] | [3,3.001] | [3,3.00001]
average velocity | 29.449 29.4245 29.4049 29.400049

The instantaneous velocity is approximately 29.4 m/s.

3. On her bicycle ride Fabiana’s position (in km) as a function of time (in hours) is s(f) = 22¢ + 17. What was her
average velocity between ¢ = 2 and ¢ = 3? What was her instantaneous velocity at t = 2.5?

SOLUTION Fabiana’s average velocity between ¢ = 2 and ¢ = 3 was

— 52 - 61
5(3; ;( ) _ 83 1 6 = 22 km/hour

To estimate the instantaneous velocity, we compute the average velocities:

time interval [2.5,2.51] | [2.5,2.501] | [2.5,2.5001] | [2.5,2.50001]

average velocity 22 22 22 22

The instantaneous velocity is 22 km/hour.

4. Compute Ay/Ax for the interval [2, 5], where y = 4x — 9. What is the slope of the tangent line at x = 2?
SOLUTION Ay/Ax = ((4(5) - 9) — (4(2) - 9))/(5 — 2) = 4. Because the graph of y = 4x — 9 is a line, it is the tangent
line to the graph for all x. And since the line has slope 4, that is the slope of the tangent line at x = 2.

In Exercises 5-6, a ball is dropped on Mars where the distance traveled is s(tf) = 1.9> meters in t seconds.

5. Compute the ball’s average velocity over the time interval [3, 6] and estimate the instantaneous velocity at ¢ = 3.

SOLUTION The ball’s average velocity over the time interval [3, 6] is

s(6)—s(3) 68.4-17.1
c_3 - 3 =17.1m/s

To estimate the instantaneous velocity, we compute the average velocities:

time interval [3,3.1] | [3,3.01] | [3,3.001] | [3,3.0001]
average velocity | 11.59 11.419 11.4019 11.40019

The instantaneous velocity is approximately 11.4 m/s.
6. Compute the ball’s average velocity over the time interval [5, 9] and estimate the instantaneous velocity at # = 5.
SOLUTION The ball’s average velocity over the time interval [5, 9] is

$(9) - s(5) 153.9-475
o5 - 1 =26.6 m/s

To estimate the instantaneous velocity, we compute the average velocities:

time interval | [5,5.1] | [5,5.01] | [5,5.001] | [5,5.0001]

average velocity | 19.19 19.019 19.0019 19.00019

The instantaneous velocity is approximately 19.0 m/s.

In Exercises 7-8, a stone is tossed vertically into the air from ground level with an initial velocity of 15 m/s. Its height at
time t is h(t) = 15t — 4.9 m.

7. Compute the stone’s average velocity over the time interval [0.5,2.5] and indicate the corresponding secant line on
a sketch of the graph of h.

SOLUTION The average velocity is equal to

h(2.5) — h(0.5)

7 =0.3m/s
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The secant line is plotted with A(f) below.
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8. Compute the stone’s average velocity over the time intervals [1, 1.01], [1, 1.001], [1, 1.0001] and [0.99, 1], [0.999, 1],

[0.9999, 1], and then estimate the instantaneous velocity at # = 1.

SOLUTION  With A(f) = 15¢ — 4.9¢%, the average velocity over the time interval [¢,,1,] is given by

Ah h(n) - h(t)

At h—-1
time interval [1,1.017 | [1,1.001] | [1,1.0001] | [0.99,1] | [0.999,1] | [0.9999, 1]
average velocity 5.151 5.1951 5.1995 5.249 5.2049 5.2005

The instantaneous velocity at f = 1 second is 5.2 m/s.

9. The position of a particle at time ¢ is s(f) = 2£3. Compute the average velocity over the time interval [2,4] and

estimate the instantaneous velocity at # = 2.

SOLUTION The average velocity over the time interval [2, 4] is

s4)-s(2)  128-16 _
4-2 2 =36

To estimate the instantaneous velocity at ¢ = 2, we examine the following table.

time interval [2,2.01] | [2,2.001] | [2,2.0001] | [1.99,2]

[1.999,2]

[1.9999,2]

average velocity | 24.1202 24.012 24.0012 23.8802

23.988

23.9988

The instantaneous velocity at ¢ = 2 is approximately 24.0.

10. The position of a particle at time ¢ is s(f) = > + t. Compute the average velocity over the time interval [1,4] and

estimate the instantaneous velocity at t = 1.

SOLUTION The average velocity over the time interval [1, 4] is

s -s() _68-2_
4-1 3

To estimate the instantaneous velocity at ¢ = 1, we examine the following table.

time interval [1,1.01] | [1,1.001] | [1,1.0001] | [0.99,1] | [0.999,1] | [0.9999, 1]
average velocity | 4.0301 4.0030 4.0003 3.9701 3.9970 3.9997
The instantaneous velocity at r = 1 is approximately 4.0.
In Exercises 11-18, estimate the slope of the tangent line at the point indicated.
1. fx)=x*+x x=0
SOLUTION
x interval [0,0.01] | [0,0.001] | [0,0.0001] | [-0.01,0] | [-0.001,0] | [-0.0001,0]
slope of secant 1.01 1.001 1.0001 0.99 0.999 0.9999

The slope of the tangent line at x = 0 is approximately 1.0.
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12. P(x) =3x*-5; x=2
SOLUTION
x interval [2,2.01] | [2,2.001] | [2,2.0001] | [1.99,2] | [1.999,2] | [1.9999,2]
slope of secant 12.03 12.003 12.0003 11.97 11.997 11.9997
The slope of the tangent line at x = 2 is approximately 12.0.
13. f()=12t-7; t=-4
SOLUTION
t interval [-4,-3.99] | [-4,-3.999] | [-4,-3.9999]
slope of secant 12 12 12
t interval [-4.01,-4] | [-4.001,-4] | [-4.0001, -4]
slope of secant 12 12 12
The slope of the tangent line at = —4 is 12, coinciding with the graph of y = f (7).
1
14. =——; x=2
Y x+2 "
SOLUTION
x interval [2,2.01] | [2,2.001] | [2,2.0001] | [1.99,2] | [1.999,2] | [1.9999,2]
slope of secant | —.0623 —-.0625 —-.0625 -.0627 —-.0625 —-.0625
The slope of the tangent line at x = 2 is approximately —0.06.
15. y(t) = V3r+1; t=1
SOLUTION
t interval [1,1.01] | [1,1.001] | [1,1.0001] | [0.99,1] | [0.999,1] | [0.9999, 1]
slope of secant .7486 7499 7500 7514 7501 7500
The slope of the tangent line at # = 1 is approximately 0.75.
16. f(x) =sinx; x= ’é
SOLUTION
x interval [z -001.2]|[2-0.001,2]|[2-0.0001, 2|2 2 +0.01] |[2.Z +0.001] [[Z. Z +0.0001]
average rate of change 0.8685 0.8663 0.8660 0.8635 0.8658 0.8660

The rate of change at x = % is approximately 0.866.

17. f(x) =tanx;, x= Zl—r
SOLUTION
x interval 7 -0.01,%31 |15 -0.001, %] |[F —0.0001, §1|[%, 5 +0.01] | [§,§ +0.001] | [%, F +0.0001]
slope of secant | 1.98026 1.99800 1.99980 2.02027 2.00200 2.00020

The slope of the tangent line at x = % is approximately 2.00.

18. f(x)=tanx; x=0

SOLUTION

x interval [-0.01,0] | [-0.001,0] | [-0.0001,07 | [0,0.017 | [0,0.0017 | [0,0.0001]
slope of secant | 1.00003 | 1.00000 1.00000 | 1.00003 | 1.00000 | 1.00000

The slope of the tangent line at x = 0 is approximately 1.00.
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19. The height (in centimeters) at time ¢ (in seconds) of a small mass oscillating at the end of a spring is A(t) = 3 sin(2xr).
Estimate its instantaneous velocity at t = 4.

SOLUTION To estimate the instantaneous velocity at r = 4, we examine the following table.

time interval

[4,4.01]

[4,4.001]

[4,4.0001]

[3.99,4]

[3.999,4]

[3.9999, 4]

average velocity

18.8732

18.8494

18.8496

18.8732

18.8494

18.8496

The instantaneous velocity at r = 4 is approximately 18.85 cm/s.

20. The height (in centimeters) at time ¢ (in seconds) of a small mass oscillating at the end of a spring is A(f) =

8 cos(12nt).

(a) Calculate the mass’s average velocity over the time intervals [0, 0.1] and [3, 3.5].

(b) Estimate its instantaneous velocity at ¢ = 3.

SOLUTION

(a) The average velocity over the time interval [7;,7,] is given by i

Ah h(t) —h(t)
h — 1 ’
time interval [0,0.1] [3,3.5]
average velocity | —144.7214 cm/s | O cm/s

(b) To estimate the instantaneous velocity at ¢ = 3, we examine the following table.

time interval [3,3.001]

[3,3.0001]

[3,3.

00001]

[2.999, 3]

[2.9999, 3]

[2.99999, 3]

-5.6842

average velocity

-0.5685

—-0.05685

5.6842

0.5685

0.05685

The instantaneous velocity at # = 3 seconds is approximately 0 cm/s.

21. Consider the function f(x) = Vx.

(a) Compute the slope of the secant lines from (0, 0) to (x, f(x)) for x = 1,0.1,0.01,0.001, 0.0001.
(b) Discuss what the secant-line slopes in (a) suggest happens to the tangent line at 0.
(c) Plot the graph of f near x = 0 and verify your observation from (b).

SOLUTION

(a) The slope of the secant line from (0, 0) to (x, f(x)) for the function f(x) = /xis

Thus, for x = 1,0.1,0.01,0.001, 0.0001, the slope of the secant line is

OO _ Vx_ 1
x-0 X Ax
X 1| 0.1 |0.01| 0.001 |0.0001
slope of secant | 1 {3.16228 | 10 [31.62278 | 100

(b) The secant line slopes from part (a) suggest that the slope of the tangent line at x = 0 grows without bound; that is,
the tangent line at x = 0 is a vertical line.

(c) The graph of f shown below confirms that at x = O the tangent line is vertical line.
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0.02 -
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0.015
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0.020
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22. Consider the function f(x) = (x — 1)'/3.

(a) Compute the slope of the secant lines between 1 and x for x = 0.9,0.99,0.9999 and for x = 1.1, 1.01, 1.0001.
(b) Discuss what the secant-line slopes in (a) suggest happens to the tangent line at 1.

(c) Plot the graph of f near x = 1 and verify your observation from (b).

SOLUTION

(a) The slope of the secant line from 1 to x for the function f(x) = (x — 1)!/3 is

fO-fD) _@=DB 1

x—1 x—1 = (x—1)8

Thus, for x = 0.9,0.99,0.9999 and for x = 1.1, 1.01, 1.0001, the slope of the secant line is

X 0.9 0.99 0.9999 1.1 1.01 1.0001

slope of secant | 4.64159 | 21.54435 | 464.15888 | 4.64159 | 21.54435 | 464.15888

(b) The secant line slopes from part (a) suggest that the slope of the tangent line at x = 1 grows without bound; that is,
the tangent line at x = 0 is a vertical line.
(c) The graph of f shown below confirms that at x = 1 the tangent line is vertical line.

0.4 -

02

0.5 10 1.5 2.0

-0.2 -

—04 -

23. & If an object in linear motion (but with changing velocity) covers As meters in At seconds, then its average
velocity is vo = As/At m/s. Show that it would cover the same distance if it traveled at constant velocity v over the same
time interval. This justifies our calling As/At the average velocity.

SOLUTION At constant velocity, the distance traveled is equal to velocity times time, so an object moving at constant
velocity v, for Az seconds travels vyot meters. Since vy = As/At, we find

A
distance traveled = vyor = (Ki) At = As

So the object covers the same distance As by traveling at constant velocity vy.

24. & Sketch the graph of f(x) = x(1 — x) over [0, 1]. Refer to the graph and, without making any computations,
find:

(a) The slope of the secant line over [0, 1]

(b) The slope of the tangent line at x = %

(c) The values of x at which the slope of the tangent line is positive

SOLUTION

0.25
0.20
0.15
0.10
0.05

[ 02 04 06 08 10
(a) f(0) = f(1), so there is no change between x = 0 and x = 1. The slope of the secant line is zero.
(b) The tangent line to the graph of f(x) is horizontal at x = % and therefore its slope is 0.

(c) The slope of the tangent line is positive at all points where the graph is rising. This is so for all x between x = 0 and
x=0.5.
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25. & Which graph in Figure 5 has the following property: For all x, the slope of the secant line over [0, x] is
greater than the slope of the tangent line at x. Explain.

y y

(A) (B)
FIGURE 5

SOLUTION The graph in (B) bends downward, so the slope of the secant line through (0, 0) and (x, f(x)) is larger than
the slope of the tangent line at (x, f(x)). On the other hand, the graph in (A) bends upward, so the slope of the tangent line
at (x, f(x)) is larger than the slope of the secant line through (0, 0) and (x, f(x)). Thus, the graph in (B) has the desired

property.
26. The height of a projectile fired in the air vertically with initial velocity 25 m/s is

h(t) = 25t —4.9¢ m

(a) Compute A(1). Show that i(r) — h(1) can be factored with (z — 1) as a factor.
(b) Using part (a), show that the average velocity over the interval [1, 7] is 20.1 — 4.9z
(c) Use this formula to estimate the instantaneous velocity at time ¢ = 1.

SOLUTION
(a) With h(f) = 25t — 4.9¢%, we have k(1) = 20.1 m, so

h(f) = h(1) = =4.972 + 25¢ = 20.1 = (t — 1)(20.1 — 4.9¢).
(b) The average velocity over the interval [1, 7] is

h(tz - flz(l) G- l)(IZ? 11 ~490 0.1 - a1

(c) t 1.1 1.01 1.001 1.0001
average velocity over [1,7] | 14.71 | 15.151 15.1951 | 15.19951

The instantaneous velocity is approximately 15.2 m/s. Plugging ¢ = 1 second into the formula in (b) yields 20.1 —4.9(1) =
15.2 m/s exactly.

27. Let Q(f) = *. Find a formula for the slope of the secant line over the interval [1, f] and use it to estimate the slope of
the tangent line at # = 1. Repeat for the interval [2, ¢] and for the slope of the tangent line at # = 2.

SOLUTION Let Q(f) = 2. The slope of the secant line over the interval [1, ] is

Q-0 _£-1_@-1e+D _
-1 t—1 t—1

provided ¢ # 1. To estimate the slope of the tangent line at t = 1, examine the values in the table below.

t 0.99(0.999 1 0.9999 | 1.01 | 1.001 | 1.0001
slope of secant | 1.99 | 1.999 | 1.9999 | 2.01 | 2.001 | 2.0001

The slope of the tangent line at = 1 is approximately 2.0.
The slope of the secant line over the interval [2, 7] is
0N -0Q2) -4 _ (=2)1t+2) _

= t+2,
t—2 t—2 t—2

provided ¢ # 2. To estimate the slope of the tangent line at r = 2, examine the values in the table below.

t 1.9911.999|1.9999 | 2.01 | 2.001 | 2.0001

slope of secant | 3.99 | 3.999 | 3.9999 | 4.01 | 4.001 | 4.0001

The slope of the tangent line at ¢ = 2 is approximately 4.0.
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28. For f(x) = x*, show that the slope of the secant line over [1, x] is x> + x + 1, and use this to estimate the slope of the
tangent line at x = 1.

SOLUTION Let f(x) = x>. The slope of the secant line over the interval [1, x] is

fo) - f(1) -1 B =D +x+1) . |
x-1 Tox-1 x—1 oA

provided x # 1. To estimate the slope of the tangent line at x = 1, examine the values in the table below.

X 0.99 0.999 0.9999 1.01 1.001 1.0001
slope of secant | 2.9701 | 2.997001 | 2.999700 | 3.0301 | 3.003001 | 3.000300

The slope of the tangent line at x = 1 is approximately 3.0.

29. For f(x) = x°, show that the slope of the secant line over [-3, x] is x> — 3x + 9, and use this to estimate the slope of
the tangent line at x = —3.

SOLUTION Let f(x) = x>. The slope of the secant line over the interval [-3, x] is

f(x)—f(—3)_x3+27_(x+3)(x2—3x+9)_ )
= (-3) =513 13 =x"-3x+9

provided x # —3. To estimate the slope of the tangent line at x = —3, examine the values in the table below.

X -3.01 —-3.001 -3.0001 | -2.99 -2.999 -2.9999
slope of secant | 27.0901 | 27.009001 | 27.000900 | 26.9101 | 26.991001 | 26.999100

The slope of the tangent line at x = —3 is approximately 27.0.

Further Insights and Challenges

The next two exercises involve limit estimates related to the definite integral, an important topic introduced in Chapter 5.

30. (a) Figure 6(A) shows two rectangles whose combined area is an overestimate of the area A under the graph of
y = x* from x = 0 to x = 1. Compute the combined area of the rectangles.

4 y
M y:xz y y:x2

(1,1) (1, 1)

0=

(A) (B)
FIGURE 6

(b) We can improve the estimate by using three rectangles obtained by dividing [0, 1] into thirds, as shown in Figure
6(B). Compute the combined areas of the three rectangles.

(c) Now divide [0, 1] into subintervals of width 1/5, and, on a graph of f, sketch the corresponding five rectangles
obtained similar to those in (a) and (b). Compute the combined area of the five rectangles to estimate the area A.

(d) Improve your area estimate by dividing [0, 1] into 10 subintervals of width 1/10 and computing the combined area
of the 10 resulting rectangles.
By dividing [0, 1] into more and more subintervals, you can improve your estimate. You can use technology to carry out
these computations for large numbers of rectangles. The exact value of the area is the limit of the estimates as the number
of subintervals gets larger and larger.

Alternatively, for this example there is a formula (that we show how to derive in Section 5.1) that gives the total area
A(n) of the rectangles formed when [0, 1] is divided into n subintervals of equal width:

i+ DHC2n+ 1)
B 6n?

A(n)

(e) Compute A(n) forn = 2,3,5, 10 to verify your results from (a)—(d).
(f) Compute A(n) for n =100, 1000, and 10,000. Use your results to conjecture what the area A equals.
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SOLUTION

(a) The rectangle on the left in Figure 6(A) has width % and height }—P while the rectangle on the right has width % and
height 1. The combined area of the two rectangles is then

(b) The first rectangle in Figure 6(B) has width } and height §, while the second rectangle has width 1 and height 3,
and the third rectangle has width % and height 1. The combined area of the three rectangles is then

11 N 1 4 N 1 14

39 39 3 27
(c) The figure below displays the graph of f together with the five rectangles obtained by dividing [0, 1] into five
subintervals each of width 1/5.

y )= 52

t t + t X
I 1.0

Each rectangle has width 1/5, and, from left to right, the heights of the rectangles are

5 1 5.9

respectively. The combined area of the five rectangles is then

DLV L(2) 1(3) 14y 1o, 55
5\5/) " s5\s5) s5\s5) s5\s5) 5 125 25

(d) Each rectangle has width 1/10, and, from left to right, the heights of the rectangles are

- T - 6 G e

respectively. The combined area of the five rectangles is then

LR SR U R S U 2 O - D U S U D O A RO U 2 D O O S NP
10\10/ " 10\5) “10\10/ " 10\5) "10\2) "10\5/ "10\10) "10\5) "10{10) " 10 ° " 200
(e) Let

A = (n+ 1;5122;1 +1)

Then,

41 _ 14
T 6(9) 27
_6(n _ 11
AG) = 535 = 25 @d
_nuen 77
A0y = 6(100) ~ 200

confirming the results from (a)—(d).
(f) We find

101(201)
6(100)?

1001(2001)
A(1000) = (10007 =0.3338335 and

10001(20001)
A(10000) = T6(10000)7 = 0.333383335

A(100) = =0.33835

Based on these results, we conjecture that the area A equals %
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31. Let A represent the area under the graph of y = x* between x = 0 amd x = 1. In this problem, we will follow the
process in Exercise 30 to approximate A.

(a) Asin (a)—(d) in Exercise 30, separately divide [0, 1] into 2, 3, 5, and 10 equal-width subintervals, and in each case
compute an overestimate of A using rectangles on each subinterval whose height is the value of x> at the right end of the
subinterval.

In this case, it can be shown that if we use n equal-width subintervals, then the total area A(n) of the n rectangles is

12
A(n):%

(b) Compute A(n) for n = 2,3,5, 10 to verify your results from (a).
(c) Compute A(n) for n = 100, 1000, and 10,000. Use your results to conjecture what the area A equals.
SOLUTION
(a) « Dividing [0, 1] into 2 equal-width subintervals produces two rectangles with width 1/2 and heights 1/8 and 1.
The combined area of the two rectangles is then

L2
2 8 2 16
« Dividing [0, 1] into 3 equal-width subintervals produces three rectangles with width 1/3 and heights 1/27, 8/27,

and 1. The combined area of the three rectangles is then

1 1 1 8 1 4

RN T 9
« Dividing [0, 1] into 5 equal-width subintervals produces five rectangles with width 1/5 and heights

5 .65 6]

respectively. The combined area of the five rectangles is then

1 13+1 23+1 33+1 43+1 s
515 515 515 515 5 25

« Dividing [0, 1] into 10 equal-width subintervals produces 10 rectangles with width 1/10 and heights

G -8 G (5 3o

The combined area of the five rectangles is then

1 13+1 13+1 33+1 23+1 13+1 33+1 73+1 43+1 93+1 B2
10\10) “10\5) "10\10/ "10\5) "10\2) "10\5) "10\10) "10\5) "10\10) " 10 " " 400

(b) Let
(n+1)»?
Alm) = 4n?
Then,
9 9
AQRQ)= — = —
@ 44) 16
16 4
A(3) = — = —
) 409) 9
36 9
A = — =
)= 305 = 25" ™
121) 121
A(10) = —— = —
10 4(100) 400
confirming the results from (a).
(¢) We find
1012
A(100) = =0.25502
(100) 21002 0.255025
10012
Al =— =02 2 d
(1000) 2(1000)° 0.25050025, an
100012
A(10000) = ———— = 0.2500500025
( ) 4(10000)2

Based on these results, we conjecture that the area A equals %.
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2.2 Investigating Limits

Preliminary Questions
1. What is the limit of f(x) = 1as x — n?

SOLUTION lim,,1=1.
2. What is the limit of g(¢) =t as t — n?
SOLUTION lim,,t = .

3. Is hnllo 20 equal to 10 or 20?

SOLUTION lim,_,;020 = 20.
4. Can f(x) approach a limit as x — c if f(c) is undefined? If so, give an example.

SOLUTION Yes. The limit of a function f as x — ¢ does not depend on what happens at x = ¢, only on the behavior of
f as x — c. As an example, consider the function

-1

x—1

f) =

The function is clearly not defined at x = 1 but

¥

-1
lim f(x) = lim =lim(x + 1) =2
x—1 -1 x—1 x—1

5. What does the following table suggest about lirP_ f(x) and hrP+ f(x)?

X 0.9 099 0.999 1.001 1.01 1.1
f(x) 7 25 4317 3.00011 3.0047 3.0126

SOLUTION The values in the table suggest that lim,_,;- f(x) = co and lim,_,;+ f(x) = 3.

6. Can you tell whether lirrslf(x) exists from a plot of f for x > 5? Explain.

SOLUTION No. By examining values of f(x) for x close to but greater than 5, we can determine whether the one-sided
limit lim,_,s+ f(x) exists. To determine whether lim,_,s f(x) exists, we must examine value of f(x) on both sides of x = 5.

7. If you know in advance that lirr51 f(x) exists, can you determine its value from a plot of f for all x > 5?

SOLUTION Yes. If lim,_,5s f(x) exists, then both one-sided limits must exist and be equal.

Exercises
In Exercises 1-5, fill in the table and guess the value of the limit.
¥-1
1. lim f(x), where f(x) = >
x—1 x> -1
x F) x Fx)
1.002 0.998
1.001 0.999
1.0005 0.9995
1.00001 0.99999
SOLUTION
X 0.998 0.999 0.9995 0.99999 1.00001 1.0005 1.001 1.002

f(x) | 1.498501 | 1.499250 | 1.499625 | 1.499993 | 1.500008 | 1.500375 | 1.500750 | 1.501500

The limit as x — 1 is 3.
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cost—1

2. ltgi(‘)l h(t), where h(t) = "

. Note that & is even; that is, h(t) = h(-1).

t +0.002 | +0.0001 | +0.00005 | +0.00001
h(1)
SOLUTION
t +0.002 +0.0001
h(t) | —0.499999833333 | —0.499999999583
t +0.00005 +0.00001
h(t) | —0.499999999896 | —0.500000000000
The limit as t — 0 is —1.
y-y-2
3. 1&2 JF(), where f(y) = m
y f» y f»)
2.002 1.998
2.001 1.999
2.0001 1.9999
SOLUTION
y 1.998 1.999 1.9999 2.0001 2.001 2.002
fO) | 0.59984 | 0.59992 | 0.599992 | 0.600008 | 0.60008 | 0.60016
The limitasy — 2 is %
. sinf — 6
4. LLmO f(6), where f(0) = 7
0 +0.002 | +£0.0001 | +0.00005 | +0.00001
1)
SOLUTION
0 +0.002 +0.0001
[ | —0.1666666333 | —0.1666666666
0 +0.00005 +0.00001
() | —0.1666666666 | —0.1666666667
The limit as & — O is —%.
1 —cos2
5. lim f(0), where /(1) = STcos
-
t f® t f@®
0.002 —-0.002
0.001 —-0.001
0.0005 —0.0005
0.00001 —0.00001
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SOLUTION
t f@® t £
0.002 0.004 —-0.002 -0.004
0.001 0.002 —0.001 -0.002
0.0005 0.001 —0.0005 -0.001
0.00001 | 0.00002 || —0.00001 | —0.00002

The limit as t — 01is 0.

sin x

6. Numerically investigate lin?) o
X

accurate to 5 decimal places.

SOLUTION Let f(x) = %‘ with x measured in degrees. Then

, computing the values of sinx with x in degrees. Make an estimate of the limit

x| x| @
1 0.0174524 || -1 0.0174524
0.1 0.0174533 || -0.1 0.0174533
0.01 0.0174533 || -0.01 0.0174533
0.001 | 0.0174533 || —-0.001 | 0.0174533

Based on the values in this table, lirr& % ~ 0.01745, accurate to five decimal places.
X -

7. Determine li%l; f(x) for f as in Figure 10

05

\

FIGURE 10

SOLUTION The graph suggests that f(x) — 1.5 as x — 0.5.

8. Determine 11%15 g(x) for g as in Figure 11.

0.5
FIGURE 11

SOLUTION The graph suggests that g(x) — 1.5 as x — .5. The value g(1.5), which happens to be 1, does not affect the

limit.
In Exercises 9—10, evaluate the limit.

9. lim x

x—21

SOLUTION As x — 21, f(x) = x — 21. You can see this, for example, on the graph of f(x) = x.
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10. lim V3

x—4.2

SOLUTION The graph of f(x) = V3 is a horizontal line. f(x) = V3 for all values of x, so the limit is also equal to V3.

11. Show, via illustration, that the limits lim x and lim a are equal but the functions in each limit are different.

x—a x—a

SOLUTION

The figure above displays the graphs of f(x) = x and g(x) = a. Clearly, the two functions are different. It is also clear
that as x approaches a, both graphs approach the point (a, a); that is,

limx = lima = a

x—a x—a

12. Give examples of functions f and g such that liné f(x) = 1ir% g(x), but f(x) # g(x) for all x, including 0.

SOLUTION There are many possible pairs of functions that satisfy these conditions; here is one possibility. Let f(x) =
2
x“ and

(x) = —-x*  when x#0
V=11 when x=0

There is no value of x for which f(x) = g(x), but

lim /(x) = lim g(x) = 0

In Exercises 13-20, verify each limit using the limit definition. For example, in Exercise 13, show that |3x — 12| can be
made as small as desired by taking x close to 4.

13. lim3x =12

x—4
SOLUTION [3x — 12| = 3|x — 4]. [3x — 12| can be made arbitrarily small by making x close enough to 4, thus making
|x — 4| small.
14. lirr513 =3
SOLUTION |f(x) — 3| = |3 — 3| = 0 for all values of x so f(x) — 3 is already smaller than any positive number as x — 5.
15. lin%(Sx +2)=17
SOLUTION |(5x + 2) — 17| = |5x — 15| = 5|x — 3|. Therefore, if you make |x — 3| small enough, you can make
[(5x + 2) — 17| as small as desired.
16. 1in%(7x -4)=10
SOLUTION As x — 2, note that |(7x —4) — 10| = [7x — 14| = 7 |x — 2|. If you make |x — 2| small enough, you can make
[(7x — 4) — 10| as small as desired.
17. lin(l) =0
SOLUTION As x — 0, we have |x*> — 0] = |x + 0||x — 0]. To simplify things, suppose that |x| < 1, so that |x + O]|x — 0] =

|x|lx] < |x|. By making |x| sufficiently small, so that |x + O||x — 0] = x? is even smaller, you can make |x*> — 0| as small as
desired.

18. lim(3x* - 9) = =9

SOLUTION [3x? — 9 — (=9)| = [3x?| = 3|x?|. If you make |x| < 1, [x?| < |x], so that making |x — 0| small enough can
make [3x2 — 9 — (—9)| as small as desired.
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19. 1in(1)(4x2 +2x+5)=5
SOLUTION As x — 0, we have [4x? + 2x + 5 — 5| = |4x? + 2x| = |x||4x + 2|. If |x| < 1, |4x + 2| can be no bigger than 6,

50 |x]|4x + 2| < 6|x|. Therefore, by making |x — 0| = |x| sufficiently small, you can make [4x? + 2x + 5 — 5| = |x||4x + 2| as
small as desired.

20. 1ir%(x3 +12)=12

SOLUTION |(x* + 12) — 12| = |x}|. If we make |x| < 1, then |x*| < |x|. Therefore, by making |x — 0| = [x| sufficiently
small, we can make |(x*> + 12) — 12| as small as desired.

In Exercises 21-42, estimate the limit numerically or state that the limit does not exist. If infinite, state whether the
one-sided limits are oo or —oo.

. x—1

21. lim VX
x>l X —

SOLUTION

X 0.9995 0.99999 | 1.00001 1.0005
f(x) | 0.500063 | 0.500001 | 0.49999 | 0.499938

The limit as x — 1 is %

20232
22. lim =X
-4 x+4
SOLUTION

X —4.0005 | —4.00001 —3.99999 | -3.9995
f(x) | =16.001 | —16.00002 | —15.99998 | —15.999

The limit as x —» —4 is —16.

X+x-6
23. lim ——
3 xl_rgxz—x—Z

SOLUTION

X 1.999 1.99999 2.00001 2.001
f(x) | 1.666889 | 1.666669 | 1.666664 | 1.666445

The limit as x — 2 is %

SOLUTION

X 2.99 2.995 3.005 3.01

f(x) | 3.741880 | 3.745939 | 3.754064 | 3.758130

The limit as x — 3 is 3.75.
sin 2x

25. lim
x—0 X

SOLUTION

X -0.01 —-0.005 0.005 0.01
f(x) | 1.999867 | 1.999967 | 1.999967 | 1.999867

The limit as x — 0 is 2.
26. lim S

x—0 X
SOLUTION

X -0.01 -0.005 0.005 0.01

f(x) | 4997917 | 4.999479 | 4.999479 | 4.997917

The limit as x — 0 is 5.
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27. Jim S03X
-0 3x
SOLUTION
X -0.01 —-0.001 0.001 0.01
f(x) | 0.999850 | 0.999999 | 0.999999 | 0.999850
The limit as x — Ois 1.
28. lim >t
-0 3x
SOLUTION
X -0.01 —0.001 —0.0001 0.0001 0.001 0.01
f(x) | —33.3317 | —333.3332 | —-3333.3333 | 3333.3333 | 333.3332 | 33.3317
The limit does not exist. As x — 07, f(x) — —oo; similarly, as x — 0%, f(x) — oo.
29, Jim $3071
-0
SOLUTION
X -0.05 —0.001 0.001 0.05
f(x) | 0.0249948 | 0.0005 | —0.0005 | —0.0249948
The limit as x — 01is 0.
30. lim 201
x—0 xz
SOLUTION
X -0.01 —0.001 —0.0001 0.0001 0.001 0.01
f(x) | —=99.9983 | —999.9998 | —10000.0 | 10000.0 | 999.9998 | 99.9983
The limit does not exist. As x — 07, f(x) — —oco; similarly, as x — 0%, f(x) — co.
. 1
3 lim 3
SOLUTION
X 3.9 3.99 | 3999 | 4.001 | 4.01 4.1
fx) | =1000 | —-10° | -10° 10° 100 1000
The limit does not exist. As x — 47, f(x) — —oco; similarly, as x — 4%, f(x) — co.
32. lim
x—=1- X —
SOLUTION
X 0.9 0.99 0.999
f(x) | =21 | =201 | -2001
The limit does not exist. As x — 17, f(x) = —oco.
x+3
33. lim —
s R
SOLUTION
X -3.1 -3.01 -3.001 -2.999 -2.99 -2.9
f(x) | —0.196078 | —0.199601 | —0.199960 | —0.200040 | —0.200401 | —0.204082

The limit as x — =3 is —1.




3. lim
x—-2" X + 2

SOLUTION
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X -2.1 | =2.01 | -2.001
f(x) 11 101 1001
The limit does not exist. As x — —27, f(x) — oo.
.X—
3. XILI?* x2-9
SOLUTION
X 3.001 3.01 3.1
f(x) | -166.472 | —16.473 | —1.475
The limit does not exist. As x — 3%, f(x) —» —oo.
h_
36. lim -1
h—0
SOLUTION
h -0.05 -0.001 -0.0001 0.0001 0.001 0.05
f(h) | 1.068984 | 1.098009 | 1.098552 | 1.098673 | 1.099216 | 1.129346
The limit as x — 0 is approximately 1.099. (The exact answer is In 3.)
37. limsin A cos l
h—0 h
SOLUTION
h -0.01 —-0.001 —0.0001 0.0001 0.001 0.01
f(h) | —0.008623 | —0.000562 | 0.000095 | —0.000095 | 0.000562 | 0.008623
The limit as x — 01is 0.
. 1
38. }ll_r}(i) cos 7
SOLUTION
h +0.1 +0.01 +0.001 +0.0001
f(h) | —0.839072 | 0.862319 | 0.562379 | —0.952155
The limit does not exist since cos (1/h) oscillates infinitely often as & — 0.
39. lim |x[*
x—0
SOLUTION
X -0.05 —0.001 —0.00001 0.00001 0.001 0.05
f(x) | 1.161586 | 1.006932 | 1.000115 | 0.999885 | 0.993116 | 0.860892
The limit as x — Ois 1.
40. lim(1 +2r)'"
SOLUTION
x —-0.001 —-0.0001 —-0.00001 0.00001 0.0001 0.001
f(x) | 7.403869 | 7.390534 | 7.389204 | 7.388908 | 7.387579 | 7.374312

The limit as r — 0 is approximately 7.389. (The exact answer is e2.)

17
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tan6 — 2sinfcos 6

41. lim
O—7/4 0—rn/4
SOLUTION
0 n/4-0.01 | n/4-0.001 | n/4-0.0001 | /4 +0.0001 | 7/4+0.001 | x/4+0.01
1) 1.960264 1.996003 1.999600 2.000400 2.004003 2.040269
The limit as 6§ — m/4 is approximately 2.000. (The exact answer is 2.)
42. lim 20X =X
x>0 Sinx — x
SOLUTION
X -0.1 -0.01 -0.001 0.001 0.01 0.1
f(x) | =2.009037 | —2.000090 | —2.000001 | —2.000001 | —2.000090 | —2.009037

The limit as x — 0 is approximately —2.000. (The exact answer is —2.)

43. The greatest integer function, also known as the floor function, is defined by | x] = n, where n is the unique integer
such that n < x < n + 1. Sketch the graph of y = | x]. Calculate for ¢ an integer:

(a) lim_ Lx]

(b) limxJ

SOLUTION The graph of y = [ x] is shown below.

© liml

3 —o0
2 —o
1 *——O

-3 -2 -1 1 2 3 4

-3

(a) From the graph of the greatest integer function, we see that lim [x] = ¢ — 1, where c is an integer.

x—c

(b) Again from the graph of the greatest integer function, we see that lim+ x] = ¢, where c is an integer.
X—C

(¢) Examining the graph in part (a), we see that 1ir2n6|_xj =2.

44. Determine the one-sided limits at ¢ = 1, 2, and 4 of the function g shown in Figure 12, and state whether the limit

exists at these points.

a8

SOLUTION Based on Figure 12,

Because these two one-sided limits are not equal, linll g(x) does not exist. Next,
X—

111‘{1 g(x) =

lim g(x) =
x—27

1 2 3 4 5
FIGURE 12
3, while

2,

while

_lilﬂ gx)=1.

lim g(x) = 1.
x—2%

Because these two one-sided limits are not equal, lin; g(x) does not exist. Finally,
X

LYCE

2,

while

LYCE

2.

Because these two one-sided limits are equal, lin} g(x) does exist and lin} g(x)=2.
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In Exercises 45-52, determine the one-sided limits numerically or graphically. If infinite, state whether the one-sided
limits are oo or —oo, and describe the corresponding vertical asymptote. In Exercise 52, f(x) = | x] is the greatest integer
function defined in Exercise 43.

sin x

45. lim —

-0t x|

SOLUTION

X -0.2 -0.02 0.02 0.2
f(x) | —0.993347 | —-0.999933 | 0.999933 | 0.993347

The left-hand limit is liI;I)li f(x) = —1, whereas the right-hand limit is lir({l+ fx)=1.
46. lim [xf!/*

SOLUTION

X -0.2 -0.1 0.15 0.2
f(x) | 3125.0 | 10" | 0.000003 | 0.000320

The left-hand limit is 1ir£1 f(x) = oo, whereas the right-hand limit is lir(l)l f(x) = 0. Because liI(I)l f(x) = oo, theline x =0
x—0~ x—0% x—0~

is a vertical asymptote.

. x-—sin|x
47. lim —3||
x—0* X
SOLUTION

X -0.1 -0.01 0.01 0.1
f(x) | 199.853 | 19999.8 | 0.166666 | 0.166583

1
The left-hand limit is lir(r)l f(x) = oo, whereas the right-hand limit is 1ir(r)1 flx) = 5 Because 1ir(r)1 f(x) = oo, theline x =0
x—0~ x—0+ x—0~
is a vertical asymptote.
+1
48. lim =

x—4* X —
SOLUTION

x | 399 | 3999 | 4.001 | 4.01
F(x) | 499 | —4999 | 5001 | 501

The left-hand limit is lirg f(x) = —co, whereas the right-hand limit is 1114111+ f(x) = co. Because the one-sided limits are
infinite, the line x = 4 is a vertical asymptote.
4x2 +7
49. 1
xigi x3+8
SOLUTION

X -2.1 -2.01 -1.99 -1.9
f(x) | —19.540048 | —192.041525 | 191.291530 | 18.790535

The left-hand limitis lim f(x) = —co, whereas the right-hand limit is lirr21+ f(x) = co. Because the one-sided limits are

x—=2

infinite, the line x = —2 is a vertical asymptote.

2
50. lim

x—-3* x2 -9

SOLUTION

X -3.01 -3.001 -2.999 -2.99
f(x) | 150.750416 | 1500.750042 | —1499.250042 | —149.250417

The left-hand limit is hHSl, f(x) = oo, whereas the right-hand limit is lirr%+ f(x) = —c0. Because the one-sided limits are

infinite, the line x = —3 is a vertical asymptote.
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X +x-2
51. lim ——
xlr}l X2 +x-2
SOLUTION
X 0.99 0.999 1.001 1.01
f(x) | 1.973577 | 1.997336 | 2.002669 | 2.026912

The left-hand limit is lim f(x) = 2, whereas the right-hand limit is lim f(x) = 2.
x—=1- x—=1t

52. lim cos (%(x - LxJ))

SOLUTION

X

1.99

1.999

2.001

2.01

fx)

0.015707

0.001571

0.999999

0.999877

The left-hand limit is hI%lﬁ f(x) = 0, whereas the right-hand limit is ligl+ fx)=1.

53. Determine the one-sided limits at ¢ = 2 and ¢ = 4 of the function f in Figure 13. What are the vertical asymptotes

of f?

SOLUTION

S
5
2 ‘\Y
- i i
FiGURE 13l

» For ¢ =2, we have lir? f(x) = c0 and ligl f(x) = co.
x—>2" x—2F

» For ¢ = 4, we have liI}{ f(x) = —co and liIR f(x) =10.

The vertical asymptotes are the vertical lines x = 2 and x = 4.

54. Determine the infinite one- and two-sided limits in Figure 14.

SOLUTION
+ lim f(x) = —eo
» lim f(x) = 0o

+ lim f(x) = —co

[

[OCY

=—————————————-

FIGURE 14

The vertical asymptotes are the vertical lines x = 1, x = 3, and x = 5.




SECTION 2.2 | Investigating Limits 21

In Exercises 55-58, sketch the graph of a function with the given limits.
55. lirrllf(x) =2, lir? f(x)=0, lirgl fx)=4
x— x—3" x—3+

SOLUTION

56. lim f(x) = 0o, lim f() =0, lim f(x) = —o0

SOLUTION

§7. lim f(x) = f2) =3, lim f(0) = -1, limf(x) =2 # f(4)

SOLUTION

58. litR f(x) = oo, lir{l_ f(x) =3, lirr} f(x) = —c0

SOLUTION

59. Determine the one-sided limits of the function f in Figure 15, at the points ¢ = 1, 3,5, 6.

y

L
\\~—

I /

-3

FIGURE 15 Graph of f.
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SOLUTION Based on the graph of the function f in Figure 15,
lim f =3, lim f(x) =3,
lim f(x) = —o0, lim f(x) =4,
x—3~ x—3*
lirgli f(x) =2, lir§1+ f(x) =-3,
lirgl_ f(x) = o0, and lirg f(x) = oo.

60. Does either of the two oscillating functions in Figure 16 appear to approach a limit as x — 0?

y

A\lw\/\v

(A) (B)
FIGURE 16

SOLUTION (A) does not appear to approach a limit as x — 0; the values of the function oscillate wildly as x — 0. The
values of the function graphed in (B) seem to settle to 0 as x — 0, so the limit seems to exist.

In Exercises 61-60, plot the function and use the graph to estimate the value of the limit.

sin 56
61. li
ag% sin 26

SOLUTION

The limit as 8 — 0 is %

12 -1
2. li
6 xl—rB 4r -1
SOLUTION

The limit as & — 0 is approximately 1.7925. (The exact value is 22,
2% —
63. lim =%
=0 X
SOLUTION

y

0.6940

0.6935 1 /
y y 0.6930
0.6925 -

0.6920

The limit as x — 0 is approximately 0.693. (The exact answer is In2.)
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2
64, Tim 40
6-0 cos @ — 1

SOLUTION

-30.0

_ sin’46

cos -1

The limit as 8 — 0 is —32.

65. lim cos 70 — cos 56
6—0 62

SOLUTION

The limit as § — 01is —12.

.2 _ .

66. lim sin” 260 — 6sin 46
6—-0 94

SOLUTION

The limit as 6§ — 0 is approximately 5.333. (The exact value is %.

67. Let n be a positive integer. For which » are the two infinite one-sided limits li%l+ 1/x" equal?

SOLUTION If x > 0, then x" > O for any positive integer n. Moreover, as x — 0%, x* — 0%, so

for any positive integer n. On the other hand, if x < 0, then x" < 0 when 7 is an odd positive integer and x" > 0 when n
is an even positive integer. Accordingly,

1 { —oo, nis an odd positive integer

lim — = . .
X0~ X" 00, n is an even positive integer.

Thus, the two infinite one-sided limits lim 1/x" are equal when 7 is an even positive integer.

x—0*

68. Let L(n) = linll 1 - 1—) for n a positive integer. Investigate L(n) numerically for several values of n, and
x— —x" - X

then guess the value of L(n) in general.

SOLUTION

e« Forn=1,

1 1
L(l):lim(—— )zlimOzO

—1 l—x l—x x—1
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» Forn = 3, we have

X 0.9 0.99 0.999 1.001 1.01 1.1

3 1

-5 1-x 1.070111 | 1.006700 | 1.000667 | 0.999334 | 0.993367 | 0.936556

The limit as x — 11is 1.
« Forn = 6, we have

X 0.9 0.99 0.999 1.001 1.01 1.1

6 1

- 1- 2.805218 | 2.529312 | 2.502918 | 2.497084 | 2.470980 | 2.223557
- X -Xx

The limit as x — 1is 2.5.

-1
« We surmise that, in general, lin} L(n) = nT

69. In some cases, numerical investigations can be misleading. Plot f(x) = cos 7.
(a) Does lin(l) f(x) exist?
(b) Show, by evaluating f(x) at x = J_r%, J—"Alw ié, ..., that you might be able to trick your friends into believing that the

limit exists and is equal to L = 1.
(c) Which sequence of evaluations might trick them into believing that the limitis L = —1?

SOLUTION A graph of f is shown below:
y
10
0I5

-1.0 /0.5 0.5 1.0
HOIS

X

L100

(a) Based on the graph of f, it appears that the function values oscillate more and more rapidly between +1 and —1 as

x — 0. Accordingly, it appears that lin(l) f(x) does not exist.
x—
(b) Evaluating f(x) at x = i%, ii, i%, ..., we find

f(i%) =cos(x2n1) =1
+l = cos(+4m) =1
f £ = cos(+4m) =

f(ié) = cos(x6m) =1

and so on.
(¢) To trick your friends into believing that L = —1, evaluate f(x) at x = 1,4, +1,.. ..

Further Insights and Challenges

70. Light waves of frequency A passing through a slit of width a produce a Fraunhofer diffraction pattern of light and
dark fringes (Figure 17). The intensity as a function of the angle 6 is

sin(R sin 6) .
Rsin6

1(0) = 1,,,(

where R = ma/A and 1, is a constant. Show that the intensity function is not defined at & = 0. Then choose any two values
for R and check numerically that /(6) approaches I,, as 8 — 0.

—»al

Incident
light waves

Slit Viewing Intensity
screen pattern

FIGURE 17 Fraunhofer diffraction pattern.
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SOLUTION If you plug in 6 = 0, you get a division by zero in the expression
sin (R sin 6)
Rsin6

thus, 7(0) is undefined. If R = 2, a table of values as 8 — 0 follows:

6 -0.01 —0.005 0.005 0.01

1(0) | 0.998667 1, | 0.9999667 1,, | 0.9999667 1,, | 0.9998667 I,
The limitas § —» Qis 1 -1, = I,.
If R = 3, the table becomes
6 -0.01 —-0.005 0.005 0.01
1(0) | 0.999700 1, | 0.9999251, | 0.9999251, | 0.999700 I,

Again, the limit as 6 — O 1is 17, = I,,.
sin n@

71. Investigate }Qin(} numerically for several positive integer values of n. Then guess the value in general.

SOLUTION

e Forn = 3, we have

6 -0.1 -0.01 —-0.001 0.001 0.01 0.1
sin nf
5 2.955202 | 2.999550 | 2.999996 | 2.999996 | 2.999550 | 2.955202
The limit as 8 — 0 is 3.
e Forn =5, we have
0 -0.1 -0.01 —-0.001 0.001 0.01 0.1
sin nf
2 4.794255 | 4.997917 | 4.999979 | 4.999979 | 4.997917 | 4.794255
The limitas 8 — 0 is 5. )
» We surmise that, in general, (1911% smgn@ =n

X

is less than 2 with b = 7 and is greater than 2 with b = 8. Experiment with values

72. Show numerically that liII(l)
x> X

of b to find an approximate value of » for which the limit is 2.

SOLUTION Based on the first of the tables below,

while from the second of the tables below, we see that

lim =1 < 1946 <2
x> X
lim 2207952
R 7ol R 71
0.01 1.964966 || —0.01 1.927100
0.001 1.947805 || —0.001 1.944018
0.0001 | 1.946099 || —0.0001 | 1.945721
0.00001 | 1.945929 || —0.00001 | 1.945891
X 85 -1 X 85 -1
0.01 2.101213 || -0.01 2.057970
0.001 2.081605 || —0.001 2.077281
0.0001 | 2.079658 || —0.0001 | 2.079225
0.00001 | 2.079463 || —0.00001 | 2.079420
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By trial and error, we find that

im 2=l 2o
x—0 X
for b ~ 7.39 (see the table below).
x 7.39;-1 x 7.39:-1
0.01 2.020264 || -0.01 1.980258

0.001 2.002129 || —0.001 1.998129

0.0001 2.000328 || -0.0001 1.999928

0.00001 | 2.000148 || —0.00001 | 2.000108

1

73. Investigate linll for (m,n) equal to (2, 1), (1,2), (2,3), and (3, 2). Then guess the value of the limit in general

xm —1
and check your guess for two additional pairs.
SOLUTION
X 0.99 0.9999 1.0001 1.01
-1
;Cz — 0.502513 | 0.500025 | 0.499975 | 0.497512
The limit as x — 1 is 1.
X 0.99 | 0.9999 | 1.0001 | 1.01
-1
o 1.99 | 1.9999 | 2.0001 | 2.01
The limit as x — 1 is 2.
X 0.99 0.9999 1.0001 1.01
2
-1
; 3 0.670011 | 0.666700 | 0.666633 | 0.663344
The limitas x — 11is %
X 0.99 0.9999 1.0001 1.01
X =1
21 1.492513 | 1.499925 | 1.500075 | 1.507512

The limit as x — 1 is %

X' =1
« For general m and n, we have lim =2
—lxm—1 m
X 0.99 0.9999 1.0001 1.01
-1
;3—_1 0.336689 | 0.333367 | 0.333300 | 0.330022
The limit as x — 1 is 1.
X 0.99 0.9999 | 1.0001 1.01
x =1
1 29701 | 2.9997 | 3.0003 | 3.0301
x—

The limit as x — 1 is 3.
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X 0.99 0.9999 1.0001 1.01

-1

x' =1

0.437200 | 0.428657 | 0.428486 | 0.420058

The limit as x — 1 is ; ~ (0.428571.

a2
. . . . e . sm(si” x .
74. Find by numerical experimentation the positive integers k such that lim ¥ exists.
x

x—
SOLUTION

sin(sin? x) B

e Fork =1, we have lir%f(x) = lm(} 0.

X —-0.01 | -0.0001 | 0.0001 | 0.01
f(x) | =0.01 | -0.0001 | 0.0001 | 0.01

sin(sin® x) _
—=

e For k = 2, we have limo flx) = 1irr01 1.

X -0.01 -0.0001 0.0001 0.01
f(x) | 0.999967 | 1.000000 | 1.000000 | 0.999967

« For k = 3, the limit does not exist.

x | =0.01 | =0.0001 | 0.0001 | 0.01
fx) | -10> | -10* 10* 10

. .2 o ain2
Indeed, as x — 07, f(x) — %;’1)6) — —oo, whereas as x — 0F, f(x) = SlIl(Sl;l X)
X X

sin(sin? x)
—_— =0

x

e For k = 4, we have lim0 fx) = lm&

x | =0.01 | =0.0001 | 0.0001 | 0.01
fx) | 10* 108 108 10*

o For k = 5, the limit does not exist.

X -0.01 | -0.0001 | 0.0001 | 0.01
fx) | -10° -10'2 1012 108

sin(sin? x) sin(sin’ x)

Indeed, as x — 07, f(x) = S — —o0, whereas as x — 0%, f(x) = s
x X

Gnl(cin?
» For k = 6, we have lin(}f(x) = lina M =00

X -0.01 | -0.0001 | 0.0001 | 0.01
f(x 108 10'¢ 10'¢ 108

« SUMMARY

— For k = 1, the limit is 0.

For k = 2, the limitis 1.

For odd k > 2, the limit does not exist.
— For even k > 2, the limit is co.

x

2¥ -8
75. & Plot the graph of f(x) = 3

x—
(a) Zoom in on the graph to estimate L = lin% f(x).
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(b) Explain why
£(2.99999) < L < £(3.00001)
Use this to determine L to three decimal places.

SOLUTION
(a) y

5.565

5555 2 g

5.545

5.535

5.525

x=3

(b) It is clear that the graph of f rises as we move to the right. Mathematically, we may express this observation as:
whenever u < v, f(u) < f(v). Because

299999 < 3 = lin%x < 3.00001

it follows that
£(2.99999) < L = lin}lf(x) < £(3.00001)

With £(2.99999) ~ 5.54516 and £(3.00001) =~ 5.545195, the above inequality becomes 5.54516 < L < 5.545195; hence,
to three decimal places, L = 5.545.

1/x _ n-1/x

76. [GU] The function f(x) = == is defined for x # 0.

21 /x + 271 /x
(a) Investigate 1i1})1+ f(x) and }irg{ f(x) numerically.

(b) Plot the graph of f and describe its behavior near x = 0.
SOLUTION
(a)

X -0.3 -0.2 -0.1 0.1 0.2 0.3
f(x) | —=0.980506 | —0.998049 | —0.999998 | 0.999998 | 0.998049 | 0.980506

It appears that li%l+ f(x) =1, while li1(1)1 f(x)=-1.
(b) Asx — 07, f(x) > —1, whereas as x — 0%, f(x) — 1.

2.3 Basic Limit Laws

Preliminary Questions
1. State the Sum Law and Quotient Law.
SOLUTION Suppose lim,_,. f(x) and lim,_,. g(x) both exist. The Sum Law states that

lim(f(x) + g(x)) = lim f(x) + lim g(x)
Provided lim,_,. g(x) # 0, the Quotient Law states that

x—c

& B lim f(x)

im = =
x—c¢ g(x) }gl}g(x)
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2. Which of the following is a verbal version of the Product Law (assuming the limits exist)?
(a) The product of two functions has a limit.
(b) The limit of the product is the product of the limits.
(¢) The product of a limit is a product of functions.
(d) A limit produces a product of functions.
SOLUTION The verbal version of the Product Law is (b): The limit of the product is the product of the limits.

3. Which statement is correct? The Quotient Law does not hold if
(a) The limit of the denominator is zero
(b) The limit of the numerator is zero

SOLUTION Statement (a) is correct.

29

Exercises
In Exercises 1-26, evaluate the limit using the Basic Limit Laws and the limits l_im x4 = P11 and lin}k =k
1. limx
x—9
SOLUTION lin(}x =9
2. lim 14
x—-3
SOLUTION lim3 14 =14
3. lim Xt

01

SOLUTION lim x* = (—) = —
4. lim 7?3

=27
SOLUTION lirg 2B =273 =81

z—27

5. lim7™!

—2

SOLUTION We apply the definition of !, and then the Quotient Law:

lim 1
. -1 N 1 -2 1
lims =lim - = — ==
2 =2t 11n211 2
1=

6. lim x2

x—5

SOLUTION We apply the definition of x™2 = Xlz, and then the Quotient Law and the Law for Powers:

limx™ = il_rgl 1.1
s nn%xz 52725

7. xli%?z(Sx +4)
SOLUTION We apply the Laws for Sums and Constant multiples:
lim 3x+4) = lim 3x+ lim 4
0.2 =02 x—0.2

=3 lim x + 11%124 =3(02)+4=46

x—0.2
8. lim(3x’ +2x%)
-t
SOLUTION We apply the Laws for Sums, Constant multiples, and Powers:

lin]1(3x3 +2x%) = lim 35 + lim 2x%°

x—3 x—3 x—3

=3 lim x> + 2 lim »*
x—»% x—>%

1y 1y 1 2 1
=3(2) +2(z) =2 42=2
(3)+(3) 97973
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9. liml(3x4 -2x° +4x)
SOLUTION We apply the Laws for Sums, Constant multiples, and Powers:
lim 3x* — 22 +4x) = lim 3x* — lim 2x° + lim 4x

x—-1 x—-1 x—-1 x—-1

=3 lim x* -2 lim x> + 4 lim x

x—-1 x—-1 x—-1

=3(-1)-2-1)—4=3+2-4=1

10. lim3x*" — 16x7")
SOLUTION We apply the Laws for Sums, Constant multiples, and Powers and roots:
lim3x*? = 16x7") = lim 3. + lim 162"
=31limx*? + 16limx™!

x—8 x—8

=38P +1608)'=12+2=14

11 lim(x + 1)(32* - 9)
SOLUTION We apply the Laws for Products, Sums, Constant multiples, and Powers:
lim (x + 1) (3 - 9) = (limx +lim 1) (3 lim x — lim 9)
x—>2 x—2 x—2 x—>2 x—2
=2+1H(32?-9)=3-3=9

12. lim (4x + D)(6x — 1)
x—3

SOLUTION We apply the Laws for Products, Sums, and Constant multiples:

x—1/2 x—1/2 x—1/2

IR R R

lim (4x + 1)(6x — 1)=(4 lim x + lim 1)(6 lim x— lim 1)
x—1/2 x—1/2

1
13. lim —
tlgllt+4

SOLUTION We apply the Laws for Quotients and Sums:

lim 1 1

1
lim —— = — .
87+ 4 limr+4 4+4 8

t—4

14. lim i]

=0 7 —

SOLUTION We apply the Laws for Quotients and Sums:

lim 3
im—— =0~ 3 _ 3
=0 z—1 lin(}z—l 0-1

15. lim > =14
-4 t+1

SOLUTION We apply the Laws for Quotients, Sums, and Constant multiples:

3—14 Shmi-limld 5y

—4 1+ 1 lim¢+1liml =~ 4+1 ~ 5
t—4 t—4
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16. lim ——
1m 2

59 7 —
SOLUTION We apply the Laws for Quotients, Roots, and Sums:
p_ lmve v’ 3
lim = = ==

z—>9z—2 111112—2 9- 7

79

17. lim(16y + DY +1)
=7

SOLUTION We apply the Laws for Products, Sums, Constant multiples, and Roots:

11m(16y+ DY +1) = [16]1my+ lim 1] (2 11my + lim 1]

4 \—>4 y—> y—> v—>4
1 1\

SOLUTION We apply the Product Law and Sum Law:

18. lin% x(x+ D(x+2)

lim x(x+ 1)(x +2) = (151% x) (%(x + 1)) (iill%(x + 2))

= 2(11mx +1im 1)(hmx + hmz)

—2 x—>2 x—2 —2

=22+ D2 +2) =

19. lim

1
NG|

SOLUTION We apply the Laws for Quotients, Roots, Sums, and Constant multiples:

1 lim 1 1 1

1
lim = = = —
=4 \fey + 1 \/6 limy + lim 1 Ve +1 V25 5

. Vw+2+1
20. lim —
w27 AVw -3 -1

SOLUTION We apply the Laws for Quotients, Sums, and Roots:

lim Vw+2+1 V»{}—Igw+}»}gl72+‘{}—rgl_V7+2+l_

woT Yw—-3-1 flimw — lim 3 — lim 1 7-3-1
w—17 w—7 w—17

21. lim ———
x—-1 X3 +4x

SOLUTION We apply the Laws for Quotients, Sums, Powers, and Constant multiples:

N Jm, x S
P R R T +411mx (—1)3+4(—1) T -1-4"5
x—-1 x—-1

, £+1
2 I e e

SOLUTION We apply the Laws for Quotients, Products, Sums, and Powers:

lim 7 + lim 1
t2 +1 _ t——1 t——1

i g vern s (

lim £ + lim 2) (hmt + lim 1)
-1 -1 1 —-1

_ (—1)2+1 _i_
TP H(-DF D 1)

31
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3vi- 1t

: 5
23. [lir% 20

SOLUTION We apply the Laws for Quotients, Sums, Constant multiples, and Powers and Roots:

R T -

. 1.
3vi-te AlmVi-slme 55105 102

2 _ 2 T 98 7
(1im - 1im 20) @>-200° 2 3

1—25 1—25
24. lim(18y* — 4)*
y—-1
SOLUTION We apply the Laws for Powers, Sums, and Constant multiples:

4

2
lin11(18y2 —4)* = (18(%) —4] =(=2*=16

25. 1in31(4t2 +8t—5)"?

=5

SOLUTION We apply the Laws for Powers, Sums, and Constant multiples:

3% 3 V"
lim(47* + 8t - 5)** = (4(_) +8.2 - 5] — 1632 =64
-3 2 2
L+ 22
26. 1,1371 (t+ 1)23
SOLUTION We apply the Laws for Quotients, Roots, and Sums:
G+ HEEDT g g

PTG D g 1R 8R4
=7

27. Use the Quotient Law to prove that if lim f(x) exists and is nonzero, then
X—C

limL = !
S F T Tim 0

SOLUTION Since lim f(x) is nonzero, we can apply the Quotient Law:

xX—c

| (m)
yﬂﬂﬂ:@gmﬂ:mﬂ”

28. Assuming that lirré f(x) = 4, compute:

. 5 . 1 .
(@) lim f() (b) lim (© limx/f(0)
SOLUTION

(a) Apply the Product Law:
lim £0* = (1im £(0) (1im £(0) = A = 16
(b) Since lirrg f(x) # 0, we may apply the Quotient Law:

1 1 1

I = lim £() 1

(c) Apply the Product Law and the Law for Roots:

70 = (i) i o) = o= 12
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In Exercises 29-32, evaluate the limit assuming that lim4 f(x)=3and }im4 gx) =1
29. lim4 f(x)g(x)
SOLUTION lim f(x)g(x) = lim f(x) lim g(x)=3-1=3
x——4 x——4 x——4
30. lim4(2f(x) + 3g(x))

SOLUTION
1im4(2f(x) +3g(x) =2 lim4 f)+3 lim4 g(x)
=2-3+3-1=6+3=9
31. lim 8
x——4 X2
SOLUTION  Since lim4 x? # 0, we may apply the Quotient Law, followed by the Law for Powers:
P N N |
a4 x2 lim x? T (4216

C f)+1

32. lim ——
Sl 3g(n -9

SOLUTION

f+1  Amf+limIoa g,

430 -9 3 fim g() — lim 9 “3.1-9 6 3

33. & Can the Quotient Law be applied to evaluate liné w? Explain.
x— X

. . . . _sinx | . o .
SOLUTION The limit Quotient Law cannot be applied to evaluate lim —— since lim x = 0. This violates a condition

-0 X x>

of the Quotient Law. Accordingly, the rule cannot be employed.

34. Show that the Product Law cannot be used to evaluate the limit lirr/l2 (x—%)tanx.
X0,

SOLUTION The limit Product Law cannot be applied to evaluate 1in/12 (x —m/2)tan x since lim tan x does not exist

X xon/
(for example, as x — m/2—, tan x — o). This violates a hypothesis of the Product Law. Accordingly, the rule cannot be

employed.

35. Assume that if lim f(x) = L, then limsin f(x) = sin L. In each case evaluate the limit or indicate that the limit does
X—a X—a

not exist.
(a) }gr& sin (x_l )

(b) lim s

xor/2 7

. 3x
(©) lxlf} Sin(1—o)

(d) lin} X2 sin(x?)

SOLUTION
(a) Because liné = = 5% =0, it follows that
x—
limsin( al ) =sin0 =0
x—0 x—1
(b) By the Quotient Law,
.o
. sin =
. sin 2
lim _x = 71'2 = —
o2 X T n
2

(c) Because ljn}(l —x)=1-1 =0, it follows that
1imo sin(1 —x) =sin0 =0

Now, lin} 3x=3(1)=3#0,s0

lim ———— does not exist
x—1 sin(1 — x)
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(d) Because lin} ax? = n(1)?> = &, it follows that
lirrll sin(mx?) = sinw = 0
Then, by the Product Law,
lim x? sin(x?) = lim x? - lim sin(rx®) = 12-0=0
x—1 x—1 x—1

36. Assume that if lim f(x) = L, then lim cos f(x) = cos L. In each case evaluate the limit or indicate that the limit does
X—a X—a

(c) 1irr11 x3 cos(1 — x)

(d) lim =2

X0 l—cos(xz)

not exist.

(a) limcos (%5
(b) lim e

x—m/2

SOLUTION

2 = 20 = 0, it follows that

(a) Because 1{1_1‘% = 520

2x
li = =1
Xlincos(l — 2x) cos0
(b) By the Quotient Law,
Vi
cos —
. Ccosx 2
XE{TI}Z X N z - 0
2

(¢) Because lin}(l —x)=1-1 =0, it follows that
limocos(l —x)=cos0=1
Then, by the Product Law,
lim x* cos(1 — x) = lim x* - limcos(1 —x) = 1° - 1 =1
x—1 x tol x—1
(d) Because liII(l) x2 = 0% = 0, it follows that
hmo cos(x’) =cos0=1 and limo(l —cos(x?)=1-1=0

Now, lirr&(l -x)=1-0>=1#0,s0
X!
—x2
}Cgmo ros(xz) does not exist

37. Give an example where l_imo( f(x) + g(x)) exists but neither 1irr8 f(x) nor lirr(l) g(x) exists.

SOLUTION Let f(x) = 1/x and g(x) = —1/x. Then ]iIT(‘l) (f(x) + gx)) = lijO = 0. However, linéf(x) = lir% 1/x and
liné glx) = ljr% —1/x do not exist.

38. Give an example where lin(l)( f(x) - g(x)) exists but neither 1111(1) f(x) nor ljna g(x) exists.

SOLUTION Let

-1, x<0 _J L x<0
f(x)_{l, x>0 . g(x)—{_l’ x>0

Then liné( f(x)-gx) = lin(}(—l) = —1; however, neither lim0 f(x) nor lirré g(x) exists.

39. Give an example where llmo % exists but neither limo f(x) nor liné g(x) exists.
SOLUTION Let
-1, x<0O )1, x<0
ro={ 1" T50 e wo={ 350

Then lim M = lim(—1) = —1; however, neither lim f(x) nor lim g(x) exists.
x—0 g(_x) x—0 x—0 x—0
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Further Insights and Challenges
40. Show that if both lim f(x) g(x) and lim g(x) exist and

f(x) g(x)
gx)

SOLUTION Given that lim f(x)g(x) = L and lim g(x) = M # 0 both exist, observe that

lim g(x) # 0, then lim f(x) exists. Hint: Write f(x) =

f (x)g(x) lim f(x)g(0)
e T lmeto M

hm flx) =

also exists.
41. Suppose that linzl tg(t) = 12. Show that lirgl g(1) exists and equals 4.
1—3 1—3

SOLUTION We are given that lin} tg(¢) = 12. Since lin31t =3 # 0, we may apply the Quotient Law:
=3 t—

tg(t) hmtg(t) 12

-3

1 = —_—= _—=
1m g(t) hm p im7 3 4
-3
42. Prove that if lim % = 5, then lim () = 15.
t— 1—.
SOLUTION Given that hm Q =5, observe that hmt = 3. Now use the Product Law:

1—3 t—3

gggh(t)zgijgt@ :(1 )(h ())_3-5=15

43. & Assuming that 11m 1% (‘) = 1, which of the following statements is necessarily true? Why?

@ f0) = (b) lim f(x) = 0
SOLUTION
(a) Given that 11m f( %) = 1, it is not necessarily true that f(0) = 0. A counterexample is provided by f(x) = {;’
(b) Given that llrré & = 1, it is necessarily true that hm f(x) 0. For note that lirré x = 0, whence
X X

lim £(x) = lm(}x& (lil%x)(% f(x)) 0-1=0

44. Prove that if lim f(x) = L # 0 and hm g(x) = 0, then the limit hm f EX; does not exist.
X—C

SOLUTION  Suppose that lim Jg% exists. Then
= hmf(x) = hmg(x) @ _ = 1 mg(x) hm@ =0- lim@ -0
8(x) —c g(x) x—c g(x)

. . . . X .
But, we were given that L # 0, so we have arrived at a contradiction. Thus, lim PAC) does not exist.

xe g(x)
45. (5=]  suppose that lim g(h) = L
(a) Explain why }g% g(ah) = L for any constant a # 0.
(b) If we assume instead that }ll_r)rll g(h) = L, is it still necessarily true that },1_1)111 g(ah) = L?
(¢) Tllustrate (a) and (b) with the function f(x) = x°.

SOLUTION

(a) As h — 0, ah — 0 as well; hence, if we make the change of variable w = ah, then
lim g(ah) = lim g(w) =

(b) No. As h — 1, ah — a, so we should not expect }'m]l g(ah) = }mll g(h).
— h—

x#0
=0
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(c) Let g(x) = x*. Then
limg(h) =0 and  lim g(ah) = lim(ah)* = 0
On the other hand,
}}n} g(h) =1 while Lin} glah) = }}n}(ah)z =a*

which is equal to the previous limit if and only if a = +1.

a’ —

1
46. Assume that L(a) = lin& exists for all @ > 0. Assume also that lima* = 1.
X! X X!

(a) Prove that L(ab) = L(a) + L(b) for a,b > 0. Hint: (ab)* — 1 = a*'b* —a* +a* — 1 = a*(b* — 1) + (@* — 1). [This
shows that L(a) “behaves” like a logarithm, in the sense that log(ab) = log(a) + log(b). In fact, it can be shown that L(a)
is equal to what is known as the natural logarithm function.]

(b) Verify numerically that L(12) = L(3) + L(4).

SOLUTION
(a) Leta,b > 0. Then

L) = tim @) —1_. a® -D+@ -1
x— X

x—0 X
X _ |
=lima* - lim + lim
x—0 x—0 X x—0 X

=1-L(b) + L(a) = L(a) + L(b)

(b) From the table below, we estimate that, to three decimal places, L(3) = 1.099, L(4) = 1.386, and L(12) = 2.485.
Thus,

L(12) =2.485 =1.099 + 1.386 = L(3) + L(4)

X -0.01 -0.001 —-0.0001 0.0001 0.001 0.01

B*-1/x 1.092600 | 1.098009 | 1.098552 | 1.098673 | 1.099216 | 1.104669
@ -1)/x 1.376730 | 1.385334 | 1.386198 | 1.386390 | 1.387256 | 1.395948
(12¥ = 1)/x | 2.454287 | 2.481822 | 2.484600 | 2.485215 | 2.488000 | 2.516038

2.4 Limits and Continuity

Preliminary Questions

1. Which property of f(x) = x> allows us to conclude that
lln% ¥ =87

SOLUTION We can conclude that }gr% x> = 8 because the function x> is continuous at x = 2.
2. What can be said about f(3) if f is continuous and
lim f(x) = 42
SOLUTION If fis continuous and lligl f(x) = %, then f(3) = %
3. Suppose that f(x) < 0if x is positive and f(x) > 1 if x is negative. Can f be continuous at x = 0?

SOLUTION Since f(x) < 0 when x is positive and f(x) > 1 when x is negative, it follows that

lir(r)l+ f(x) <0 and lir(r)l fx) =1

Thus, ling f(x) does not exist, so f cannot be continuous at x = 0.
ped

4. Is it possible to determine f(7) if f(x) = 3 for all x < 7 and f is right-continuous at x = 7? What if f is left-
continuous?

SOLUTION No. To determine f(7), we need to combine either knowledge of the values of f(x) for x < 7 with left-
continuity or knowledge of the values of f(x) for x > 7 with right-continuity.

5. Are the following true or false? If false, then draw or give a counterexample, and state a correct version.
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(a) f is continuous at x = a if the left- and right-hand limits of f(x) as x — a exist and are equal.

(b) fis continuous at x = a if the left- and right-hand limits of f(x) as x — a exist and equal f(a).

(c) If the left- and right-hand limits of f(x) as x — a exist, then f has a removable discontinuity at x = a.
(d) If f and g are continuous at x = a, then f + g is continuous at x = a.

(e) If f and g are continuous at x = a, then f/g is continuous at x = a.

SOLUTION

(a) False. The correct statement is “f(x) is continuous at x = q if the left- and right-hand limits of f(x) as x — a exist
and equal f(a).”

(b) True.

(c) False. The correct statement is “If the left- and right-hand limits of f(x) as x — a are equal but not equal to f(a),
then f'has a removable discontinuity at x = a.”

(d) True.

(e) False. The correct statement is “If f(x) and g(x) are continuous at x = a and g(a) # 0, then f(x)/g(x) is continuous
atx =a”

Exercises
1. Referring to Figure 15, state whether f is left- or right-continuous (or neither) at each point of discontinuity. Does f
have any removable discontinuities?

FAIRN
20—/0

X

1 2 3 4 5 6
FIGURE 15 Graph of y = f(x).
SOLUTION

» The function f is discontinuous at x = 1; it is left-continuous there.
« The function f is discontinuous at x = 3; it is neither left-continuous nor right-continuous there.

» The function f is discontinuous at x = 5; it is left-continuous there.

However, these discontinuities are not removable.

Exercises 2—4 refer to the function g whose graph appears in Figure 16.

| /r\

31
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1 2 3 4 5 6

FIGURE 16 Graph of y = g(x).

X

2. State whether g is left- or right-continuous (or neither) at each of its points of discontinuity.
SOLUTION

« The function g is discontinuous at x = 1; it is left-continuous there.
» The function g is discontinuous at x = 3; it is neither left-continuous nor right-continuous there.

« The function g is discontinuous at x = 5; it is right-continuous there.

3. At which point ¢ does g have a removable discontinuity? How should g(c) be redefined to make g continuous at
x=c?
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SOLUTION Because ling g(x) exists, the function g has a removable discontinuity at x = 3. Assigning g(3) = 4 makes
X—

g continuous at x = 3.

4. Find the point ¢, at which g has a jump discontinuity but is left-continuous. How should g(c;) be redefined to make
g right-continuous at x = ¢;?

SOLUTION The function f has a jump discontinuity at x = 1, but is left-continuous there. Assigning f(1) = 3 makes f
right-continuous at x = 1 (but no longer left-continuous).

5. In Figure 17, determine the one-sided limits at the points of discontinuity. Which discontinuity is removable and
how should f be redefined to make it continuous at this point?

y

6 o—

24 .

-2 2 4
FIGURE 17

SOLUTION The function f is discontinuous at x = 0, at which lir(r)l f(x) = co and lir(r)l f(x) = 2. The function f is also
x—=0" x—0*
discontinuous at x = 2, at which 111;1 f(x) =6 and lirél f(x) = 6. The discontinuity at x = 2 is removable. Assigning
x—27 x—2+
f(2) = 6 makes f continuous at x = 2.

6. Suppose that f(x) = 2 for x < 3 and f(x) = —4 for x > 3.
(a) Whatis f(3) if f is left-continuous at x = 3?
(b) Whatis f(3) if f is right-continuous at x = 3?

SOLUTION f(x) =2 for x < 3 and f(x) = —4 for x > 3.
« If f is left-continuous at x = 3, then f(3) = lirg{ f(x) =2.

« If f is right-continuous at x = 3, then f(3) = lil%l+ f(x) = -4

In Exercises 7—16, use Theorems 1—4 to show that the function is continuous.

7. f(x) = x+sinx

SOLUTION The polynomial function x is continuous by Theorem 2, and the trigonometric function sin x is continuous
by Theorem 3. Therefore, x + sin x is continuous by Theorem 1(i).

8. f(x) = xsinx

SOLUTION The polynomial function x is continuous by Theorem 2, and the trigonometric function sin x is continuous
by Theorem 3. Therefore, x sin x is continuous by Theorem 1(iii).

9. f(x) =3x+4sinx

SOLUTION The polynomial function 3x is continuous by Theorem 2, and the trigonometric function sin x is continuous
by Theorem 3. Moreover, 4 sin x is continuous by Theorem 1(ii). Therefore, 3x + 4 sin x is continuous by Theorem 1(i).

10. f(x) = 3x* + 8x> — 20x

SOLUTION The function f(x) = 3x* + 8x? — 20x is a polynomial function and is therefore continuous by Theorem 2.

11. f(x) =

x2+1

SOLUTION The function f(x) = is a rational function whose denominator, x + 1, is never equal to 0. Therefore,

. . x2+1
f is continuous by Theorem 2.
x? —cos x

12. f(x) =

3 +cosx

SOLUTION The polynomial functions x? and 3 are continuous by Theorem 2 and the trigonometric function cos x is
continuous by Theorem 3, so x> — cos x and 3 + cos x are continuous by Theorem 1(i). Moreover, 3 + cos x is never equal

2 _
to 0. Therefore, f(x) = X T Cosx is continuous by Theorem 1(iv).

3+ cosx
13. f(x) = cos(x?)

SOLUTION The polynomial function x? is continuous by Theorem 2, and the trigonometric function cos x is continuous
by Theorem 3. The function f is the composition of these two continuous functions, so f is continuous by Theorem 4.
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14. f(x) = x'3 cos3x

SOLUTION The function x!/3 is continuous by Theorem 3. Moreover, the polynomial function 3x is continuous by The-
orem 2 and the trigonometric function cos x is continuous by Theorem 3, so the composite function cos 3x is continuous
by Theorem 4. Therefore, x'/3 cos 3x is continuous by Theorem 1(iii).

15. f(x) = tan (115)
1

SOLUTION The function oz is a rational function whose denominator, 1 + x2, is never equal to 0, so this function is

continuous by Theorem 2. Moreover, because ﬁ takes values in the interval (0, 1] and the trigonometric function tan x

1

1—2) is continuous by Theorem 4.
+x

is continuous on (0, 1] by Theorem 3, it follows that the composite function tan(

16. f(x) = tan -Z£

1+2x2

SOLUTION The function 13# is a rational function whose denominator, 1 + 2x2, is never equal to 0, so this function
. 2
X

is continuous by Theorem 2. Moreover, because Tha takes values in the interval [0, 7/2) and the trigonometric function

tan x is continuous on [0, 7/2) by Theorem 3, it follows that the composite function tan

ﬂXz

> 1s continuous by Theorem 4.

In Exercises 17-38, determine the points of discontinuity. State the type of discontinuity (removable, jump, infinite, or
none of these) and whether the function is left- or right-continuous.

1
17. f(x)= -

SOLUTION The function 1/x is discontinuous at x = 0, at which there is an infinite discontinuity. The function is
neither left-continuous nor right-continuous at x = 0.

18. f(x) = |x|
SOLUTION The function f(x) = |x| is continuous everywhere.
-2
19. fo)= 1=
lx— 1]

SOLUTION The function | is discontinuous at x = 1, at which there is an infinite discontinuity. The function is

x — 1]

neither left-continuous nor right-continuous at x = 1.

20. f(x) = Lx]

SOLUTION This function has a jump discontinuity at x = n for every integer n. It is continuous at all other values of x.
For every integer n,

girszxJ =n= f(n
since | x| = n for all x between n and n + 1. This shows that | x] is right-continuous at x = n. On the other hand,
lim[x]=n-1= f(n)
since [ x| = n — 1 for all x between n — 1 and n. Thus | x] is not left-continuous at x = n.

21 f(x) = gJ

SOLUTION The function bJ is discontinuous at even integers, at which there are jump discontinuities. For every

integer n,

lim EJ —n= fCn)

x—2n*

X
so that bJ is right-continuous at x = 2n. On the other hand,

lim EJ —n—1% fCn)

x—2n~

X|. .
so that EJ is not left-continuous at x = 2n.

2. 800 = 5

is discontinuous at t = —1 and ¢ = 1, at which there are infinite

1

SOLUTION The function g(t) = =
0= a1 = e

discontinuities. The function is neither left-continuous nor right-continuous at = +1.
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1
23. h(x) = ——
(%) P
SOLUTION The function h(x) = Py is discontinuous at x = 2, at which there is an infinite discontinuity. The
—|x
function is neither left-continuous nor right-continuous at x = 2.
x—2
24, k(x) =
(%) 2
. x—-2 . . x—2 .
SOLUTION The function k(x) = ﬁ is discontinuous at x = 2. For x < 2, k(x) = 7 = -1, while for x > 2,
- X - X
x-2

k(x) = P i 1; therefore, there is a jump discontinuity at x = 2. The function is neither left-continuous nor right-
X

continuous at x = 2.

x+1
25. f(x) =
f@ 4x -2
. x+1 . . 1 . . e .
SOLUTION The function f(x) = P is discontinuous at x = 3, at which there is an infinite discontinuity. The
x—
function is neither left-continuous nor right-continuous at x = %
1-2z
26. h(z) = ———
?-2-6
. 1-2z -2z . . .
SOLUTION The function A(z) = = is discontinuous at z = —2 and z = 3, at which there are
e 2-z-6 (242 -3) . . . .
infinite discontinuities. The function is neither left-continuous nor right-continuous at z = —2. It is also neither left-

continuous nor right-continuous at z = 3.

27. f(x) =3x*3 - 93

SOLUTION The function f(x) = 3x*/3 — 9x* is defined and continuous for all x.
28. g(t) =373 - 97

SOLUTION The function g(¥) = 3r72/3 — 9 is discontinuous at ¢ = 0, at which there is an infinite discontinuity. The
function is neither left-continuous nor right-continuous at ¢ = 0.

x—2

x#2
29. f(x)=4Ix-2]
-1 x=2
x=2 (x-2) . . . -
SOLUTION For x > 2, f(x) = a2 =1.For x <2, f(x) = 2 = —1. The function has a jump discontinuity at
X — -X
x = 2. Because
lim f(x) = ~1 = f(2)

the function is left-continuous at x = 2.

cos— x#0
x

30. f(x) =

x=0

SOLUTION As x — 0, cos (lx) oscillates more and more rapidly between +1 and —1. As such, neither

. 1 . 1
lim cos (—) nor lim cos (—)
x—0~ X x—0* X
exist. The function f is therefore discontinuous at x = 0. The function is neither left-continuous nor right-continuous at

x=0.

31. f(x) — 2x2-50

x+5
SOLUTION The function f(x) = % is discontinuous at x = —5. Now,
2x% =50 2x=5)(x+5
im 22750y 202D o5y = —20
-5 XxX+5 x—=5 x+5 x—-=5

Because lim5 f(x) exists but f(-5) is not defined, f has a removable discontinuity at x = —5. The function is neither

left-continuous nor right-continuous at x = —5.

32. w(n) = S
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SOLUTION The function w(z) = t’;’_ll is discontinuous at t = 1. At ¢ = 1, there is an infinite discontinuity. On the other

hand, at r = —1, there is a removable discontinuity because liml w(r) exists. In particular,
t—o—

. t+1 . 1 1
lim = lim =lim —=—=
=12 =1 -1+ 1D@E—-1) —>-11-1 2

The function is neither left-continuous nor right-continuous at ¢t = +1.

33. g(r) =tan2t¢

. sin 2¢
SOLUTION The function g(¢) = tan2¢ =
cos 2t

is discontinuous whenever cos 2t = 0; that is, whenever

2n+ 2n+
=— or t= ————

2t
2 4

where 7 is an integer. At every such value of 7 there is an infinite discontinuity. The function is neither left-continuous

nor right-continuous at any of these locations.

34. f(x) = csc(x?)

. | . . .
SOLUTION The function f(x) = csc(x?) = ﬁ is discontinuous whenever sin(x?) = 0; that is, whenever x*> = nr
sin(x

or x = *+/nm, where n is a positive integer. At every such value of x there is an infinite discontinuity. The function is
neither left-continuous nor right-continuous at any of these locations.

35. f(x) = tan(sin x)
SOLUTION The function f(x) = tan(sin x) is continuous everywhere. Reason: sin x is continuous everywhere and tan u

is continuous on (—’2—’, %)—and in particular on —1 < u = sinx < 1. Continuity of tan(sin x) follows by the continuity of
composite functions.

36. f(x) = cos(n|x])

SOLUTION The function cos(r| x]) has a jump discontinuity at x = n for every integer n. For every integer n,
XILI’IIIJr cos(rrlx]) = cos(nm) = f(n)
so that f is right-continuous at x = n. On the other hand,
Xliryl} cos(rrlx]) = cos((n — D)) # f(n)

so that f is not left-continuous at x = n.
37. f(x)=1x+3]+[2x]

SOLUTION The function | x + 3] + [2x] has a jump discontinuity at x = n/2 for every integer n. If n = 2m for some
integer m, then

lim f(x) = lim f(x) =3m+3 = f(m) = f(n/2),

x—(n/2)*

but

lim f(x) = lim f(x) =3m+ 1 # f(m) = f(n/2);

x—(n/2)~
while if n = 2m + 1 for some integer m, then

lim f(x)= Lm fx)=3m+4=f(m+1/2)= f(n/2),

x—(n/2)* x—(m+1/2)*
but

lim f(x)= lim f(x)=3m+3# f(m+1/2)= f(n/2).

x—(n/2)” x—(m+1/2)~
Thus, f is right-continuous but not left-continuous at each discontinuity.
38. f(x) =2[x/2] +4[x/4]

SOLUTION The function 2| x/2] + 4| x/4] has a jump discontinuity at x = 2n for every integer n. If n = 2m for some
integer m, then

lim f(x) = lim f(x)=8m = f(dm) = f(2n),
but

lirzni fx) = lizr‘ni f(x) =8m—6 % f(4m) = f(2n);
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while if n = 2m + 1 for some integer m, then

lim f(x)= lim f(x)=8m+2= f(4m +2) = f(2n),

x—2n* x—(4m+2)*

but

lim f) = lim f(0)=8m# f(4m +2) = f2n).

x—2n~
Thus, f is right-continuous but not left-continuous at each discontinuity.

In Exercises 39-52, determine the domain of the function and prove that it is continuous on its domain using the Laws of
Continuity and the facts quoted in this section.

39. f(x)=2sinx+3cosx

SOLUTION The domain of 2 sin x + 3 cos x is all real numbers. Because the trigonometric functions sin x and cos x are
both continuous by Theorem 3, so are the functions 2 sin x and 3 cos x by Theorem 1(ii) and the function 2 sin x + 3 cos x
by Theorem 1(i).

40. f(x)= Vx*+9

SOLUTION The domain of V2 + 9 is all real numbers, as x> + 9 > 0 for all x. Because /x is continuous by Theorem
3 and the polynomial function x*> + 9 is continuous by Theorem 2, so is the composite function Vx2 + 9 by Theorem 4.

41. f(x) = v/xsinx

SOLUTION The domain of +/xsin x is {x|x > 0}. Because v/x and the trigonometric function sin x are both continuous
by Theorem 3, so is /x sin x by Theorem 1(iii).

xz
42. f(x) = m

SOLUTION This function is defined as long as x > 0 and x + x'/* # 0, so the domain is all {x|]x > 0}. On this domain,

the polynomial functions x and x* are continuous by Theorem 2, and x'/* is continuous by Theorem 3. It follows that
2

x + x'* is continuous by Theorem 1(i). Finally, T is continuous by Theorem 1(iv).
X+ x

43. f(x)=x"-3x'?

SOLUTION The domain of x*> — 3x'/2 is {x]x > 0}. On this domain, the polynomial function x

is continuous by
Theorem 2, and 3x'/? is continuous by Theorem 3. It follows that x> — 3x'/2 is continuous by Theorem 1(i).
4. f(x) = X34 B

SOLUTION The domain of x!/3 + x** is {x|x > 0}. On this domain, both x'/*> and x** are continuous by Theorem 3, so
x'3 + x34 is continuous by Theorem 1(i).

45. f(x)=x43

2

SOLUTION The domain of x™*/3 is {x|x # 0}. Because the function x*?> is continuous by Theorem 3 and not equal to
zero for x # 0, it follows that

is continuous for x # 0 by Theorem 1(iv).
46. f(x) = cos® x

SOLUTION The domain of cos x is all real x, so the domain of cos? x is also all real x. Because cos x is continuous on
its domain by Theorem 3, by repeated application of Theorem 1(iii), it follows that cos® x is continuous as well.

47. f(x) = tan® x

SOLUTION The domain of tan® x is all {x|x # +(2n — 1)/2} where n is a positive integer. Because tan x is continuous on
this domain by Theorem 3 and Theorem 1(iv), it follows from Theorem 1(iii) that tan? x = tan x - tan x is also continuous
on this domain.

48. f(x) = cos(x'? + 1)

SOLUTION The domain of cos(x'/® + 1) is all real numbers. On this domain, x'/* is continuous by Theorem 3, and
the polynomial 1 is continuous by Theorem 2. Therefore, x'/* + 1 is continuous by Theorem 1(i). The function cos x is
continuous by Theorem 3, so the composite function cos(x'/® + 1) is continuous by Theorem 4.

49. f(x) = (x* + 1)¥?

SOLUTION The domain of (x* + 1)3/? is all real numbers as x* + 1 > 0 for all x. Because x> is continuous by Theorem
3 and the polynomial function x* + 1 is continuous by Theorem 2, so is the composite function (x* + 1)*? by Theorem 5.
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50. f(x) = (x* +3)%?

SOLUTION The domain of (x* + 3)%2 is {x|x > —+/3}. On this domain, the polynomial x* + 3 is continuous by The-
orem 2, and is also non-negative. For non-negative inputs, x*/? is continuous by Theorem 3, so the composite function
(x* + 3)°/? is continuous by Theorem 4.

cos(x?)
x2 -1

51. f(x) =

SOLUTION The domain for this function is all {x|x # +1}. Because the trigonometric function cos x and the polynomial
function x> are continuous on this domain by Theorems 3 and 2, respectively, so is the composite function cos(x>) by
Theorem 5. Finally, because the polynomial function x> — 1 is continuous by Theorem 2 and not equal to zero for x # =1,

2
) is continuous by Theorem 1(iv).

. Ccos
the function

tan’(x — 2)
9x2+2

SOLUTION The domain of this function is {x|x # 2 + (2n — 1)m/2}, where n is a positive integer. The polynomial
function x — 2 is continuous on this domain by Theorem 2, so tan®(x — 2) is continuous on this domain by Theorems

1(iv), 3, and 4 and repeated application of Theorem 1(iii). Finally, because the polynomial 9x> + 2 is continuous by
tan (x—2)
9x2+2

52. f(x) =

Theorem 2 and never equal to 0, the function is continuous by Theorem 1(iv).

53. The graph of the following function is shown in Figure 18.

x*+3 forx<l1
f(x)=310-x forl<x<2

2

6x—x forx>2

Show that f is continuous for x # 1,2. Then compute the right- and left-hand limits at x = 1, 2, and determine whether
f is left-continuous, right-continuous, or continuous at these points.

y=10—-x

9 y=6x—x?

N

12 6
FIGURE 18

SOLUTION Let’s start with x # 1, 2.

« The polynomial function x> + 3 is continuous by Theorem 2; therefore, f(x) is continuous for x < 1.

» The polynomial function 10 — x is continuous by Theorem 2; therefore, f(x) is continuous for 1 < x < 2.

2

» The polynomial function 6x — x“ is continuous by Theorem 2; therefore, f(x) is continuous for x > 2.

At x = 1, f(x) has a jump discontinuity because the one-sided limits exist but are not equal:
lim £ = (2 + D=4, lim 9= lim(10-) =9

Furthermore, the right-hand limit equals the function value f(1) = 9, so f(x) is right-continuous at x = 1. At x = 2,
fim £ = lim(10-0 =8, lim ) = lim(6x-) =8

The left- and right-hand limits exist and are equal to f(2), so f(x) is continuous at x = 2.

54. Sawtooth Function Draw the graph of f(x) = x — [x]. At which points is f discontinuous? Is it left- or right-
continuous at those points?

SOLUTION Two views of the sawtooth function f(x) = x — |x] appear below. The first is the actual graph. In the
second, the jumps are “connected” so as to better illustrate its “sawtooth” nature. The function is right-continuous at
integer values of x.
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In Exercises 55-56, [ x] refers to the least integer function. It is defined by [x] = n, where n is the unique integer such
that n — 1 < x < n. In each case, provide the graph of f, indicate the points of discontinuity and type of each (removable,
Jjump, infinite, or none of these), and indicate whether f is left- or right-continuous.

55. f(x) =[x]

SOLUTION The graph of f(x) = [x]is shown in the figure below. From the graph we see that f has a jump discontinuity
at x = n for all integers n. Because

lim f(x) =n= f(n) but 1in1+ fx)=n+1+f(n)

f is left-continuous at each discontinuity.

4 O ®
O @
2 O L ]
2 d
4 2 2 4
O 2 d
O ] 2
O ]
4k

56. f(x) =[x]-Lx]
SOLUTION If n is an integer, then f(n) = [n] — [n] = n —n = 0. If x is not an integer and » is the unique integer such

thatn — 1 < x < n, then f(x) = [x] - |x] =n—(n— 1) = 1. The graph of f is shown in the figure below. From the graph
we see that f has a jump discontinuity at x = » for all integers n. Because

lim f()=1#0=fm) but lim f(x)=1#0= f(n)

f is neither left- nor right-continuous at each discontinuity.

(e O O O 00 O O O O
05F
Q—‘—.—‘—.—‘—.—‘—ll—‘—.—‘—?—‘—.—‘—‘
4 -2 )4

—osL

In Exercises 57—60, sketch the graph of f. At each point of discontinuity, state whether f is left- or right-continuous.

2 forx <1

—x forx>1

57. f(x) = {;

SOLUTION

The function f is continuous everywhere.

x+1 forx<l1
58. f(x) =11

- for x > 1
X
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SOLUTION

The function f is right-continuous at x = 1.

xX2=3x+2

59. f(x)={ TR
0

x=2

SOLUTION

4
3
2
1

+ L S— + > X
-1 —1J[ 1\% 3 4 s
The function is neither left-continuous nor right-continuous at x = 2.

X+1 for —co < x <0
60. f(x)=q—-x+1 forO<x<?2
x> +10x—-15 forx>2

SOLUTION

The function f is right-continuous at x = 2.

61. Show that the function

- 16 x#4
S =4 x-4
10 x=4

has a removable discontinuity at x = 4.

SOLUTION Note that

. . ox2-16 . (xx+Hx-4)
}(T}f(x)_lg% X — _}(lj}} x—4

= lirg(x-r 4)=18

Because lirri f(x) exists but is not equal to f(4) = 10, the function f has a removable discontinuity at x = 4.
X

62. Define f(x) = xsin lr + 2 for x # 0. Plot f. How should f(0) be defined so that f is continuous at x = 0?

SOLUTION A plot of f is shown below. Based on this graph, it appears that
. . !
lim f(x) =lim|xsin — +2| =2
x—0 x—0 X

Therefore, £(0) should be defined equal to 2 to make f continuous at x = 0.
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2571
2/ e
L5t
1.0T
0571

In Exercises 63—64, H is the Heaviside function, defined by

0 whenx<0
H(x) = {1 when x > 0

63. In each case, sketch the graph of f, indicate whether or not f is continuous, and—if f is not continuous—identify
the points of discontinuity.

(@) f(x) = HO) + 1)

(b) f(x) = H(x)x

(© f(x)=H(x-2)Vx

(d) f(x)=HA+x)H1 - x)(1-x%)

SOLUTION

(a) The graph of f(x) = H(x)(x*> + 1) is shown below. From the graph, we see that f has a jump discontinuity at x = 0.

sl

6L

L n n L L \
-3 -2 -1 1 2 3

(¢) The graph of f(x) = H(x — 2)v/x is shown below. From the graph, we see that f has a jump discontinuity at x = 2.

L n n T L ,
-2 -1 1 3 4

(d) The graph of f(x) = H(1 + x)H(1 — x)(1 — x?) is shown below. From the graph, we see that f is continuous.
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64. Assume that f is defined and continuous for all x. Under what condition on f are we assured that the function g,
defined by g(x) = H(x — a)f(x), is continuous?

SOLUTION First note that g(a) = H(0)f(a) = f(a). Now, for x < a, H(x —a) = 0 and g(x) = 0, while for x > a,
H(x —a) = 1 and g(x) = f(x). It follows that g is continuous for x < a and for x > a. Moreover,

lim g(x) =0 and lim+ glx) = lim+ f(x) = f(a)

where this last result follows because f is continuous at x = a. For g to be continuous at x = a, lim g(x) must exist and
be equal to g(a). This will only happen if f(a) = 0.

In Exercises 65-67, find the value of the constant (a, b, or c) that makes the function continuous.

xXX—¢c forx<5

4x+2c forx>5

65. f(x) = {

SOLUTION Asx — 57, we have x> — ¢ — 25 —c¢ = L. As x — 5%, we have 4x + 2¢c — 20 + 2¢ = R. Match the limits:
L=Ror25-c=20+2cimplies c = %
2x+9x7! forx<3

—-4x+c forx >3

66. f(x)= {

SOLUTION As x — 37, we have 2x + 9x™! — 9 = L. As x — 3%, we have —4x + ¢ — ¢ — 12 = R. Match the limits:
L=Ror9 =c-12implies ¢ = 21.

x! for x < —1
67. f(x)={ax+b for —1<x<1
x! forx>%

SOLUTION As x — —17, we have x™' — —1, while as x - —1*, we have ax + b — —a + b. Additionally, as x — 1",
1 1

we have ax + b — %a + b, while as x — {, we have x™ — 2. In order for f to be continuous for all x, a and b must
satisfy the system of equations

1
-l=-a+b and §a+b=2
The solution of this system of equationsisa =2 and b = 1.

68. Define

x+3 forx<-1
g(x) =1cx for —1<x<2
x+2 forx>2

Find a value of ¢ such that g is
(a) left-continuous (b) right-continuous
In each case, sketch the graph of g.

SOLUTION
(a) In order for g to be left-continuous, we must have

lim_g(x) = g(=1)
Now,
lim g(x) = lim (x+3)=2, and  g(-1)=—c

Thus, for g to be left-continuous, we need ¢ = —2. A graph of g with ¢ = -2 is shown below.

y

e

2

732 -1 12345
)
-4
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(b) In order for g to be right-continuous, we must have
lim g(x) = g(2)
x—2%
Now,
lirg g(x) = lirg (x+2) =4, and g2)=2c

Thus, for g to be right-continuous, we need ¢ = 2. A graph of g with ¢ = 2 is shown below.

£-1
69. Define g(t) = T for t # +1. Answer the following questions, using a plot if necessary.

(a) Can g(1) be defined so that g is continuous at ¢ = 1? If yes, how?
(b) Can g(—1) be defined so that g is continuous at r = —1? If so, how?

SOLUTION
(a) Because
F-1_ @-D@E+t+1) . P+r+1 3

I =1 - _3
BP—1 T =D+ D) e el 2

exists and is equal to 3/2, defining g(1) = 3/2 will make g continuous at ¢ = 1.
(b) Because the numerator of g approaches —2 while the denominator of g approaches 0 as t — —1, it follows that

. F-1
im
—-112—1

does not exist. Therefore, it is not possible to define g(—1) so that g is continuous at t = —1.
70. Each of the following statements is false. For each statement, sketch the graph of a function that provides a coun-
terexample.
(a) If lim f(x) exists, then f is continuous at x = a.
X—=a

(b) If f has a jump discontinuity at x = a, then f(a) is equal to either lim f(x) or lim+ f(x).

SOLUTION Refer to the two figures shown below.

(a) The figure at the left shows a function for which lim f(x) exists, but the function is not continuous at x = a because
X—a

the function is not defined at x = a.
(b) The figure at the right shows a function that has a jump discontinuity at x = a but f(a) is not equal to either lim f(x)
x—a~

or lim f(x).

=

In Exercises 71-74, draw the graph of a function on [0, 5] with the given properties.
71. f is not continuous at x = 1, but 1ir1n f(x) and lirP f(x) exist and are equal.
x—1+ x—1-

SOLUTION
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72. f is left-continuous but not continuous at x = 2, and right-continuous but not continuous at x = 3.

SOLUTION

4
3 o—o
2 ~—
S
+ X
1 2 3 4 5

73. f has a removable discontinuity at x = 1, a jump discontinuity at x = 2, and
1i1§1 f(x) = —co, lirgl+ flx)=2

SOLUTION

44
3t e /
24
—l—o—o\
t X

ié\éis

74. f is right- but not left-continuous at x = 1, left- but not right-continuous at x = 2, and neither left- nor right-
continuous at x = 3.

SOLUTION

44
3' L]
2 ——o o

In Exercises 75-86, evaluate using substitution.

75. }i@l(2x3 -4)

SOLUTION xli@l(2x3 -4)=2(-1*-4=-6

76. ii_rg(Sx - 12x72)

SOLUTION  lim(5x — 12x2)=5(2)- 1227 =10-12(§) =7

x+2
77. li
) X2+ 2x

soLuTioN lim 2t2 - 3*2 _ 5 1
=3 x2+2x  32+2-3 15 3
X
78. 1i ‘(-—)
II‘nSlI'l2 /e

X

SOLUTION limsin(§ — ) = sin(-%) = 1.

x—r

79. lim tan(3x)

i
x—=%

SOLUTION lim tan(3x) = tan(3 - %) = tan(¥) = -1
-z

1

1
80. lim —
x—=7 COS X
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. 1 1 1
SOLUTION lim — = =—=-1
x—orcosx cosm  —1
81. lim x™/?
x—4
1

SOLUTION hn} X =g = =
X

32
82. li1121 Vi3 +4x

SOLUTION  lim Vi3 +4x= 2 +42) =4

83. lim (1 — 8x%)*?

x—-1

SOLUTION  lim (1 — 8x*)¥% = (1 - 8(-1)>)** =27

84. lim

x—2

Tx+2\2/3
(7—)

- X

SOLUTION lim

x—2

T2\ (1) +2\"7
-5 -

- X

85. lim 102

SOLUTION lim 1077 = 1023 = 1000

x—3
86. lim 3°"*
x—-3
SOLUTION lim 3%"* = 37sin(/2) = %
x—-Z

2

87. Suppose that f and g are discontinuous at x = c. Does it follow that f + g is discontinuous at x = ¢? If not, give a
counterexample. Does this contradict Theorem 1(i)?

SOLUTION Even if f and g are discontinuous at x = c, it is not necessarily true that f + g is discontinuous at x = c.
For example, suppose f(x) = —x~!' and g(x) = x'. Both f and g are discontinuous at x = 0; however, the function
f(x) + g(x) = 0 is continuous everywhere, including x = 0. This does not contradict Theorem 1 (i), which deals only
with continuous functions.

88. Prove that f(x) = |x| is continuous for all x. Hint: To prove continuity at x = 0, consider the one-sided limits.

SOLUTION Let ¢ > 0. Then
lim f(x) = lim|x| = limx = ¢ = |c| = f(x)
and f is continuous at x = ¢ > 0. Next, let ¢ < 0. Then
lim £(x) = lim |x| = lim(=x) = —c = [ = f(x)
and f is continuous at x = ¢ < 0. Finally, let ¢ = 0. Then
lim f(x) = lim |x| = lim(-x) =0
x—c” x—0~ x—0~
and
!im+ f(x) = lir(r)l+ x| = lir(1)1+x =0
Because the two one-sided limits are equal, it follows that
lim f(x) = 0 = f(0)
x—0
and f is continuous at x = ¢ = 0. Bringing these three pieces together, we see that f(x) = |x| is continuous for all x.

89. Use the result of Exercise 88 to prove that if g is continuous, then f(x) = |g(x)| is also continuous.

SOLUTION Let ¢ be an arbitrary real number at which g is continuous. Following the logic of Exercise 88 depending
upon whether g(c) is positive, negative, or zero, we find

lim £(x) = lim |g(9)] = lg(©)] = f(©)

Thus, if g is continuous, then f(x) = |g(x)| is continuous also.

90. Which of the following quantities would be represented by continuous functions of time and which would have one
or more discontinuities?
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(a) Velocity of an airplane during a flight

(b) Temperature in a room under ordinary conditions

(c) Value of a bank account with interest paid yearly

(d) Salary of a teacher

(e) Population of the world

SOLUTION

(a) The velocity of an airplane during a flight is a continuous function of time.

(b) The temperature of a room under ordinary conditions is a continuous function of time.

(c) The value of a bank account with interest paid yearly is not a continuous function of time. It has discontinuities when
deposits or withdrawals are made and when interest is paid.

(d) The salary of a teacher is not a continuous function of time. It has discontinuities whenever the teacher gets a raise
(or whenever his or her salary is lowered).

(e) The population of the world is not a continuous function of time since it changes by a discrete amount with each
birth or death. Since it takes on such large numbers (many billions), it is often treated as a continuous function for the
purposes of mathematical modeling.

91. & In 2017, the federal income tax T on income of x dollars (up to $91,900) was determined by the formula

0.10x for 0 < x <9325
T(x) =40.15x —466.25  for 9325 < x < 37,950
0.25x - 4261.25 for 37,950 < x < 91,900

Sketch the graph of T. Does T have any discontinuities? Explain why, if 7 had a jump discontinuity, it might be advan-
tageous in some situations to earn /ess money.

SOLUTION Here is a graph of T'(x) for 2017:

20000
15000
10000

5000

0 20000 40000 60000 80000 100000

Note that the graph of 7 has no discontinuities. If 7'(x) had a jump discontinuity (say at x = ¢), it might be advantageous
to earn slightly less income than ¢ (say ¢ — €) and be taxed at a lower rate than to earn ¢ or more and be taxed at a higher
rate. Your net earnings may actually be more in the former case than in the latter one.

Further Insights and Challenges

92. & If f has a removable discontinuity at x = ¢, then it is possible to redefine f(c) so that f is continuous at
x = ¢. Can this be done in more than one way?

SOLUTION In order for f(x) to have a removable discontinuity at x = ¢, lim f(x) = L must exist. To remove the
discontinuity, we define f(c) = L. Then f is continuous at x = ¢ since lim f (xSq:L L = f(c). Now assume that we may
define f(c) = M # L and still have f continuous at x = ¢. Then lim f(x) = _Cf (c¢) = M. Therefore M = L, a contradiction.
Roughly speaking, there’s only one way to fill in the hole in the ;a(lph of f!

93. Give an example of functions f and g such that f(g(x)) is continuous but g has at least one discontinuity.

SOLUTION Answers may vary. The simplest examples are the functions f(g(x)) where f(x) = C is a constant function,
and g(x) is defined for all x. In these cases, f(g(x)) = C. For example, if f(x) = 3 and g(x) = [x], g is discontinuous at
all integer values x = n, but f(g(x)) = 3 is continuous.

94. Continuous at Only One Point Show that the following function is continuous only at x = 0:

x  for x rational

—x for x irrational

f(X)={

SOLUTION Let f(x) = x for x rational and f(x) = —x for x irrational.

* Now f(0) = O since O is rational. Moreover, as x — 0, we have |f(x) — f(0)] = |f(x)—0| = |x] — 0. Thus
lm(l) f(x) = f(0) and f is continuous at x = 0.
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 Let ¢ # 0 be any nonzero rational number. Let {x;, x, ...} be a sequence of irrational points that approach c; that is,

as n — oo, the x, get arbitrarily close to c. Notice that as n — oo, we have |f(x,) — f(c)l = |-x, —c| =[x, + | —

[2¢| # 0. Therefore, it is not true that lim f(x) = f(c). Accordingly, f is not continuous at x = c. Since ¢ was
X—=C

arbitrary, f is discontinuous at all rational numbers.

» Let ¢ # 0 be any nonzero irrational number. Let {x;, x,, ...} be a sequence of rational points that approach c; that is,
as n — oo, the x, get arbitrarily close to c. Notice that as n — oo, we have |f(x,) — f(c)| = |x, — (=)l = |x, + | —
[2¢| # 0. Therefore, it is not true that lim f(x) = f(c). Accordingly, f is not continuous at x = c. Since ¢ was

X—=C

arbitrary, f is discontinuous at all irrational numbers.
» CONCLUSION: f is continuous at x = 0 and is discontinuous at all points x # 0.

95. Show that f is a discontinuous function for all x, where f(x) is defined as follows:

for x rational
Sl = L
—1 for x irrational

Show that f? is continuous for all x.

SOLUTION hm f(x) does not exist for any c. If ¢ is irrational, then there is always a rational number r arbitrarily close

to ¢ so that |f (c) f (r)| = 2. If, on the other hand, c is rational, there is always an irrational number z arbitrarily close to

¢ so that |f(c) — f(z)| =

On the other hand, f ()c)2 is a constant function that always has value 1, which is obviously continuous.

2.5 Indeterminate Forms

Preliminary Questions

1. Which of the following is indeterminate at x = 1?

X +1 x> =1 x> =1 2+l

=10 w+2 Via3-2 Veea-

SOLUTION Atx =1, is of the form ;5 hence, this function is indeterminate. None of the remaining functions

\/T
is indeterminate at x = 1: % and \/%172 are undeﬁned because the denominator is zero but the numerator is not, while
. 3

> isequal to 0.

2. Give counterexamples to show that these statements are false:
(a) If f(c) is indeterminate, then the right- and left-hand limits as x — ¢ are not equal.
(b) If lim f(x) exists, then f(c) is not indeterminate.
X—C
(¢) If f(x) is undefined at x = ¢, then f(x) has an indeterminate form at x = c.
SOLUTION

(a) Let f(x) = ’f —!_ At x = 1, f is indeterminate of the form ¥ but

2 _ 2 _1

1
lim X" = lim(x+1) = 2—11m(x+1)—11mx
x—1- x—l x—1- 1+ )C—l

(b) Again, let f(x) = = " . Then

X2 -
lim £(x) = lim
x—1 x—1 X —

1
- =lim(x+ 1) =2

but f(1) is indeterminate of the form g.

(¢) Let f(x) = lx Then f is undefined at x = 0 but does not have an indeterminate form at x = 0.

3. The method for evaluating limits discussed in this section is sometimes called simplify and plug in. Explain how it
actually relies on the property of continuity.

SOLUTION If f is continuous at x = ¢, then, by definition, lim,_,. f(x) = f(c); in other words, the limit of a continuous
function at x = ¢ is the value of the function at x = c¢. The “simplify and plug-in” strategy is based on simplifying
a function which is indeterminate to a continuous function. Once the simplification has been made, the limit of the
remaining continuous function is obtained by evaluation.
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Exercises

In Exercises 1-4, show that the limit leads to an indeterminate form. Then carry out the two-step procedure: Transform
the function algebraically and evaluate using continuity.

. . 2 . . . .
SOLUTION When we substitute x = 6 into ";26, we obtain the indeterminate form g Upon factoring the numerator

and denominator and then simplifying, we find

=36 (x—6)(x+6)
lim = lim =
-6 xX—06 x—6 x—6

lirrﬁl(x +6)=12

52
2. lim9 h
h—3 h—3

. . _52 . . . .
SOLUTION When we substitute 2 = 3 into %, we obtain the indeterminate form %. Upon factoring the numerator

and denominator and then simplifying, we find

i O G=hG )
S ho3 T T o3 T

},T} —-3+h)=-6
2
3 fim T2+l
x—-1 x+1

SOLUTION When we substitute x = —1 into % we obtain the indeterminate form 3. Upon factoring the numerator
and simplifying, we find

2+ x+1 +1)2
fim XL D ey =0
x—--—1 X+ l x—-1 X+ 1 x—-1

2t—18
. lim
=9 5t —45
SOLUTION When we substitute ¢+ = 9 into ﬁ, we obtain the indeterminate form g. Upon factoring the numerator
and denominator and then simplifying, we find

limZI_18 = imz(t_g) = lim
9 5t =45 159 5(1—9) 9

2 2
575

In Exercises 5-34, evaluate the limit, if it exists. If not, determine whether the one-sided limits exist (finite or infinite).

. x=17
> 2w
SOLUTION lim—>— 1 = lim—>—"  —Jim—— = 2
=12 —49 =71 (x=ND(x+7)  —=1x+7 14
X2 - 64
6. li
xl—I}% x—9
2 -64 0
SOLUTION lim =—=0
-8 x—9 -1
2
7. lim ﬂ
-2  x+2
24 3x+2 2 1
SOLUTION lim X+ 2 _ jiy ¥ DG+ D =1
--2 x+2 x—>-2 x+2 x—>-2
3 _
8. lim O
-8 x—8
3 _ 64 -8 8
SOLUTION lim O _ iy XX =9 H) v+ 8) = 8(16) = 128
x—8 x—8 x—8 x—8 x—8
o 2x2-9x-5
HM e
SOLUTION limzx2—9x—5 g @ DGE=5) L 2041
=5 x2=25 w5 (x=3)(x+5) x5 x+5 10
3 _
10. hmw

h—0
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SOLUTION
C A+h-1 . 1+3h+3R2+W -1 . 3h+302+ 1
lim ———— =1lim =lim
h—0 h h—0 h h—0 h
=1im(3+ 3+ h") =3 +3(0) + 0° =3
2x+ 1
11. lim ——
HHP% 2x2+3x+1
SOLUTION lim 2x+ 1 = lim 2e+1 = lim L1
o1 22 43x+ 1 L Qx4+ D(x+1) ol x+1l 1720
2 _
12. lim =2
x—3 _X2 -

SOLUTION Observe that as x — 3, x> — x — 6 # 0 and x*> — 9 — 0. Accordingly,

X —x .
9 does not exist.

lim
x—3 X4 —

As for the one-sided limits, x2 — x — 6 and x> — 9 — 0~ as x — 37 ; therefore,

li )C2 - X
m = —
x—=3" x2 -9

On the other hand, x> — x — 6 and x> — 9 — 0" as x — 3*; therefore,

2

. X =X
lim =00
x—3+ x2 - 9
3x2 —4dx -4
13. lim————
3 XIEZI 2x2 -8
SOLUTION lim 322 —4x-4 — lim Bx+2)(x-2) _ i 3x+2 8 ]
=2 2x2-8 2 2x-2)(x+2) 22(x+2) 8
3 _
14, 1im 8" =27
h—0 h
SOLUTION
. GB+h3=27 . 27T4+2Th+ 9P+ R =27 . 2Th+ 9>+ 1
lim =1lim =1lim
h—0 h h—0 h h—0 h
= mm +9h+ %) =27
L4
1. Tim ——
42— 4 - 1) + 1
SOLUTION lim = lim( W+b lIm@4 +1)=4"+1=2
1—0 4[ -1 1—0 4’ — -0
. (h+2)?* -9
A
_ (h+2?=-9n K -5h+4  (h-Dh-4) B
SOLUTION iy == =i = =i T Ty - D=3
17. lim Vi-4
x—16 X — 16
—4 -4 1 1
SOLUTION lim \/} = lim \/)_C = lim ==
—l6 x — 16 Hle(\/}+4)(\/}_4) =16 \/x+4 8
. 2t+4
18. lim o35
SOLUTION lim =% - fim —2¢*2 42 1
—>212-32 5230t -2)(1t+2) —-2-30t-2) 6
1
2
19, 1im 2" 4

h—0
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SOLUTION
11 4-(h+2)? A—(h2 +4h+4) _n2_ap
G2 A A2? 42?7 L. A2)?
R A A ) L A
—h—4
_1 h4(h:—2)2  lim -h-4 —_4 _ 1
h—0  h h—0 4(h +2)> 16 4
2 -12
20. lim L
y=3y3 =10y +3
+y-12 -3y +4 +4 7
SOLUTION lim Yty = lim =30 +4) lim 4 = —
y=33—=10y+3 -3 (y=3)?*+3y—-1D»3y2+3y—-1 17
V2 -2
2. fim Y22
h—0 h

SOLUTION Observe thatash — 0, V2+h -2 — V2 -2 # 0 and h — 0. Accordingly,

m V2+h-2
h

h—0

does not exist.

As for the one-sided limits, V2 +h -2 — V2 -2 <0and h — 0~ as h — 0~; therefore,

. N2+h-=-2
Iim ——— =
h—0- h

On the other hand, V2 + /7 -2 — V2 -2 <0and & — 0* as h — 0*; therefore,

. N2+h-=2
lim ——— = -
h—0% h
22, lim 2472
-8  x—8
SOLUTION
hm\/x—4—2_lim(\/ 2 Vx +2] x-38
=8 x—8 =8 x-8  Yr_4+2 HS(x—s)(\/ 4+2)
— lim 1 _1
=8 \x—4+2 \/Z+2 4
x=4
23. lim ———
x—>4_\/_ m
SOLUTION
lim x—4 —lim( x—4 \/)_c+\/8—x)_lim(x—4)(\/)_c+\/8—x)
o4 \x - V8—-x V- V8-x +«x+ V8-—x) 4 2x-8
—tim \/_+\/m \/Z+\/Z_2
_xl—»4 2 -
24, lim 21
x—4 2—\/}
SOLUTION
. V5—-x-1 . (V5-x-1 ~V5-x+1 . 4-x
lim = lim . = lim
=t 22— ot 2= VSox+ 1) Q- VR(VE-x+ 1)

G VOCHE VY L 24 Vx|
=4 - A(V5—x+1) 4 V5-x+1

55
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. 1 4 . Vi+2-4 . Vx -2 1
SOLUTION lim — = lim = lim = -
CAVE =2 =4 ot (r-2)(Va+2) ot (Va-2)(Va+2) 4
26. lim(L— ! )
x—0* \/} 2+ x
SOLUTION

A ‘/_“1_1—1' (Vx+T-1)(Vx+T+1)
xw(ﬁ m)‘xiﬁ% VEVE AT 0 e (Var 4 1)

X . Vx

= lim = lim =0

x0* \/E\/m(\/m+l) x=0* \/m(\/m+l)

. cotx
27. lim
x—=0 CSC X

. cotx . cosx
SOLUTION lim —— =lim

- -sinx =cos0 =1
x—0 CSCX  x—0 sinx

to
28. lim &0
6—~% cscl
. cotd . cosf . b4
SOLUTION lim = lim — -sinf =cos - =0
6—Z cscl  ¢-7% sinf 2
1 2
29. i -—
xlilll( - X ]—Xz)
SOLUTION i ! 2 lim 2L Z g x-1 Jim — !
im - = lim = lim = lim =—=
—i\l-x 1-x2 =1 1=-x2 w=1(1-x)1+x) x»=114+x 2
30. lim sin x — cos x
)(*?% tanx — 1
. sinx—CcoSXx COSx . (sinx —cos x)cosx bd V2
SOLUTION lim . = lim - =cos— = —
x—I tanx—1 cosx % sin x — cos x 4 2
27421220
Rl T
2242020 . (2452 -4 .,
SOLUTION 1{1321 T —anl T _1,1321(2 +5)=9
32. lim (sec 6 — tan6)
0—%
SOLUTION
1-sinf 1+sind 1 —sin’*6 6 0
lim (secd — tanf) = lim e s?n = lim i - = lim COS. ==-=0
0% 6—~% cosf® 1+4+sinf o¢-%Zcosf(l+sinf) ¢-21+sinf 2

1 2
33. lim -
o-2\tanf—1 tan?0—1

— = 1li
tanf—1 tan26 -1 0%

SOLUTION li = =1 = ==
1m( 0% tan?6— 1  6of (anf— D(tanf+ 1) eof tanf+1  1+1 2

01

1 2 ) i tanf — 1 tan6 — 1 1 1 1

2cos?x+3cosx—2

34. 1
XI—>H§1 2cosx—1
SOLUTION
2cos’x+3 -2 2 -1 +2 5
lim cos X cosx =lim( cosx — 1) (cos x+2) =limcosx+2=cos7—r+2=—
Xﬂ% 2cosx—1 Xﬁ% 2cosx—1 Xﬂ% 2

35. The following limits all have the indeterminate form 0/0. One of the limits does not exist, one is equal to 0, and one
is a nonzero limit. Evaluate each limit algebraically if you can or investigate it numerically if you cannot.
X2 +3x+2
o lim ————
=2 x+2
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y 1-x!
e lim ——
>lx—2+x7!
v
o 1i
15
SOLUTION
2 +3x+2 +2)(x+ 1
o fim X2, GEDOED ) =
-2  x+2 x—-2 xX+2 x—-2
. 1-x! x—1 x—1 . . .
e lim ———— = lim ——— = lim = lim , which does not exist because the numerator ap-
—lx=2+x1 12 -2x+1 1 (x—1)2 —1x-1

proaches 1 # 0 while the denominator approaches 0.
2

» We will investigate this limit numerically. From the table below, it appears that liné al 5 = 0.
X —-0.01 —-0.001 —-0.0001 0.0001 0.001 0.01
lf—; 0.00626348 | 0.00062184 | 0.00006214 | —0.00006213 | —0.00062084 | —0.00616348

36. The following limits all have the indeterminate form co/co. One of the limits does not exist, one is equal to 0, and
one is a nonzero limit. Evaluate each limit algebraically if you can or investigate it numerically if you cannot.

e

e lim
=0 4 + x~!
3cotx

e lim
x—=0 CSC X

1
1+x_2

olimo .
x— 1+7

SOLUTION

4

. limO g , which does not exist because the numerator approaches 1 # 0 while the denominator
x> X
approaches 0.

3cotx

li
x1—>m() 4/ﬁ + x3

. 3cosx/sinx
= lim

=lim3cosx =3

x—!

1/sinx

In Exercises 37 and 38, show that the limit is in an indeterminate form, then investigate the limit numerically to estimate
the value.

: 1-cosé
37. l)li% =

SOLUTION When we substitute 8 = 0 into 1=5%¢  we obtain the indeterminate form g‘ From the values in the table

62
below, it appears that

i 1 —cosf l
0o e 2
0 -0.1 -0.01 —-0.001 0.001 0.01 0.1
I —cos@
% 0.49958347 | 0.49999583 | 0.49999996 | 0.49999996 | 0.49999583 | 0.49958347

38, lim lzcos’6
6-0 6

SOLUTION When we substitute # = 0 into 1=%-? we obtain the indeterminate form 2. From the values in the table
62 0

below, it appears that

1 —cos?6
cos’f _ |

i
0 0.1 -0.01 —-0.001 0.001 0.01 0.1
1 -cos?6
% 0.99667111 | 0.99996667 | 0.99999967 | 0.99999967 | 0.99996667 | 0.99667111
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-4
39. Use a plot of f(x) = 177 0 estimate lim f(x) to two decimal places. Compare with the answer
Vx— V8 —x x4

obtained algebraically in Exercise 23.

SOLUTION Let f(x) = W"’\‘/‘ﬁ. From the plot of f(x) shown below, we estimate lirr} f(x) = 2.00; to two decimal
A= Vo- X—>

places, this matches the value of 2 obtained in Exercise 23.

y

2.000
1.999
1.998
1.997
36 38 40 42 44
40. Use a plot of f(x) = \/}1 > % i 7 to estimate }(I—IE f(x) numerically. Compare with the answer obtained

algebraically in Exercise 25.

«51—2 - ﬁ. From the plot of f(x) shown below, we estimate }CILI‘} f(x) = 0.25; to two decimal

places, this matches the value of i obtained in Exercise 25.

SOLUTION Let f(x) =

y

0.256
0.254
0.252

0.25
0.248
0.246
0.244
0.242

In Exercises 41-46, evaluate using the identity

@ = b = (a—-b)a*+ab+b?)

3 _
a1, tim =2
-2 X —
3-8 —)(2+2x+4
SOLUTION lim =5 = i &= 2O+ 2XH ) (2 420+ 4) = 12
-2 x—=2 x—2 x-2 x—2
-2
2. im =2
x—-3 X —
SOLUTION limx3—27_hm(x—3)(x2+3x+9)_hmx2+3x+9_27_9
=3 2-9  x3 (x=3)(x+3) 3 x+3 6 2
2 _
43, im0 F 4
-l x3—1
x> —=5x+4 (x=-Dx-4) x=4 -3
SOLUTION lim ————— =1i =i B |
P N a- DR rxt D) aidtxsl 3
3
4. fim <18
x=-2 x>+ 6x+8
SOLUTION Tim 548 o (D244 L P -2xkd 12
22 +6x+8 2 (x+2)(x+4) o2 x+4 2
4_
45. tim 21
x—1 x° —
SOLUTION
X -1 . @-DEE+D . = DE+DEE+D . (x+ D2+ 4
lim =lim =lim = lim =_
=l —1 ol =D +x+1) 1 (x—-DE2+x+1) o1 x2+x+1 3
46. lim =27

x-27 x13 =3



i =27 (' = 3)(2 +3x' +9)
lim =

SOLUTION

x—27 x13 -3 x—27 x!3 -3

In Exercises 47-54, evaluate in terms of the constant a.
47. lim(2a + x)

x—0
SOLUTION lir%(Za +x)=2a
48. hlim2(4ah + Ta)
SOLUTION ]lim2(4ah +7a) = —a
49. lim1 (4t — 2at + 3a)

t——
SOLUTION lirnl(4t —2at + 3a) = -4 + 5a

t——

(x + a)* — 4x*

= 11%@8/3 +3x17 +9) =27
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50. lim
x—a XxX—a
SOLUTION
o (x+a)P-4x? (P +2ax+db) - 4x° =3 4 2ax+ &P
lim = lim = lim
x—a X—da xX—a X—a xX—a X—d
— lim 43D i C(a+ 3) = ~4a
x—a X—da xX—a
s1. fim X2 V4
x—a X—a
- - 1 1
SOLUTION lim \/)_C \/a = lim \/_ \/a = lim = —
x—a X—a Xﬁa(\/__\/a)(\/}_'_ \/a) x—a —\/}_'_\/E 2\/5
52. lim M
h—0 h
SOLUTION
| Va+2h-a i (Va+2h— \/5)(\/61+2h+ \/E)
im = lim
=0 h 0 n(Va+ 20+ va)
. 2h . 2 1
=lm——-— =lm—-—— = —
=0 h(Va+2h+ va) "0 Va+2h+Na Va
3_ 3
53. lim tay -—a
x—0 X
Tay - 3 4320432 + & — &
SOLUTION lim OF & =@ _ X #3vavdxa ta —a o0 504302 = 302
x—0 X x—0 X x—0
1 1
54. lim 24
h—a —a
11 a-h
b Tad g _qpoa-h 1 =1 1
SOLUTION }}B} -a _}Llilzlrh—a _}}Bf} ah h—a _}E}; ah ~ @
4
Vi+h-1
55. Evaluate %ina — Hint: Set x = V4 1 + h, express h as a function of x, and rewrite as a limit as x — 1.
SOLUTION Letx= V1 +/% Thens =x* -1, and
l,m\/41+h—1_l,mx—1 . x—1 ~lim 1
oo = I R Dx+ D2 +1) Pt x+D2+1) 4
3
Vi+h-1
56. Evaluate lim 2+— Hint: Set x = V1 + , express & as a function of x, and rewrite as a limit as x — 1.
=0 A1+ h—1
SOLUTION Letx= VI +h The VI +h=x2, V1 +h=x* and
\/31+h—1_1, -1 (x-Dx+1D) x+1 2

lim =
=0 \1+h-1

im — =lim > =lim — =
-l =1 =1 x-DE+x+1) —>1x2+x+1 3
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Further Insights and Challenges

In Exercises 57-60, find all values of ¢ such that the limit exists.

2
. x*=5x-6
57. lim ———
X—=C X—C
. X =5x-6 . . . . :
SOLUTION lim ———— will exist provided that x — ¢ is a factor of the numerator. (Otherwise there will be an

x—c X—cC

infinite discontinuity at x = c.) Since x> — 5x — 6 = (x + 1)(x — 6), this occurs forc = —1 and ¢ = 6.

2 .
58, lim 22Xt ¢
x—1 x—1
X +3x+c . . > >
SOLUTION hn} 1 exists as long as (x — 1) is a factor of x* + 3x + c. If x* + 3x + ¢ = (x — I)(x + g), then

g—1=3and —g=c. _enceq:4andc:—4.

. 1 c
S £gr%(x_1 _x3—l)

SOLUTION Because x> — 1 = (x = D(x?> + x+ 1),

1 c X+x+1l-c
x—1 B-1" =D +x+1)

Therefore, linll( 1 ;L]) exists as long as x — 1 is a factor of x> + x + 1 —c. Now, if ¥’ + x + l —¢c = (x — 1)(x + q),
=1\ x— X —

theng—1=1and —g=1-c. Hence,g =2 and c = 3.
C l+e? = V1+x2

60. lim ———
x—0 .X4

SOLUTION Rationalizing the numerator yields

1+cx?— Vl+x2[1+cx2+ v1+x2)_ (I+cx®? =1 +x%)
x VI + 2 +1+cx?)

_ (2c- Dx? + c2x*

CX(VI+ 2414w

1+cex?2+ V1 +x2

I+cex?— Vi+x2 .

exists as long as x* is a factor of (2c — 1)x> + ¢?x*. This will only happen if ¢ = 1.

Therefore, lim 3

x—0 /f‘
61. For which sign, + or —, does the following limit exist?

. (1 1
lim|- + ——
Ho(x x(x—l))

SOLUTION
1 1 -DH+1
+ The limit lim [ - + im0 - 1.
—0\x  x(x—1) -0 x(x—1) -0 x — 1
1
e The limit lim| — — does not exist.
-0\x  x(x—1)
1 1 x-1-1 x—2
- A 0+, we have — — = =
SXx— we have oD TR x(x—l)_)oo
1 1 -H-1 -2
- As x - 0—, we have — — Cant) =

=1 xx-1  xx-1

2.6 The Squeeze Theorem and Trigonometric Limits

Preliminary Questions
1. Assume that —x* < f(x) < x*. What is lim0 f(x)? Is there enough information to evaluate lirrll f(x)? Explain.

x> %

SOLUTION Since liné —x* = lim0x2 = 0, the squeeze theorem guarantees that lin& f(x) = 0. Since lirrll —x* = 16 #
x> X— x— x4

1 . . . L
— = lim x?, we do not have enough information to determine llIIll f(x).

x=5 x=5
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2. State the Squeeze Theorem carefully.

SOLUTION Assume that for x # ¢ (in some open interval containing c),

I(x) < f(x) < u(x)

and that lim /(x) = limu(x) = L. Then lim f(x) exists and

lim f(x) = L
. sin5h . . . oo .
3. If you want to evaluate }lm& , it is a good idea to rewrite the limit in terms of the variable (choose one):
Sh
(@) 6=5h (b) 6=3h (c)H:?

SOLUTION To match the given limit to the pattern of

in 6
i ST

-0 @

it is best to substitute for the argument of the sine function; thus, rewrite the limit in terms of (a): 6 = 5h.

Exercises
In Exercises 1-10, evaluate using the Squeeze Theorem.
. 2 1
1. limx” cos —
x—0 X
SOLUTION Because —1 < cos }C < 1, it follows that —x> < x? cos lx < x%. Now, limo(—xz) = lir% x> =0, so we can apply
’ x— x—
the Squeeze Theorem to conclude that

1
limx*cos — =0
X

x=0

. o1
2. lim x sin —
x—0 )C2

SOLUTION The sine function takes on values between —1 and 1; therefore, |sin AL2| < 1 for all x # 0. Multiplying by |x|
yields

! 1
xsin —| < [x] or = |x| < xsin — < |x|.
X X

Now ljné(—lxl) = lina |x| = 0, so we can apply the Squeeze Theorem to conclude that

1
limxsin—2 =0
x

x—0

3. lim(x — 1) sin
x—1 x—1

SOLUTION The sine function takes on values between —1 and 1; therefore, |sin Xf—ll < 1 for all x # 1. Multiplying by
|x — 1] yields

T

(x=1)sin

T <=1 or —|jx—1<(x-1)sin <lx—1
x—1 x—-1

Now lirrll(—lx -1) = lin} [x — 1] = 0, so we can apply the Squeeze Theorem to conclude that
x—= x—=

lim(x — 1)sin —— =0
x—1 x—1
5 g X3
4. limG =97,
-3 -3 -3 -3
SOLUTION Forall x > 3, o =z =1, and for all x < 3, al L —1; therefore, % < 1 forall
x-3  x-3 x-3]  —(x-3) =3l
x # 3. Multiplying by |x* — 9| yields
’ x=3 ) ) x=3
x*-9) <=9 or — -9 <(*-9) < x> -9
lx =3 |x = 3
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Now, ling(—lx2 -9) = ling |x2 — 9] = 0, so we can apply the Squeeze Theorem to conclude that

x-3 _
lx—3]

1irr31(x2 -9) 0

1
1 r_ —_—
5. 1rlllol(2 l)COS :

SOLUTION The cosine function takes on values between —1 and 1; therefore, |c0s H < 1 for all ¢ # 0. Multiplying by
[2" — 1] yields

1 1
’(2’—1)005;'S|2’—1| or —|2’—1|S(2‘—1)c0s;£|2’—1|

Now 1irr(}(—|2’ -1) = lirg [2" = 1] = 0, so we can apply the Squeeze Theorem to conclude that
11— 11—
. 1
Iim(2' = 1)cos — =0
t—0 t

6. lim x 3¢

x—0*

SOLUTION Because —1 < cos & < 1 and 3" is an increasing function, it follows that

< 3cos(7r/x) <3 and % \/} < \/}3cos(n/x) <3 \/}

W =

Now
.1 .
lim = Vx=lim 3vVx=0
x—=0* 3 x—0*
so we can apply the Squeeze Theorem to conclude that

lim Vx3°%0 = 0

x—0F

1
. 2 _ -
7. ltljrzl(t 4) cos 2

SOLUTION The cosine function takes on values between —1 and 1; therefore, |cos ﬁ‘ < 1 for all ¢ # 2. Multiplying by
|7 — 4| yields

1 1
(t2—4)cost—2slt2—4| or —|12—4|§(12—4)cosﬁS|t2—4|

Now 1in;(—|t2 -4) = lin21 | — 4] = 0, so we can apply the Squeeze Theorem to conclude that
11— —

1
. 2 _ -
llgrzl(t 4) cos p— 0
. o1
8. limtan x cos|sin —
x— X

SOLUTION The cosine function takes on values between —1 and 1; therefore, |cos (sin ){)' < 1forall x # 0. Multiplying
by |tan x| yields

.1 1
tan x cos (sm —) < |tan x| or —|tan x| < tan x cos (sm —) < |tan x|
X X

Now lirré(—l tan x|) = lim0 | tan x| = 0, so we can apply the Squeeze Theorem to conclude that
X P i
. .1
limtan xcos|sin—| =0
x—0 X

9. lim cos 6 cos(tan )
0—%



SECTION 2.6 | The Squeeze Theorem and Trigonometric Limits 63

SOLUTION The cosine function takes on values between —1 and 1; therefore, |cos (tan 6)| < 1 for all 6 near 5. Multi-
plying by | cos 6] yields

|cos @ cos (tan )| < | cos 0] or —|cos @] < cosfcos (tan ) < |cos b

Now lim(—|cos 8]) = lim | cos 8] = 0, so we can apply the Squeeze Theorem to conclude that
-5 -5

lim cos fcos (tanf) = 0
-5

1
10.1hn(3'—1)gn2(-)
-0~ t
SOLUTION For all 7 near 0 but less than 0, 0 < sin? (%) < 1and 3’ — 1 < 0. Therefore, for ¢ near 0 but less than 0,
t t s 2 1
3 -1<@3 -1)sin p <0
Now, liI(I)l 3'-1)=0and liI(I)l 0 = 0, so we can apply the Squeeze Theorem to conclude that
-0~ 1—0~
: ' o1
Iim3"' - 1)sin“ (-] = 0.
1—0~ t

11. State precisely the hypothesis and conclusions of the Squeeze Theorem for the situation in Figure 6.

" y=u(x)

y=£(x)

1 2
FIGURE 6

SOLUTION Because there is an open interval containing x = 1 on which /(x) < f(x) < u(x) and liI‘Ill I(x) = 1iIIll u(x) =2,

it follows that lin11 f(x) exists and

lim f(x) = 2

12. In Figure 7, is f squeezed by u and [ at x = 3? At x = 2?

y=ux)
y=f(x)
s O/AVV:[(X)
t t t t X
1 2 3 4
FIGURE 7

SOLUTION Because there is an open interval containing x = 3 on which /(x) < f(x) < u(x) and hng I(x) = lin% u(x),

f(x) is squeezed by u(x) and I(x) at x = 3. Because there is an open interval containing x = 2 on which I(x) < f(x) < u(x)
but lin% I(x) # lirr21 u(x), f(x)is trapped by u(x) and I(x) at x = 2 but not squeezed.

13. What does the Squeeze Theorem say about 1irr71 f(x) if the limits
x—
llII% I(x) = lin71 u(x) = 6 and f, u, and / are related as in Figure 8? The inequality f(x) < u(x) is not satisfied for all x. Does

this affect the validity of your conclusion?
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y=1(x)

+ X
7
FIGURE 8

SOLUTION The Squeeze Theorem does not require that the inequalities /(x) < f(x) < u(x) hold for all x, only that the
inequalities hold on some open interval containing x = c¢. In Figure 8, it is clear that I(x) < f(x) < u(x) on some open
interval containing x = 7. Because hn} u(x) = lin} I(x) = 6, the Squeeze Theorem guarantees that hn} f(x)=6.

14. Determine lirr(} f(x) assuming that cos x < f(x) < 1.
X
SOLUTION By the Squeeze Theorem, limO cosx < limo flx) < liné 1. Hence, 1 < lirr(;f(x) <1,s0 lirr(l)f(x) =1.
xX— x— X x— X

15. State whether the inequality provides sufficient information to determine liI‘I‘ll f(x), and if so, find the limit.

@ 4x-5< f(x) < x?

(b) 2x—1< f(x) < x?

(€ 4x— x> < f(x) <> +2

SOLUTION

(a) Because 1irr11(4x -5 =-1#1= lirrll x?, the given inequality does not provide sufficient information to determine
X— X—

lin} f(x).

(b) Because lin}(2x -1H=1= lin} x?, it follows from the Squeeze Theorem that 11rr11 f(x)=1.

(c) Because lirr11(4x -x)=3= 1ir1}()c2 + 2), it follows from the Squeeze Theorem that lin} f(x)=3.

16. Plot the graphs of u(x) = 1 + |x - §| and /(x) = sin x on the same set of axes. What can you say about l_in; f(x)
x—3
if f is squeezed by / and u at x = 7?

SOLUTION

u@)=1+|x- /2|

[(x) =sin x

X
/2

lim u(x) = 1 and lin}2 I(x) = 1, so any function f(x) satisfying /(x) < f(x) < u(x) for all x near 7/2 will satisfy

x—n/2

Jim,fe0 =1

In Exercises 17-26, evaluate using Theorem 2 as necessary.

. tanx
17. lim
x—0 X
. tanx . osinx 1 . osinx . 1
SOLUTION lim — = lim — =lim — - lim =1-1=1
x-0 X x=0 X COSX x—-0 X x—0 COS X
. sinxsecx
18. lim ——
x—0 X
. sinxsecx . sinx . osinx .
SOLUTION lim ——— =lim ——secx = lim — -limsecx=1-1=1
x—0 X -0 X -0 X x—0
. VP +9sint
19. lim ——
t—0 t
. VP +9sint sint . . sint
SOLUTION lim ————" =1lim V8 +9— =1lim VA +9-lim— = V9.1 =3
t—0 t t—0 t -0 -0 f
)
. sin“ ¢t
20. lim

-0 t
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22

. sin“t . osint .oosint ..
SOLUTION lim =lim — sinf=lim — -limsint=1-0=0
1—0 t -0 f -0 f -0
2
21. lim —
*=0 gin” x
. x? . 1 . 1 . 1 1 1
SOLUTION lim =lim—— =lim— - lim—=---=1
x=0 gin” x x—0 % %‘ x—0 % x>0 % 1 1

1—cost

22, lim
-3 t

. 1—cost . . . L.
SOLUTION The function - is continuous at 7; evaluate using substitution:

. l=cost 1-0 2
im ——=——=-
=5 t 3 7(
6-1
23. 1im 2770
6—0
SOLUTION i secd—1 i secd — 1 cosé . 1-=cosf 1 . 1—cosf i 1 0 1 0
im ——— =lim —— =lim — = lim ——— - lim =0--=
60 6 = 0 cosf -0 6 cosf  6-0 0 6—-0 cos § 1
1- (7]
24, lim — 7
0-0  sin@
. l—-cosf® . 1-cos6 0 . l—cos6 . 1 1
SOLUTION lim ———— =lim—— — =lim—— ‘lim— =0- - =0
6—-0 sinf 6—0 0 sing  6-0 0 6-0 %’ 1
int
25. lim 220
t—>% t
sint , . n L
SOLUTION - 1s continuous at t = T Hence, by substitution
. sint ‘/75 2V2
lim — = — = —
—E 1 1 T
26. lim LCOSZ[
1—0 t
SOLUTION By factoring and applying the Product Law:
. cost—cos’t . l—cost
lim ——— =limcos?-lim ——— = 1(0) =0
t—0 t t—0 t—0 t
27. Evaluate ling Si“i Ix using a substitution 6 = 11x.
SOLUTION Let6 = 11x. Then6 — Oas x — 0, and x = 6/11. Hence,
inll in 6 in @
im 2 im0 i 2 - iy = 11
-0 X 0-0 6/11 60 @

28. Evaluate liIIOl SnJt - Hint: Multiply the numerator and denominator by (7)(11)z.
1

sin 1

SOLUTION Following the hint,

sin 7t . osin7t T7(11)t . sin7t 11z 7
- = lim — . = lim - — C—
sinllt ~o0sinllt 7(11)r 0 7t sinllr 11
7 sin7t . 11z

li

= — lim m —
11 10 7t -0 sinllt

m
1—0

7 7
= H(])(]) =11

In Exercises 29-48, evaluate the limit.

29, lim S1"
h—0
. sin9h . sin 94
SOLUTION }}l% h - }11139 o 9.
30. lim sin 4/

65
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SOLUTION Letf =4h. Thend — 0as h — 0, and

i sindh . sin@ -1
e BTV R R
. sinh
31 i 57
SOLUTION i —Sinh =1 1—Sinh = !
hIL% 5h _;3335 ho 5
32. 1
xgrgl sin3x
SOLUTION lim al = /6 = z
w2 sin3x  sin(r/2) 6
33, lim 5177
6-0 sin 360

SOLUTION We have

sin760 7 (sin76 30
76 sin 36

sin360 3
Therefore,
sin76 7 sin 76 360 7 7
li = -l Iim—|==(D)(1) ==
a0 30 3 (9133 76 )(9133 sin36) 3D =3
4
34. lim 202X
x—0 9x
SOLUTION lim %% _ 1. Sindx 4 4
-0 9x - x—=0 9 4x cos 4x - 9
35. 1irr(§xcsc 25x
X 1 25x 1
LUTI li 25x = lim ——— = — lim —— = —
SOLUTION limxese25x = lim oo s = 25 M Gn2sx ~ 25
36. lim 24
=0 tsect
SOLUTION lim tan 4¢ - lim 4 sin 4t _ lm4cost sin 4t —4
0 tsect 0 4tcos(4f)sec(r) -0 cosdt 4t
. sin2h sin3h
T T
SOLUTION
i sin2h sin3h i sin2h sin3h i sin 2h sin 3h
it RS R R A A R A
. sin2h _sin3h . sin2h . sin 3h
=Ml 3 T2 M =
38, lim SRC/3)
=0 sing
.osin(z/3) z/3 .. 1z sin(z/3) 1
SOLUTION 1 L — =1 _-—— = =
al—r}(} sinz /3 zl—rg 3 singz z/3 3
39, lim S0C39)
6-0 sin46
SOLUTION lim sin(-360) —sin(36) § 4 _§
00 sin(40) 60 30 4 sin(46) 4
40, Tim 204
x—0 tan 9x
SOLUTION lim tan 4x - lim cos9x sindx 4 9x 4
-0 tan9x -0 cosdx 4x 9 sin9x 9
41, Tim &3

-0 csc 4t

2.

3=06
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SOLUTION i csc 8t i sindtr 8 1 1
im =lim—— == ==
-0 csc4t —0sin8 4t 2 2
. sinSxsin2x
42. lim ———
x—0 sin 3xsin Sx
. sinSxsin2x . sin2x 2 3x 2
SOLUTION lim = lim . ==

-0 sin3xsin5x x—~0 2x 3 sin3x 3
sin 3x sin 2x

43. lim -
x>0  xsinSx
. sin3xsin2x . sin3x 2 (sin2x)/(2x) 6
SOLUTION lim =lim|(3 - = ==
20 xsinsx  x0\” 3x 5 (sin5x)/Gn) 5
44, fim L2 C0820
h—0
. 1l —cos2h . 1 —cos2h . l—cos2h
SOLUTION }szoT = }leOZT = 2},1—%7 =2-0=0
45. lim sin(2h)(1 — cos h)
h—0 h?
SOLUTION lim SNZM( Zcosh) . ,sin@h) o 1=cosh 5 50
) h? ) 2h  h—0 h
46. lim L =22
=0 gin” 3¢
SOLUTION Using the identity cos 2¢ = 1 — 2sin® ¢,
. l—cos2r . 2sin®t . 2 sint sint 3t 3t 2
lim = lim =lim-+ —+ — ——  —— = =
=0 sin® 3¢ —0 gin23¢r 09 ¢t t sin3t sin3t 9
47. lim cos 20 — cos 8
6—0 0
SOLUTION
cos20—cosf . (cos20—1)+ (1 —cosb) . cos260-1 . 1-cosf
im = lim = lim + lim
-0 0 6-0 [} 6—0 [Z] -0 0
1 - 20 1 - 0
= 20im —2 im Y . 5.040=0
-0 260 6—0
48. lim L —S83h
h—2

SOLUTION The function is continuous at 7, so we may use substitution:

. l-cos3h l-cosZ 1-0 2
lim = — =—=-
=% h 5 3 T

sin 26 — 2 sin 6

49. Use the identity sin 26 = 2 sin 6 cos 6 to evaluate Ling 7

SOLUTION Using the identity sin 20 = 2sin 6 cos 6,
sin260 —2sinf = 2sinfcosf —2sinf = 2sinf(cosf — 1) = =2 sin (1 — cos 6)

Then

sin 260 — 2 sin 6 . sinf(cosf—1) . sinf 1-cosé
B Y B

sin 30 — 3 sin 6

50. Use the identity sin 36 = 3 sin 6 — 4 sin® 6 to evaluate 1}113 7

SOLUTION  Using the identity sin36 = 3 sin6 — 4sin® 6,
sin 360 — 3sinf = 3sinf — 4sin® § — 3sin@ = —4sin® 0
Then

sin 30 — 3sin 6 — _4lim sin” 6 - _4lim sin 6 . sin 6 . sin 6 -4
6—0 93 -0 63 -0 6 0 6

67
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51. Explain why Lir%(csc 0 — cot 6) involves an indeterminate form, and then prove that the limit equals 0.

SOLUTION As 6 approaches 0 from the right, cscfd — oo and cot§ — oo, and as @ approaches 0 from the left,
cscf — —oo and cot§ — —oo. Thus, csc § — cot @ has the indeterminate form co — 0o as @ — 0.

Now,
0 (0 1 cosd 1 -—cosb
cscl—cotf = — — = —
sinf  sinf sin 6
)

1—-cos® 1-cosf 6

lim(csc 6 — cotf) = lim .Cog = lim cos —=0-1=0
6-0 -0 sinf@ 6-0 0 sin @

52. Explain why lim(2 tan 6 — sec 6) involves an indeterminate form, and then evaluate the limit.
01
SOLUTION As 6 approaches /2 from the left, 2tan# — oo and sec § — oo, and as 6 approaches /2 from the right,

2tan # — —co and sec @ — —oo. Thus, 2 tan 6 — sec 0 has the indeterminate form co — oo as § — /2.
Now,

lim (2tan 6 — sec§) = lim
6-m/2 cosf cosd

0—m/2

sin @ 1 . 2sinf-1
2 = lim ——
6-r/2  cosf
Because 2sinf — 1 — 1 # 0 but cos§ — 0 as 6 — /2, it follows that the requested limit does not exist.
== 1- 2h
53. Investigate }}“5 % numerically or graphically. Then evaluate the limit using the double angle formula
cos2h = 1 —2sin’ h.

SOLUTION

h -0.1 -0.01 0.01 0.1
1 —cos2h
n

1.993342 | 1.999933 | 1.999933 | 1.993342

05f

Both the numerical estimates and the graph suggest that the value of the limit is 2.
« Using the double angle formula cos 2k = 1 — 2sin’ i,
1 —cos2h=1—(1-2sin*h) = 2sin’h
Then

1 —cos2h . 2sin’h . sinh sinh
e e R A

1 -cosh
54. Investigate }'11’13 ot

7 numerically or graphically. Then prove that the limit is equal to % Hint: See the

proof of Theorem 2.

SOLUTION

h -1 -.01 .01 .1

1—cosh

7 499583 | .499996 | .499996 | .499583
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Both the numerical estimates and the graph suggest that the value of the limit is %

1—cosh . 1-cos’h . (sinh)2 1 1
h

L) 1. = = — O —
ik h? 0 h2(1 + cos h) ik 1+cosh 2

In Exercises 55-57, evaluate using the result of Exercise 54.
3h-1
55. lim "~

h—0 h?

SOLUTION We make the substitution § = 34. Then & = 6/3, and

i cos3h—-1 . cos@—l__gl. 1—0059__9
o 2 e (@3F | ew e 2
cos3h—1
56. lim ————
hl—r>%c052h—1
SOLUTION limcos3h—l B iml—cos3h_ iml—cos3h ﬁ (2h)? 19 1 9
h—0 cos2h—1  #-01—-cos2h h-0 (3h)2 22 1-cos2h 2 4 1/2 4
57. lim A =608
t—0 t
. V1 —cost . l—cost 1 V2
SOLUTION lim ——— = 4/lim = ,/- ==
1—0 t 1—0 12 2 2

58. Use the Squeeze Theorem to prove that if }{1_1’1(1 [f(x)| = 0, then }\I_I}ll f(x)=0.
SOLUTION Suppose £1ilg |f(x)| = 0. Then

lim [ ()] = ~lim ()] = 0
Now, for all x, the inequalities

—If @l < f(x) < |f )l

hold. Because lim |f(x)| = 0 and lim —|f(x)| = 0, it follows from the Squeeze Theorem that lim f(x) = 0.

x—c

69

Further Insights and Challenges

59. Use the result of Exercise 54 to prove that for m # 0,

i SO8 7% 1 m?

im-— =—-—

x—-0 x2 2

. . cosmx — 1 . u
SOLUTION Substitute u = mx into —_— We obtain x = s Asx— 0,u—0; therefore,
X

. _cosmx—1 . cosu—-1 . ,cosu-—1 ,f 1 m?
lim ———— =1lim =limm —— = = -
x—0 x2 u—0 (I,t/}’}’l)2 u—0 u2 2 2

60. & Using a diagram of the unit circle and the Pythagorean Theorem, show that

sin* 0 < (1 — cos 6)* + sin’* 0 < 6?

Conclude that sin” 8 < 2(1 — cos6) < 6% and use this to give an alternative proof that the limit in Exercise 51 equals 0.

Then give an alternative proof of the result in Exercise 54.
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SOLUTION

» Consider the unit circle shown below. The triangle BDA is a right triangle. It has base 1 — cos 6, altitude sin 8, and
hypotenuse /. Observe that the hypotenuse / is less than the arc length AB = radius - angle = 1 - § = 6. Apply the
Pythagorean Theorem to obtain (1 — cos #)? + sin® @ = h* < 62, The inequality sin® 6 < (1 — cos §)* + sin® 6 follows
from the fact that (1 — cos 8)> > 0.

« Note that
(1 -—cos®)?+sin*0=1-2cosf+cos’@+sin®0=2—2cosf =2(1 — cos )
Therefore,
sin? 6 < 2(1 - cos ) < 6°

« Divide the previous inequality by 2 sin # to obtain

2

sinf 1—cosf
— < —— =cscH—coth < —
2 sin 6 2sin6

sin @
Because lim —— = 0 and
-0 2

92

. 1. 6 1
y—w 2sind 51}1—% sin 6 0= 5(1)(0) =0

it follows by the Squeeze Theorem that

lim(csc 6 — cotf) =0
6—0

« Divide the inequality
sin? 6 < 2(1 — cos 6) < ¢

by 262 to obtain

sin® 1-cosf 1
<—— <=
262 6? 2
Because
) . 2
sin" 1 . (sinf 1 ., 1
i 2% —5}333(—@ ) =31=3

1 1
and lim =7 it follows by the Squeeze Theorem that

6—0
i 1-cosf 1
m-——==
6-0 02 2
. . sinx—sinc .
61. (a) Investigate lim ————— numerically for the five values ¢ = 0, %, %, %, 2.
x—c xX—cC

(b) Can you guess the answer for general ¢?

(¢) Check numerically that your answer to (b) works for two other values of c.



SOLUTION

(a) Here c =0 and cosc = 1.
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X =001 | ¢—0001 | c+0001 | c+0.01
% 0.999983 | 0.99999983 | 0.99999983 | 0.999983
Here ¢ = ’5' and cosc = g ~ .866025.
x =001 | ¢=0001 | ¢+0.001 | c+001
SIMYTSNC | 868511 | 0.866275 | 0.865775 | 0.863511
X—C
Here ¢ = § and cos ¢ = %
x c=001 | c=0001 | ¢c+0.001 | ¢+001
SIMYTSNC | 504322 | 0.500433 | 0.499567 | 0.495662
X—C
Here ¢ = % and cos ¢ = 2 ~ 0.707107.
x c—0.01 ¢—0.001 | ¢+0.001 c+0.01
% 0.710631 | 0.707460 | 0.706753 | 0.703559
Here ¢ = g and cosc = 0.
X c¢—0.01 ¢ —0.001 ¢+ 0.001 ¢+ 0.01
% 0.005000 | 0.000500 | —0.000500 | —0.005000
(b) lim Smiﬁ = cosc.
(c) Here c =2 and cosc = cos2 ~ —.416147.
x c—0.01 c—0.001 ¢+ 0.001 c+0.01
SIMYTSNE 0411593 | —0.415692 | —0.416601 | —0.420686
X—C
Here ¢ = —g and cosc = %5 ~ .866025.
x =001 | ¢=0.001 | ¢+0.001 | ¢+0.01
SMYTSNC | 063511 | 0.865775 | 0.866275 | 0.868511
X—=C

2.7 Limits at Infinity

Preliminary Questions

1. Assume that

lim f(x) =L and lirrz g(x) = 0

Which of the following statements are correct?

(a) x = Lis a vertical asymptote of g.

(b) y = Lis a horizontal asymptote of g.




72 CHAPTER 2 | LIMITS

(¢) x = Lis a vertical asymptote of f.
(d) y = L is a horizontal asymptote of f.
SOLUTION

(a) Because lirrz g(x) = oo, x = Lis a vertical asymptote of g(x). This statement is correct.
X

(b) This statement is not correct.

(¢) This statement is not correct.

(d) Because lim f(x) = L,y = L is a horizontal asymptote of f(x). This statement is correct.
X—00

2. What are the following limits?

(a) lim x* (b) lim x3 (¢) lim x*
X—00 X——00 X——00
SOLUTION

(a) lim,e x* = o

() lim,,_o X° = —c0

(c) lim,, o x* = c0

3. Sketch the graph of a function that approaches a limit as x — oo but does not approach a limit (either finite or infinite)

as x — —oo,

SOLUTION

4. What is the sign of a if f(x) = ax® + x + 1 satisfies
lim f(x) = c0?

SOLUTION Because lim x* = —co, @ must be negative to have lim f(x) = co.
x——00

X——00
5. What is the sign of the coefficient multiplying x7 if f is a polynomial of degree 7 such that lim f(x) = co?
SOLUTION The behavior of f(x) as x — —oo is controlled by the leading term; that is, lim,_,_, f(x) = lim,__, a7x’.
Because x’ — —oo as x — —oo, a; must be negative to have lim,_,_., f(x) = co.

6. Explain why lim sin { exists but limsin 1 does not exist. What is lim sin 1?
X—00

x—0 X—00

SOLUTION Asx — 0,1 — 0,50

o1 .
lim sin — =sin0 =0
X—00
On the other hand, lx — +o0 as x — 0, and as lx — +00, Sin i oscillates infinitely often. Thus
N |
lim sin —
x—0 X

does not exist.

Exercises

1. What are the horizontal asymptotes of the function in Figure 6?

20 20 40 60 80
FIGURE 6
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SOLUTION Because
lim f(x)=1 and lim f(x)=2
the function f has horizontal asymptotes of y = 1 and y = 2.
2. Sketch the graph of a function f that has both y = —1 and y = 5 as horizontal asymptotes.
SOLUTION

3. Sketch the graph of a function f with a single horizontal asymptote y = 3.
SOLUTION

4. Sketch the graphs of two functions f and g that have both y = =2 and y = 4 as horizontal asymptotes but
lim f(x) # lim g(x).

SOLUTION

5. Investigate the asymptotic behavior of f(x) = 2x+ 1 numerically and graphically:
X

(a) Make a table of values of f(x) for x = £50, 100, +£500, +1000.
(b) Plot the graph of f.

(c) What are the horizontal asymptotes of f?

SOLUTION

(a) From the table below, it appears that

x2

lim —— =1
x—ox0 X2 + 1

X +50 +100 +500 +1000
f(x) | 0.999600 | 0.999900 | 0.999996 | 0.999999

(b) From the graph below, it also appears that

)C2

lim =
x—ozoo x2 + 1

(c) The horizontal asymptote of fisy = 1.

73
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6. Investigate lim

(b) Plot the graph of f.

12x+1
e V2 +9
(a) Make a table of values of f(x) =

12x+1
Vax2 +9

(c) What are the horizontal asymptotes of f?

SOLUTION

(a) From the tables below, it appears that

numerically and graphically:

for x = £100, +500, £1000, £10,000.

lim =L 6 and tim =L _
X—>00 \/m X——c0 \/m
X -100 -500 —-1000 —10000
f(x) | —5.994326 | —5.998973 | —5.999493 | —5.999950
X 100 500 1000 10000
f(x) | 6.004325 | 6.000973 | 6.000493 | 6.000050
(b) From the graph below, it also appears that
12x+1 12x+ 1
im —— =6 and lim ——— =-6
n a1 0 T

(¢) The horizontal asymptotes of f arey = -6 and y = 6.

In Exercises 7—16, evaluate the limit.

7. 1i

x1—>n°1° x+9
SOLUTION

lim im A C) = lim ! = =1
x—00 X + _x—>oox’1(x+9)_)f—’°°1+)%_l+0_
8. lim 3x2 +20x
* xooo 4x24+9
SOLUTION
32 +20x G2 +200) 3+8 3403
im0 4x2 49 xoe x2(4x2+9)  xow 44 El T4+0 4
9. lim 3x2 +20x
" xoe 204 + 3% — 29
SOLUTION
L3 20x L G220 T+E 0 0
x—o0 2x4 +3x3 - 290 _x—>oox_4(2x4+3x3—29) _x—>t>02+ % — % - 2 B

10. lim 4

x—00 X +
SOLUTION

-1 4
lim - @ %
X0 X + xooo XTI +5)  xoe |4 %

1. fim =2

oo dx +
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SOLUTION
C Ix=9 . x'(x-9) . 1-2 7
lim = _= = -
xoo0 4x+ 3 X—00 x*1(4x + 3) x—00 4 4 % 4
9x2 -2
12. 1i
e 6= 29x
SOLUTION
i 92 -2 - 1922 = 2) - 9x—2
i =1l =1l =-
x—o0 6 —29x X—00 _x_l(6 — 29x) x—00 )Q( —29
7x* -9
13. 1i
ol dx 13
SOLUTION
N St B 0/ k) B e S
oo Ax+3  xomw xl(Ax+3)  xomw 442
5x-9
14. lim —
s 43 +2x+7
SOLUTION
5x-9 , x3(5x-9) 0 3-% 0
im ————=1Ilim —/———————— = lim ———=-=0
e 4 420+ T e x (@ + 20+ 7)) ow 4 24+ L 4
3 _
15. fim 2> 10
x—o—0  x+4
SOLUTION
32 -10 . x'GP-10) . 332-L
lim = = =00
xo-0 X+ 4 x—-0 X" N(x +4) oo ] 44
2% +3x* = 31x
16. lm —————
S8 — 31+ 12
SOLUTION
lim 2x° +3x* = 31x lim x42x° +3x* = 31x) lim 2x+3- )%
_— = = _— = —0
oo 84 =312 + 12 oo x (8 =312 +12)  woew 8- 3 4 12

In Exercises 17-24, find the horizontal asymptotes.

2x> — 3x
7 I0=5aty

SOLUTION First calculate the limits as x — +o0. For x — oo,

2x2—3x_ . 2-13

X
m = Im
o 8X2+8 o 84 S
X

2 1
"8 4

Similarly,
2x* - 3x _o2-32 2
im ———— = lim -
ro-c0 8x2 + 8 x——c0 8 4+ x% 8 4

Thus, the horizontal asymptote of fisy = %.

8x% — &%

B I0= e

75
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SOLUTION First calculate the limits as x — zo0. For x — oo

8x3 — x? E_ 4
lim—o % im0
XI—’IE’7+11X—4.X4 xl—>n;%+”_4
Similarly,
8x3 — x? E_4
Iim —— =1 r X =0
R E N TRy Ty Ty
Thus, the horizontal asymptote of f is y = 0.
V36x2 +7
19. f(x) = Nobxm A+
9x + 4
SOLUTION Forx >0, x™! = |x7!| = Vx2, 50
o V6T O+ Vi 2
e Ox+4aoe 94t 93
On the other hand, for x < 0, x™! = —|x7!| = = Vx~2, so
o V36T R )
x>-0 Q9x +4 - X——00 9+ é - 9 B 3
Thus, the horizontal asymptotes of farey = 2 andy = —%
V36x* +7
20, fx)= X!

9x? +4
SOLUTION Forall x £0, x2 = |x72| = Vx4, s0

7
o V367 V0T V362
S0 44 Al 9+;L2 9 73
Similarly,
o V36X 17 NIrE VvEe 2
i 9244 _JH*DO 9+x2 T 9 73

Thus, the horizontal asymptote of fisy = 2.
L f0= 1

SOLUTION With

t

and

the function f has one horizontal asymptote, y = 0

1/3
2. /0= g

SOLUTION Fort > 0, 13 = |15 = (+2)/5, s0

13 1 1

m S oys — M = 5

t—o0 (64[ + 9) t—o0 (64 + 1_2) / 2
On the other hand, for ¢ < 0, 13 = —|¢"13| = —(+72)'/°, s0

13 1 1

li = i S

P (642 1)~ e (64 + D6 2

Thus, the horizontal asymptotes for f are y = § and y = —1.
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10
1+371

23. g(n) =
SOLUTION Because

lim3'=0c and lim37 =0

f——co t—o00
it follows that
. . 10
AT T0 e I =10

Thus, the horizontal asymptotes of g are y = 0 and y = 10.
24. p(t)y=2"
SOLUTION With

lim2” =0 and 1lim2" =0

t——0co t—00
the function p has one horizontal asymptote, y = 0.

& The following statement is incorrect: “If f has a horizontal asymptote y = L at oo, then the graph of f approaches
the line y = L as x gets greater and greater, but never touches it.” In Exercises 25 and 26, determine lim f(x) and indicate

how f demonstrates that the statement is incorrect.
25. f(x) = 2

X
SOLUTION For x > 0, |x| = x and

Thus, lim f(x) = 3, so f has a horizontal asymptote of y = 3. The statement that the graph of f never touches this
horizontal asymptote is incorrect because, for all x > 0, the graph of f coincides with the horizontal asymptote y = 3.
26. f(x) = s

SOLUTION Because —1 < sinx < 1, it follows that for x # 0,
sin x

<—=
X

==
==

With

lim(—l):O and liml:O

X—00 X x—00 X
the Squeeze Theorem guarantees that

lim f(x) = lim 22% — ¢

xX—00 x—0 X

Thus, f has a horizontal asymptote of y = 0. The statement that the graph of f never touches this horizontal asymptote
is incorrect because the graph of f crosses y = 0 infinitely often (at x = nx for every positive integer 7, in particular) as
X — oo,

In Exercises 27-34, evaluate the limit.
Vox* +3x+2
27. lim —————
P P B
SOLUTION Forx >0, x73 = [x73| = Vx5, so

943 4+2
. V9X4+3x+2 . x2+x5+xf’
lim 3 = lim : =
x—00 43 +1 x—00 4 + =
X

L Vxd +20x
28. lim ———

x—oeo 10x—2
SOLUTION Forx >0, x7! = |x7!| = Vx2,s0
20
VX3 +20x . X+ 5
im = lim
wme 10x—2  xow [Q— 2

X
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8 2 7 1/3
29, Iim Xt
oo \16x* + 6
SOLUTION For x <0, x2 = [x7%| = Vx4, s0
827 +7x' 8+ 35 8
im 2% fim SE__ S _,

= VIed +6 = [les 5 Vi6

. 4x-3
30. lim ————
o \25x2 + 4x
SOLUTION Forx <0, x! = —-|x7'| = = Vx2, so
. 4x-3 . 4-3 4 4
lim ———— = lim = ==
Xm0 \DSX2 +4x T _ 254+ 4 -V25 5
A LB
31. lim ———
% @B+ 1)
g LR L 1
SOLUTION —_— = _ = —
zlglo (4123 + 1)? ,Eg 4+ 12%)2 16
CpB gl
32. lim oy
A3 _ 93 1=-2 1

SOLUTION lim ————M = lim ——+— = —
,LTO (84 + 2)1/3 ,LTO 8+ %)1/3 2
33, fim MY

x——0c0 X +
SOLUTION For x < 0, |x| = —x. Therefore, for all x < 0,

x| +x  —x+x
x+1  x+1
consequently,
+
N B
x——c0 x+ 1
. 4+ 66
34. tl—l>I—I:o 5007
SOLUTION Because
lim ¢ = lim ¢ =0
t——c0 t——00
it follows that
i 4+6¢* 440 4
im ——— = —— = -
»-05-9¢¥% 5-0 5

35. & Determine lim 57", Explain geometrically.
t—o0

SOLUTION Because

it follows that

lim5717 =5° = 1.

1—o00

Geometrically, this means that the graph of y = 57/ * has a horizontal asymptote at y = 1.

36. Show that lim( Va2 + 1 — x) = 0. Hint: Observe that

X—00

1
Vet lox= ———

xX2+1+x
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SOLUTION Rationalizing the “numerator,” we find

)
Vetrl-x=(V@tl-nrt %

X2+ 1+x
_(x2+1)—x2_ 1
Ve rl+x Ve dl4x
Thus,
lim(Ve 41— = lim ——— =0
Koo o N2+ 1+ x

In Exercises 37—42, calculate the limit.
37. lim( Vax* + 9x — 2x7)

SOLUTION Write

2
Va4 0x - 22 = (Vax + 9x - 2x2)—m
Vax* + 9x + 2x2

_ (4x* + 9x) — 4x* B 9x

VAR 1 9x+2x%  VAr +9x 422
Thus,

9x
lim( VA +9x - 2% = lim ——— =0
3o 320 VA 1 0x 4 242

38. lim(Voxr + x — %)

xX—00

SOLUTION Write

9x3 + x + X/
VT 3  = (Vo g ) e

93 + x + x3/2
Ox +x) - x° B 8x% +x

VOx3 + x + x3/2 Vox3 + x + x3/2

Thus,
. 3 302 . 8x° + x
Im(V9x3 + x—x"") = lim — =
X—00 X—00 9x3 + X+ x3/2

39. lim2Vx— Vx +2)

SOLUTION Write

2VE— VET2 = (- Varz) i Vae2

24x+ Vx+2
4x —(x+2) 3x-2
:2\/§+\/m:2\/}+\/m
Thus,
im@Vx- Vit = lim — "%~
L Y
. 1m(5 - 555)
SOLUTION Write
o 1 (x-2)-x -2
x x=2 x(x=2) x2—2x

Thus,

79
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41, lim MEF

x——00 X +
SOLUTION For x < 0, |x| = —x. Therefore, for all x < 0,

x| +x  —x+x
x+1  x+1 7
consequently,
lim MY g
x—-co x + 1
. 445"
42. tlj{r;5_53t

SOLUTION Because

lim 5% = lim 5 =0,

t——c0 t——00
it follows that
. 445" 440 4
Iim — = —— = —.
-0 5-5%  5-0 5

43. & Let P(n) be the perimeter of an n-gon inscribed in a unit circle (Figure 7).
(a) Explain, intuitively, why P(n) approaches 2 as n — oo.
(b) Show that P(n) = 2nsin (f) .

(¢) Combine (a) and (b) to conclude that lim  sin (%) = 1.

(d) Use this to give another argument that }9213 ¥ =1.
@

n==6 n=9 n=12
FIGURE 7

SOLUTION

(a) Asn — oo, the n-gon approaches a circle of radius 1. Therefore, the perimeter of the n-gon approaches the circum-
ference of the unit circle as n — oo. That is, P(n) — 2mr as n — co.
(b) Each side of the n-gon is the third side of an isosceles triangle with equal length sides of length 1 and angle § = Z

between the equal length sides. The length of each side of the n-gon is therefore !
2 2
1/12+12—2cos—ﬂ= 2(1—cos—ﬂ)= 1[4sin2z=ZSinz
n n n n

P(n) = 2nsin =
n

Finally,

(¢) Combining parts (a) and (b),
lim P(n) = lim 2nsin = = 27
n—oco n—oo n

Dividing both sides of this last expression by 27 yields
lim = sin ~ = 1
noo TN

(d) Let0=%.Then8 — Oasn — oo,

and
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44. Physicists have observed that Einstein’s theory of special relativity reduces to Newtonian mechanics in the limit
as ¢ — oo, where c is the speed of light. This is illustrated by a stone tossed up vertically from ground level so that it
returns to Earth 1 s later. Using Newton’s Laws, we find that the stone’s maximum height is 2 = g/8 m (g = 9.8 m/s?).
According to special relativity, the stone’s mass depends on its velocity divided by ¢, and the maximum height is

h(c) = cc2/g* +1/4 - /g
Prove that lim A(c) = g/8.

SOLUTION Write

S22 2
h(c):C\/cz/g2+1/4—cz/g:(c\/cz/g2+1/4—c2/g)c\/%:czjg
c+/ct/g /g

_ /g +1/4) - g /4

RPNy ra yr Y PN oy e gy Y

Thus,

2 2
lim h(c) = lim c/4 _ 4 s

c—00 e /C2/g2+ 1/4+C2/g h 2C2/g B 8

45. According to the Michaelis-Menten equation, when an enzyme is combined with a substrate of concentration s (in
millimolars), the reaction rate (in micromolars/min) is

As
R(s) = —— A, K tant
(s) Xis ( constants)

(a) Show, by computing lim R(s), that A is the limiting reaction rate as the concentration s approaches co.
s—00

(b) Show that the reaction rate R(s) attains one-half of the limiting value A when s = K.
(c) For a certain reaction, K = 1.25 mM and A = 0.1. For which concentration s is R(s) equal to 75% of its limiting
value?

SOLUTION

. . As . A
@ k@ =fn gy =iy =4

s

(b) Observe that

AK
K+ K

SIS
>§|>§
| >

R(K) =

half of the limiting value.
(c) By part (a), the limiting value is 0.1, so we need to determine the value of s that satisfies

0.1s
R(s) = 2575 0.075
Solving this equation for s yields
1.25)(0.
_ 4290075 _ 505 M

0.025

Further Insights and Challenges
46. Every limit as x — oo can be rewritten as a one-sided limit as r — 0*, where ¢ = x™'. Setting g(t) = f(+™"), we have
lim f(x) = lirgl 140)
xX—00 1—0t
. 3x%—x —t
Show that fin 5 545 = 25

SOLUTION Lett=x"'.Thenx=1¢",¢— 0+asx— oo, and

and evaluate using the Quotient Law.

3x2—x_3t'2—t"1_ 3¢
2:22+5 2245 0 2+52

Thus,
3x2—x . 3—t¢ 3

im = lim ==
=00 2x2+5 -0+ 2+ 52 2
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47. Rewrite the following as one-sided limits as in Exercise 46 and evaluate.

31248 1

@ lim ————— (b) lim 3!/ (¢) lim xsin —

x—o0 4x3 + 3.X +1 x—00 xX—00 X
SOLUTION

(@) Lett=x"'.Thenx=r",t— 0+ asx — oo, and

3-12¢  3-127 34 -12
A3 +3x+1 43 +3r + 1 4+32+7
Thus,
. 3-12x° . 3 -12 -12
lim = lim =—-=-3
xow 43 +3x+1 0+ 4+32+1 4

(b) Letr=x"'.Thenx=1", 7 — 0+ as x — oo, and 3'* = 3*. Thus,

lim 37 =1im3 =3"=1

x—00 t—0+

(¢) Letr=x"'".Thenx=1¢",¢— 0+ as x — oo, and

. . sin ¢
xsin— = —sint = —
X t t
Thus,
. 1 . sint
lim xsin — = lim — =1
xX—00 X t—0+

48. Let G(b) = lim (1 + bH)Y* for b > 0. Investigate G(b) numerically and graphically for b = 0.2, 0.8, 2, 3, 5 (and

additional values if necessary). Then make a conjecture for the value of G(b) as a function of b. Draw a graph of
y = G(b). Does G appear to be continuous? We will evaluate G(b) using L’Hoépital’s Rule in Section 7.5 (see Exercise 69
there).

SOLUTION

e b=02:

X 5 10 50 100
f(x) | 1.000064 | 1.000000 | 1.000000 | 1.000000

It appears that G(0.2) = 1.
*« b=038:

X 5 10 50 100
f(x) | 1.058324 | 1.010251 | 1.000000 | 1.000000

It appears that G(0.8) = 1.
e b=12:

X 5 10 50 100
f(x) | 2.012347 | 2.000195 | 2.000000 | 2.000000

It appears that G(2) = 2.
e b=3:

X 5 10 50 100
f(x) | 3.002465 | 3.000005 | 3.000000 | 3.000000

It appears that G(3) = 3.
e b=15:

X 5 10 50 100
f(x) | 5.000320 | 5.000000 | 5.000000 | 5.000000

It appears that G(5) = 5.



SECTION 2.8 | The Intermediate Value Theorem 83

Based on these observations we conjecture that G(b) = 1if 0 < b < 1 and G(b) = b for b > 1. The graph of y = G(b) is
shown below; the graph does appear to be continuous.

y

2.8 The Intermediate Value Theorem

Preliminary Questions
1. Prove that f(x) = x? takes on the value 0.5 in the interval [0, 1].

SOLUTION Observe that f(x) = x* is continuous on [0, 1] with £(0) = 0 and f(1) = 1. Because f(0) < 0.5 < f(1), the
Intermediate Value Theorem guarantees there is a ¢ € [0, 1] such that f(c) = 0.5.

2. The temperature in Vancouver was 8°C at 6 AM and rose to 20°C at noon. Which assumption about temperature allows
us to conclude that the temperature was 15°C at some moment of time between 6 AM and noon?

SOLUTION We must assume that temperature is a continuous function of time.
3. What is the graphical interpretation of the IVT?

SOLUTION If fis continuous on [a, b], then the horizontal line y = k for every k between f(a) and f(b) intersects the
graph of y = f(x) at least once.

4. Show that the following statement is false by drawing a graph that provides a counterexample:
If f is continuous and has a root in [a, b], then f(a) and f(b) have opposite signs.

SOLUTION

Sla)
f(b)

(

5. Assume that f is continuous on [1,5] and that f(1) = 20, f(5) = 100. Determine whether each of the following
statements is always true, never true, or sometimes true.

(a) f(c) =3 has a solution with ¢ € [1, 5].

(b) f(c) =75 has a solution with ¢ € [1,5].

(¢) f(c) = 50 has no solution with ¢ € [1,5].

(d) f(c) =30 has exactly one solution with ¢ € [1,5].

SOLUTION

(a) This statement is sometimes true. Because 3 does not lie between 20 and 100, the IVT cannot be used to guarantee
that the function takes on the value 3 but it may still do so.

(b) This statement is always true. Because f is continuous on [1,5] and 20 = f(1) < 75 < f(5) = 100, the IVT
guarantees there exists a ¢ € [1, 5] such that f(c) = 75.

(c) This statement is never true. Because f is continuous on [1, 5] and 20 = f(1) < 50 < f(5) = 100, the IVT guarantees
there exists a ¢ € [1, 5] such that f(c) = 50.

(d) This statement is sometimes true. Because f is continuous on [1,5] and 20 = f(1) < 30 < f(5) = 100, the IVT
guarantees there exists a ¢ € [1, 5] such that f(c) = 30 but there may be more than one such value for c.
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Exercises
1. Use the IVT to show that f(x) = x* + x takes on the value 9 for some x in [, 2].

SOLUTION Observe that f(1) = 2 and f(2) = 10. Since f is a polynomial, it is continuous everywhere; in particular
on [1,2]. Therefore, by the IVT there is a ¢ € [1, 2] such that f(c) =9

t
2. Show that g(¢) = 1 takes on the value 0.499 for some ¢ in [0, 1].

SOLUTION g(0) =0and g(1) = % Since g(t) is continuous for all x # —1, and since 0 < .499 < %, the IVT states that
g(1) = .499 for some 7 between 0 and 1.

3. Show that g() = #* tan takes on the value 1 for some # in [0, Z].

SOLUTION g(0) = Oand g(}) = ’lr—z. g(#) is continuous for all # between 0 and 7,and 0 < 5 < f¢

Tg; therefore, by the IVT,
there is a ¢ € [0, %] such that g(c) = 1

4. Show that f(x) = jil

SOLUTION f(0)=0< 4. f(1) = % > 4. f(x) is continuous at all points x where x # —1, therefore f(x) = .4 for some
x between 0 and 1.

5. Show that cos x = x has a solution in the interval [0, 1]. Hint: Show that f(x) = x — cos x has a zero in [0, 1].

SOLUTION Let f(x) = x — cos x. Observe that f is continuous with f(0) = —1 and f(1) = 1 — cos 1 ~ .46. Therefore,
by the IVT there is a ¢ € [0, 1] such that f(c) = ¢ — cosc = 0. Thus ¢ = cos ¢ and hence the equation cos x = x has a
solution ¢ in [0, 1].

6. Use the IVT to find an interval of length % containing a root of f(x) = x> + 2x + 1.
SOLUTION Let f(x) = x> + 2x + 1. Observe that f(— 1) —2 and f(0) = 1. Since f is continuous, we may conclude
by the IVT that f has a root in [—1, 0]. Now, f(——) = -3 50 f(— ) and f(0) are of opposite sign. Therefore, the IVT
guarantees that f has a root on [— ,0].

In Exercises 716, prove using the IVT.

7. +Jc+ Vc+2 =3 has asolution.

SOLUTION Let f(x) = vx + Vx +2 — 3. Note that f is continuous on [0, 2] with f(0) = VO + V2 - 3 ~ —1.59 and
f(2) = V2 + V4 -3 ~ 0.41. Therefore, by the IVT there is a ¢ € [0,2] such that f(c) = vc + Ve +2 -3 = 0. Thus
vc + Ve +2 = 3, and the equation +/c + V¢ + 2 = 3 has a solution c in [0, 2].

8. For all integers n, sin nx = cos x for some x € [0, 7r].

SOLUTION For each integer n, let f(x) = sinnx — cos x. Observe that f is continuous with f(0) = —1 and f(r) = 1.
Therefore, by the IVT there is a ¢ € [0, 7] such that f(c) = sinnc — cos ¢ = 0. Thus sinnc = cos ¢ and hence the equation
sinnx = cos x has a solution ¢ in the interval [0, 7r].

9. V2 exists. Hint: Consider fx) = X%
SOLUTION Let f(x) = x%. Observe that f is continuous with f(1) = 1 and f(2) = 4. Therefore, by the IVT there is a
¢ € [1,2] such that f(c) = ¢* = 2. This proves the existence of V2, a number whose square is 2.
10. A positive number ¢ has an nth root for all positive integers n.

SOLUTION If ¢ = 1, then {/c = 1. Now, suppose ¢ # 1. Let f(x) = x* — ¢, and let b = max{l1, c}. Then, if ¢ > 1,
b'=c">c,andifc < 1,b" =1 > c. Sob" > c. Now observe that f(0) = —c < 0 and f(b) = b" — ¢ > 0. Since fis
continuous on [0, b], by the Intermediate Value Theorem, there is some d € [0, b] such that f(d) = 0. We can refer to d

as {/c.
11. For all positive integers k, cos x = x* has a solution.

SOLUTION For each positive integer k, let f(x) = x* — cos x. Observe that f is continuous on [O, ’5'] with f(0) = —

k
and f(%) = (%) > (. Therefore, by the IVT there is a ¢ € [ ’5'] such that f(c) = cf — cos(c) = 0. Thus cosc = c* and
3

hence the equation cos x = x* has a solution c in the interval [0 ]
12. 2* = bx has a solution if b > 2.

SOLUTION Let f(x) = 2* — bx. Observe that fis continuous on [0, 1] with f(0) =1 > O and f(1) = 2 — b < 0 provided
b > 2. Therefore, by the IVT, there is a ¢ € [0, 1] such that f(c¢) = 2° — bc = 0, provided b > 2. Hence, the equation
= bx has a solution if b > 2.

13. 2* + 3* = 4* has a solution.

SOLUTION Let f(x) = 2% + 3* — 4%, Observe that f is continuous on [0,2] with f(0) =2°+3°-4°=1+1-1=1
and f(2) =22 + 32— 42 =4 +9 — 16 = —3. Therefore, by the IVT, there is a ¢ € [0,2] such that f(c) = 2¢ + 3¢ —4¢ = 0.
Hence, the equation 2* + 3* = 4* has a solution.

14. cos x = tan 2x has a solution in (0, 1).
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SOLUTION Let f(x) = cos x — tan 2x. Observe that f is continuous on [0, b] for any 0 < b < /4 ~ 0.785. In particular,
f is continuous on [0, 0.7]. Now, f(0) = cos0 —tan0 = 1, and f(0.7) = cos 0.7 — tan 1.4 ~ —5.03. Therefore, by the IVT,
there is a ¢ € [0,0.7] such that f(c) = cosc — tan2¢ = 0. Because we know that 0 is not a solution, it follows that the
equation cos x = tan 2x has a solution in [0, 0.7], which is contained in (0, 1).

1
15. 2* + — = —4 has a solution.
X

1
I
f(-4) =278 =8+ 4 ~ -3.08 < 0. Therefore, by the IVT, there is a ¢ € (~1,~4) such that f(c) =2~ ! + 4 = 0 and
thus 2¢ — 1 = 4,

16. x'3 = 1/(x — 1) has a solution in (1, 2).

1
SOLUTION Let f(x) = 2* + — + 4. Observe that f is continuous for x < 0 with f(-1) = 271 + L +4 = % > (0 and
X

SOLUTION Let f(x) = x'/* — 1/(x — 1). Observe that f is continuous on [b,2] for any 1 < b < 2. In particular, f is
continuous on [1.1,2]. Now f(1.1) = 1.1'3 = 1/(1.1 = 1)  =8.97 and f(2) = 2'/3 — 1/(2 — 1) = 0.26. Therefore, by the
IVT, there is a ¢ € [1.1,2] such that f(c) = ¢'/* = 1/(c = 1) = 0. Because we know that 2 is not a solution, it follows that
the equation x'/* = 1/(x — 1) has a solution in [1.1, 2), which is contained in (1, 2).

17. Use the Intermediate Value Theorem to show that the equation x® — 8x* + 10x> — 1 = 0 has at least six distinct
solutions.

SOLUTION Let f(x) = x° — 8x* + 10x? — 1. Then f(0) = —1, f(x1) = 2, f(+2) = —25 and f(+3) = 170. Hence as we
move along the number line from left to right through the points -3, -2, —1, 0, 1, 2, 3, the function changes sign at least
6 times. Hence there must be a zero of the function between any two of these integers, and therefore, there must be at
least six distinct solutions to the equation x° — 8x* + 10x> — 1 = 0.

In Exercises 18-20, determine whether or not the IVT applies to show that the given function takes on all values between
f(a) and f(b) for x € (a,b). If it does not apply, determine any values between f(a) and f(b) that the function does not
take on for x € (a, b).

18.

x forx<O

f(x):{ 2

x= forx>0

for the interval [—1, 1].

SOLUTION The graph of f over the interval [—1, 1] is shown below. From the graph, we see that f is continuous on
[—1, 1], so the IVT applies to show that this function takes on all values between f(—1) = —1 and f(1) = 1 forx € (-1, 1).

y

19.

—-Xx forx <0
f(x)—{x3+1 for x >0

for the interval [—1, 1].

SOLUTION The graph of f over the interval [—1, 1] is shown below. From the graph, we see that f is not continuous
on [—1, 1] because of a jump discontinuity at x = 0. Therefore, the IVT does not apply. However, from the graph, we see
that f does take on every value between f(—1) = 1 and f(1) = 2 for x € (-1, 1).

y

2.01
1.57
1.09

0.51
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20.

—x> forx<0
fw=11 forx=0
X for x > 0

for the interval [-2, 2].

SOLUTION The graph of f over the interval [-2,2] is shown below. From the graph, we see that f is not continuous
on [—1, 1] because of a removable discontinuity at x = 0. Therefore, the IVT does not apply. Moreover, from the graph,
we see that the only value between f(—2) = —4 and f(2) = 2 that f does not take on for x € (-1, 1) isy = 0.

21. Carry out three steps of the Bisection Method for f(x) = 2* — x* as follows:
(a) Show that f has a zero in [1, 1.5].

(b) Show that f has a zero in [1.25, 1.5].

(¢) Determine whether [1.25, 1.375] or [1.375, 1.5] contains a zero.

SOLUTION Note that f(x) is continuous for all x.

(@ f(1) =1, f(1.5) = 2'° - (1.5)* < 3 -3.375 < 0. Hence, f(x) = 0 for some x between 1 and 1.5.
(b) f(1.25) = 0.4253 > 0 and f(1.5) < 0. Hence, f(x) = 0 for some x between 1.25 and 1.5.

(¢) f(1.375) = —0.0059. Hence, f(x) = 0 for some x between 1.25 and 1.375.

22. Figure 6 shows that f(x) = x> — 8x — 1 has a root in the interval [2.75, 3]. Apply the Bisection Method twice to find
an interval of length 7 containing this root.

FIGURE 6 Graphofy = x* —8x— 1.

SOLUTION Let f(x) = x> — 8x — 1. Observe that f is continuous with £(2.75) = —=2.203125 and f(3) = 2. Therefore, by
the IVT there is a ¢ € [2.75, 3] such that f(c) = 0. The midpoint of the interval [2.75, 3] is 2.875 and f(2.875) = —0.236.
Hence, f(x) = 0 for some x between 2.875 and 3. The midpoint of the interval [2.875, 3] is 2.9375 and f(2.9375) = 0.84.
Thus, f(x) = 0 for some x between 2.875 and 2.9375.

23. Find an interval of length le in [1, 2] containing a root of the equation x” + 3x — 10 = 0.

SOLUTION Let f(x) = x” + 3x — 10. Observe that f is continuous on [1,2] with f(1) = -6 and f(2) = 124, so the IVT
guarantees that the equation x7 +3x — 10 = 0 has a root on the interval [1,2]. The midpoint of the interval [1,2] is 1.5
and f(1.5) = 11.585938 > 0, so we can conclude that the equation x” + 3x — 10 = 0 has a root on the interval [1, 1.5].
Finally, the midpoint of the interval [1, 1.5] is 1.25 and f(1.25) = —1.481628 < 0, so we can conclude that the equation
x7 +3x— 10 = 0 has a root on the interval [1.25, 1.5].

24. Show that tan® 6 — 8tan>@ + 17tand — 8 = 0 has a root in [0.5,0.6]. Apply the Bisection Method twice to find an
interval of length 0.025 containing this root.

SOLUTION Let f(x) = tan®# — 8tan’6 + 17tan 6 — 8. Since f(.5) = —.937387 < 0 and f(.6) = 0.206186 > 0, we
conclude that f(x) = 0 has aroot in [0.5,0.6]. Since f(.55) = —0.35393 < 0 and f(.6) > 0, we can conclude that f(x) =0
has a root in [0.55, 0.6]. Since f(.575) = —0.0707752 < 0, we can conclude that f has a root on [0.575, 0.6].

In Exercises 25-28, draw the graph of a function f on [0, 4] with the given property.

25. Jump discontinuity at x = 2 and does not satisfy the conclusion of the IVT

SOLUTION The function graphed below has a jump discontinuity at x = 2. Note that while f(0) = 2 and f(4) = 4,
there is no point ¢ in the interval [0, 4] such that f(c) = 3. Accordingly, the conclusion of the IVT is not satisfied.
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26. Jump discontinuity at x = 2 and satisfies the conclusion of the IVT on [0, 4]

SOLUTION The function graphed below has a jump discontinuity at x = 2. Note that for every value M between
f(0) =2 and f(4) = 4, there is a point ¢ in the interval [0, 4] such that f(c) = M. Accordingly, the conclusion of the IVT

is satisfied.
4 //
2

27. Infinite one-sided limits at x = 2 and does not satisfy the conclusion of the IVT

SOLUTION The function graphed below has infinite one-sided limits at x = 2. Note that while f(0) = 2 and f(4) = 4,
there is no point ¢ in the interval [0, 4] such that f(c) = 3. Accordingly, the conclusion of the IVT is not satisfied.

28. Infinite one-sided limits at x = 2 and satisfies the conclusion of the IVT on [0, 4].

SOLUTION The function graphed below has infinite one-sided limits at x = 2. Note that for every value M between
f(0) = 0and f(4) = 4, there is a point ¢ in the interval [0, 4] such that f(c) = M. Accordingly, the conclusion of the IVT
is satisfied.

(S}
.

2| 4

29. & Can Corollary 2 be applied to f(x) = x"on [-1,1]? Does f have any roots?

SOLUTION Although f(—1) = —1 < 0 and f(1) = 1 > 0 are of opposite sign, Corollary 2 cannot be applied because f
is not continuous on the interval [—1, 1]. This function does not have any roots.

30. (a) Assume that g and & are continuous on [a, b]. Use Corollary 2 to show that if g(a) < h(a) and h(b) < g(b), then
there exists ¢ € [a, b] such that g(c) = h(c).
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(b) Interpret the result of (a) in terms of the graphs of g and %, and show, by a graphical example, that the conclusion in
(a) need not hold if one of g or 4 is not continuous.

SOLUTION

(a) Define the function f on [a, b] by f(x) = g(x) — h(x). Because f is the difference of two functions that are continuous
on [a, b], f is also continuous on [a, b]. Now,

fla) = gla) = h(a) <0 and f(b) = g(b) — h(b) > 0.

Corollary 2 then implies there exists ¢ € [a, b] such that f(c) = 0. It follows that at x = ¢, g(c) = h(c).

(b) The result in (a) indicates that if g and & are continuous on [a, b] with the graph of g below the graph of h at x = a
and with the graph of & below the graph of g at x = b, then there must exist a place in [a, b] where the graphs intersect.

In the figure below, the functions g and /£ satisty the assumptions in part (a), except that / is not continuous on [a, b].
The conclusion in (a) does not hold because the graphs of g and 4 do not intersect.

h(x)
8(x)

h(x)

a b

31. At 1:00 PM Jacqueline began to climb up Waterpail Hill from the bottom. At the same time Giles began to climb
down from the top. Giles reached the bottom at 2:20 PM, when Jacqueline was 85% of the way up. Jacqueline reached
the top at 2:50. Use the result in Exercise 30 to prove that there was a time when they were at the same elevation on the
hill.

SOLUTION Let f represent time in minutes since 1:00 PM, and let J(¢) and G() represent the elevation in percentage of
the way up the hill at time ¢ of Jacqueline and Giles, respectively. Then J(0) = 0 < 1 = G(0) and G(80) = 0 < 0.85 =
J(80). Assuming that J and G are continuous on [0, 80], the result in Exercise 30 implies there exists ¢ € [0, 80] such
that J(c) = G(c). At time ¢, Jacqueline and Giles were at the same elevation on the hill.

32. & On Wednesday at noon the weather was fair in Boston with a barometric pressure of 1018 mb. At the same
time, a low-pressure storm system was passing by Buffalo, where the pressure was 996 mb. At noon Thursday the storm
was approaching Boston, where the pressure was 1002 mb, while the weather was clearing in Buffalo and the pressure
there had risen to 1014 mb. Use the result in Exercise 30 to prove that there was a time between noon Wednesday and
noon Thursday when Boston and Buffalo had the same barometric pressure.

SOLUTION Let ¢ represent time in hours since noon on Wednesday, and let g(f) and h(r) represent the barometric
pressure in mb at time 7 in Boston and Buffalo, respectively. Then 4(0) = 996 < 1018 = g(0) and g(24) = 1002 < 1014 =
h(24). Assuming that g and / are continuous on [0, 24], the result in Exercise 30 implies there exists ¢ € [0, 24] such that
g(c) = h(c). At time ¢ between noon on Wednesday and noon on Thursday, Boston and Buffalo had the same barometric
pressure.

Further Insights and Challenges

Exercises 33 and 34 address the 1-Dimensional Brouwer Fixed Point Theorem. It indicates that every continuous function
f mapping the closed interval [0, 1] to itself must have a fixed point; that is, a point ¢ such that f(c) = c.

33. & Show that if f is continuous and 0 < f(x) < 1 for 0 < x < 1, then f(c) = c for some c in [0, 1] (Figure 7).

¢ i
FIGURE 7 A function satisfying 0 < f(x) < 1for0 <x < 1.

X
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SOLUTION If f(0) = 0, the proof is done with ¢ = 0. We may assume that f(0) > 0. Let g(x) = f(x) — x. g(0) =
f(0)—0 = £(0) > 0. Since f(x) is continuous, the Rule of Differences dictates that g(x) is continuous. We need to prove
that g(c) = 0 for some c € [0, 1]. Since f(1) < 1, g(1) = f(1) =1 < 0. If g(1) = 0, the proof is done with ¢ = 1, so let’s
assume that g(1) < 0.

We now have a continuous function g(x) on the interval [0, 1] such that g(0) > 0 and g(1) < 0. From the IVT, there
must be some ¢ € [0, 1] so that g(c) = 0, so f(c) —c¢ = 0 and so f(c) = c.

34. (a) Give an example showing that if f is continuous and 0 < f(x) < 1 for 0 < x < 1, then there does not need to be
acin (0, 1) such that f(c) = c.

(b) Give an example showing thatif 0 < f(x) < 1 for 0 < x < 1, but f is not necessarily continuous, then there does not
need to be a ¢ in (0, 1) such that f(c) = c.

SOLUTION

(a) Let f(x) = x/2. For 0 < x < 1, f is continuous and satisfies the condition that 0 < f(x) < 1. Now, the equation
f(c) = ¢, or equivalently c/2 = c, has as its only solution ¢ = 0, which does not lie in the interval (0, 1). Thus, there does
not exist a ¢ € (0, 1) such that f(c) = c.

(b) Let

_f1 when0<x<j
f(x)‘{o when%ﬁle

For 0 < x < 1, this function satisfies the condition that 0 < f(x) < 1 but is not continuous on [0, 1] because of a

discontinuity at x = % For this function, the equation f(c) = ¢ has no solution. Thus, there does not exist a ¢ € (0, 1)
such that f(c) = c.

35. Use the IVT to show that if f is continuous and one-to-one on an interval [a, b], then f is either an increasing or a
decreasing function.

SOLUTION Let f(x) be a continuous, one-to-one function on the interval [a, b]. Suppose for sake of contradiction that
f(x) is neither increasing nor decreasing on [a, b]. Now, f(x) cannot be constant, for that would contradict the condition
that f(x) is one-to-one. It follows that somewhere on [a, b], f(x) must transition from increasing to decreasing or from
decreasing to increasing. To be specific, suppose f(x) is increasing for x; < x < x, and decreasing for x, < x < x3.
Let k be any number between max{f(x), f(x3)} and f(x,). Because f(x) is continuous, the IVT guarantees there exists a
c1 € (x1,xp) such that f(c;) = k; moreover, there exists a ¢, € (x,, x3) such that f(c,) = k. However, this contradicts the
condition that f(x) is one-to-one. A similar analysis for the case when f(x) is decreasing for x; < x < x, and increasing
for x, < x < x3 again leads to a contradiction. Therefore, f(x) must be either increasing or decreasing on [a, b].

36. & Ham Sandwich Theorem Figure 8(A) shows a slice of ham. Prove that for any angle 6 (0 < 6 < m), it
is possible to cut the slice in half with a cut of incline 6. Hint: The lines of inclination 6 are given by the equations
y = (tan6)x + b, where b varies from —oo to co. Each such line divides the slice into two pieces (one of which may be
empty). Let A(b) be the amount of ham to the left of the line minus the amount to the right, and let A be the total area of
the ham. Show that A(b) = —A if b is sufficiently large and A(b) = A if b is sufficiently negative. Then use the IVT. This
works if § # 0 or . If & = 0, define A(b) as the amount of ham above the line y = b minus the amount below. How can
you modify the argument to work when 6 = 7 (in which case tan 6 = c0)?

SOLUTION Let 6 be such that § # 7. For any b, consider the line L(¢) drawn at angle 6 to the x axis starting at (0, b).
This line has formula y = (tan 8)x + b. Let A(b) be the amount of ham above the line minus that below the line.
Let A > 0 be the area of the ham. We have to accept the following (reasonable) assumptions:

 For low enough b = by, the line L(0) lies entirely below the ham, so that A(by) = A — 0 = A.
« For high enough b, the line L(6) lies entirely above the ham, so that A(b;) =0 - A = —A.

« A(b) is continuous as a function of b.

Under these assumptions, we see A(b) is a continuous function satisfying A(by) > 0 and A(b;) < O for some by < b;. By
the IVT, A(b) = 0 for some b € [by, b].

Suppose that § = 7. Let the line L(c) be the vertical line through (c,0) (x = c). Let A(c) be the area of ham to the
left of L(c) minus that to the right of L(c). Since L(0) lies entirely to the left of the ham, A(0) = 0 — A = —A. For some
¢ = ¢y sufficiently large, L(c) lies entirely to the right of the ham, so that A(c;) = A — 0 = A. Hence A(c¢) is a continuous
function of ¢ such that A(0) < 0 and A(c;) > 0. By the IVT, there is some ¢ € [0, ¢;] such that A(c) = 0.

37. & Figure 8(B) shows a slice of ham on a piece of bread. Prove that it is possible to slice this open-faced
sandwich so that each part has equal amounts of ham and bread. Hint: By Exercise 36, for all 0 < 6 < n there is a line
L(6) of incline 6 (which we assume is unique) that divides the ham into two equal pieces. Let B(8) denote the amount of
bread to the left of (or above) L(#) minus the amount to the right (or below). Notice that L(rr) and L(0) are the same line,
but B(rr) = —B(0) since left and right get interchanged as the angle moves from 0 to 7. Assume that B is continuous and
apply the IVT. (By a further extension of this argument, one can prove the full Ham Sandwich Theorem, which states
that if you allow the knife to cut at a slant, then it is possible to cut a sandwich consisting of a slice of ham and two slices
of bread so that all three layers are divided in half.)
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/J L(0)=L(m)
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(A) Cutting a slice of ham (B) A slice of ham on top
at an angle 6 of a slice of bread
FIGURE 8

SOLUTION For each angle 6, 0 < 6 < «, let L(6) be the line at angle 6 to the x-axis that slices the ham exactly in half,
as shown in Figure 8. Let L(0) = L(x) be the horizontal line cutting the ham in half, also as shown. For 6 and L(6) thus
defined, let B(6) = the amount of bread to the left of L(6) minus that to the right of L(6).

To understand this argument, one must understand what we mean by “to the left” or “to the right”. Here, we mean to
the left or right of the line as viewed in the direction 6. Imagine you are walking along the line in direction 6 (directly
right if 6 = 0, directly left if 8 = 7, etc).

We will further accept the fact that B is continuous as a function of 6, which seems intuitively obvious. We need to
prove that B(c) = 0 for some angle c.

Since L(0) and L(r) are drawn in opposite direction, B(0) = —B(x). If B(0) > 0, we apply the IVT on [0, 7] with
B(0) > 0, B(n) < 0, and B continuous on [0, ]; by IVT, B(c) = 0 for some ¢ € [0, 7r]. On the other hand, if B(0) < 0, then
we apply the IVT with B(0) < 0 and B(rr) > 0. If B(0) = 0, we are also done; L(0) is the appropriate line.

2.9 The Formal Definition of a Limit

Preliminary Questions
1. Given that llln cos x = 1, which of the following statements is true?
(a) If |cos x — 1] is very small, then x is close to 0.
(b) There is an € > 0 such that if 0 < |cos x — 1| < €, then |x| < 107>,
(¢) Thereis ad > 0 such thatif 0 < |x| < &, then |cos x — 1| < 107>.

(d) Thereis ad > 0 such thatif 0 < |x — 1| < &, then |cos x| < 107,
SOLUTION The true statement is (c): There is a § > 0 such that if 0 < |x| < &, then |cos x — 1| < 107>.

2. Suppose it is known that for a given € and ¢, if 0 < |x — 3| < §, then |f(x) — 2| < €. Which of the following statements
must also be true?

(a) If 0 < |x — 3| < 26, then |f(x) — 2| < €.
(b) If 0 < |x — 3| < 6, then|f(x) — 2| < 2e.

(©) If0 < [x 3| < g,then Ifoo) = 2] < g
@ If0 < jx—3| < g,then If(x) -2 < e.

SOLUTION Statements (b) and (d) are true.

Exercises

1. Based on the information conveyed in Figure 5(A), find values of L, €, and § > 0 such that the following statement
holds: If |x| < ¢, then |f(x) — L| < €.

SOLUTION We see —0.1 < x < 0.1 forces 3.5 < f(x) < 4.8. Rewritten, this means that |x| < 0.1 implies that
|f(x) — 4| < 0.8. Looking at the limit definition |x| < ¢ implies |f(x) — L| < €, we can replace so that L = 4, € = 0.8, and
6=0.1.

2. Based on the information conveyed in Figure 5(B), find values of ¢, L, €, and 6 > 0 such that the following statement
holds: If 0 < |x — ¢| < 6, then |f(x) — | < e.
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SOLUTION From the shaded region in the graph, we can see that when 2.9 < x < 3.1, then 9.8 < f(x) < 10.4. Rewriting
these double inequalities as absolute value inequalities, we get |[x — 3| < 0.1 implies | f(x) — 10] < 0.4. Replacing numbers
where appropriate in the definition of the limit [x — ¢| < ¢ implies |f(x) — L| < €, we get L = 10, € = 0.4, ¢ = 3, and
6 =0.1.
3. Make a sketch illustrating the following statement: To prove lim x = a, given € > 0, we can take 6 = € to have the
gap be small enough.
SOLUTION See the figure below. With ¢ = ¢, the gap is within € of a.

fl)=x

4. Make a sketchillustrating the following statement: To prove lima = a, given € > 0, we can choose any § > 0 to have
X—=C

the gap be small enough.
SOLUTION See the figure below. With any choice for 9, the gap is within € of a.

€ f()=a

5. Consider lirri f(x), where f(x) =8x+ 3.
(a) Show that |f(x) — 35| = 8|x — 4.
(b) Show that for any € > 0, if 0 < |x — 4| < J, then |f(x) — 35| < €, where § = §. Explain how this proves rigorously
that lin} f(x) = 35.

SOLUTION

(@) [f(x) =35 =8x+3—-35=18x—32| = |8(x —4)| = 8|x — 4]. (Remember that the last step is justified because 8 >
0.)

(b) Lete > 0. Let § = €/8 and suppose |x — 4| < §. By part (a), | f(x) — 35| = 8|x — 4| < 8. Substituting 6 = €/8, we see
[f(x) — 35| < 8¢/8 = €. We see that, for any € > 0, we found an appropriate ¢ so that |x — 4| < ¢ implies |f(x) — 35| < e.
Hence l_irri f(x)=35.
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6. Consider llH21 f(x), where f(x) =4x—1.
(a) Show thatif 0 < |x — 2| < §, then |f(x) — 7| < 46.

(b) Find a 6 such that
If 0<|x-2|<6, then |[f(x)—7]<0.01

(¢) Prove rigorously that hn% fx)="1.

SOLUTION
(a) If0 < |[x — 2| < &, then |f(x) — 7| = |(4x — 1) — 7| = 4]x — 2| < 4.
(b) If0 < [x — 2| < & = .0025, then |(4x — 1) — 7| = 4]x — 2| < 46 = .01.

(c) Let € > 0 be given. Then whenever 0 < |[x — 2| < & = €/4, we have [(4x — 1) — 7| = 4]x — 2| < 46 = €. Since € was
arbitrary, we conclude that lin21(4x -H="7
X

7. Consider lirrzl x? = 4 (refer to Example 2).

(a) Show that if 0 < |x — 2| < 0.01, then |x*> — 4| < 0.05.
(b) Show that if 0 < |x — 2| < 0.0002, then |x> — 4| < 0.0009.
(c) Find a value of 6 such that if 0 < |x — 2| < 6, then |x*> — 4| is less than 107*.

SOLUTION
(a) If0 < |x—2| <6 = .01, then x| < 3 and [ = 4| = [x = 2llx + 2| < |x — 2| (1| +2) < 5x — 2| < .05.
(b) If 0 < |x — 2| < & = .0002, then |x| < 2.0002 and

|x2 - 4| = |x = 2|lx + 2| < |x = 2| (lx] + 2) < 4.0002|x — 2| < .00080004 < .0009

(¢) Note that |x2 - 4| =|(x +2)(x — 2)| < |x + 2||x — 2|. Since |x — 2| can get arbitrarily small, we can require |x — 2| < 1
so that 1 < x < 3. This ensures that |x + 2| is at most 5. Now we know that |x2 - 4| < 5lx = 2|. Let § = 107>, Then, if
|x — 2| < 6, we get |x2 - 4| <5lx =2/ <5x 107 < 107* as desired.

8. Consider the limit lim x* = 25.

(a) Show thatif 4 < x < 6, then |x*> — 25| < 11|x — 5|. Hint: Write
x> =25 =|x+5]-|x 95|

(b) Find a 6 such that if 0 < |x — 5] < &, then |x? — 25| < 1073,

(¢) Give a rigorous proof of the limit by showing that if 0 < |x — 5| < &, then |x? — 25| < €, where ¢ is the smaller of 5
and 1.

SOLUTION
(a) If4 < x <6, then |x— 5/ <& = 1 and |x*> = 25| = |x = 5|lx + 5 < |x = 5/ (x| + 5) < 11]x = 5.
(b) If0 < |x -5/ <=L then x < 6and |x*> -~ 25| = |x = 5|lx + 5| < |x — 5 (x| + 5) < 11]x - 5| < .001.

(¢) LetO< |x—=5|<d = min{l, ﬁ} Since § < 1, |[x — 5] < 6 < 1 implies 4 < x < 6. Specifically, x < 6 and

| = 25| = lx = Sllx + 5] < |x = 5| (x| + 5) < |x = 5|(6 + 5) = 11[x - 5|

Since ¢ is also less than €/11, we can conclude 11|x — 5| < 11(e/11) = ¢, thus completing the rigorous proof that if
|x — 5| < 6, then |x* — 25| < e.

9. Refer to Example 3 to find a value of 6 > 0 such that

If 0<|x-3| <6, then

1
—|<10™
3 <

SOLUTION Example 3 shows that for any € > 0 we have

1 1
———’Se if[x-3] <6
x 3

where ¢ is the smaller of the numbers 6¢ and 1. In our case, we may take § = 6 x 1074,

10. Use Figure 6 to find a value of ¢ > 0 such that the following statement holds: If 0 < |x — 2| < §, then |1 /X% - ?H <e€
for € = 0.03. Then find a value of § that works for € = 0.01.
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SOLUTION From Figure 6, it appears that 0 < |x — 2| < § = 0.1 will guarantee that

1 1
- - —| < € = 0.03. It also appears
x4

that 0 < |x — 2| < 6 = 0.04 will guarantee that <e=0.01.

24
11. Plot f(x) = V2x — 1 together with the horizontal lines y = 2.9 and y = 3.1. Use this plot to find a value of
6 > Osuchthatif O < |x—5| <6, then|V2x—-1-3]<0.1.

SOLUTION From the plot below, we see that 6 = 0.25 will guarantee that | V2x — 1 — 3| < 0.1 whenever |x — 5| < 4.
¥
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12. Plot f(x) = tanx together with the horizontal lines y = 0.99 and y = 1.01. Use this plot to find a value of
6 > 0'such that if 0 < |x — Z| < &, then |tan x — 1| < 0.01.

SOLUTION From the plot below, we see that § = 0.005 will guarantee that [tan x — 1| < 0.01 whenever |x — 7| < 6.

y

1.02 P
//
1.01 >
//
1 %
s
//
0.99 ’
7
098t
0775 078 0785 0.79 0.795

13. |GU|  The function f(x) = 2~ satisfies lim f(x) = 1. Use a plot of f to find a value of & > 0 such that [f(x) - 1] <
X

0.001if 0 < |x| < 6.

SOLUTION From the plot below, we see that 6 = 0.03 will guarantee that

|2*x2 - 1‘ <0.001

whenever 0 < |x| < 6.

X
—0.04—0.02 0.02 0.04

4

14. Let f(x) = ——— and e = 0.5. Using a plot of /. find a value of 6 > 0 such that if 0 < |x— 4| < . then
X

|f(x) - | < €. Repeat for € = 0.2 and 0.1.
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SOLUTION From the plot below, we see that ¢ = 0.18 will guarantee that |f(x) — %l < 0.5 whenever |x — %l <o.

y

2.6 ™N

02 03 04 05 06 0.7

When € = 0.2, we see that 6 = 0.075 will guarantee |f(x) — ]5—6| < € whenever |x — %l < & (examine the plot below at the
left); when € = 0.1, § = 0.035 will guarantee |f(x) — %l < € whenever |x — %l < ¢ (examine the plot below at the right).
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15. Consider lin% 1

-2 X

(a) Show that if |x — 2| < 1, then

1 1

|
Spx-2
x2Sz

(b) Find a6 > 0 such that if 0 < [x — 2| < 6, then |1 — 1| < 0.01.

x

(¢) Let o be the smaller of 1 and 2e. Prove the following:

IfO0<|x=-2l<6, then

<€

1 1
Then explain why this proves that lim — = 5

-2 X
SOLUTION

1
(a) Since |x — 2| < 1, it follows that 1 < x < 3, in particular that x > 1. Because x > 1, then — < 1 and
X

11| _|2-x

_x=2
x 217 2x |7

2x

1
< §|X—2|

1 1 1

(b) Choose 6 = 0.02. Then |— — 3 < 56 = 0.01 by part (a).
X

(¢) Leto = min{l, 2¢€} and suppose that |x — 2| < ¢. Then by part (a) we have

1 1 1 1 1
2 '2 —_
- —2‘<—2|x |<—2(5<—2 €E=¢€

Let € > 0 be given. Then whenever 0 < |x — 2| < § = min {1, 2¢}, we have

<§6S€

'1 1‘ 1

. . 11
Since € was arbitrary, we conclude that lmé it
x—=2 X

16. Consider lirrll Vx+3.

(a) Show thatif |x— 1] <4, then |Vx+3-2|< %Ix — 1|. Hint: Multiply the inequality by | Vx + 3 + 2| and observe that
[Vx+3+2|>2.
(b) Find § > 0 such thatif 0 < |x— 1| <, then | Vx+ 3 —2| < 107*.

(c) Prove rigorously that the limit is equal to 2.
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SOLUTION

(a) |x— 1] < 4 implies that -3 < x < 5. Since x > -3, then Vx + 3 is defined (and positive), whence

. (Va+3-2) (Va+3+2) -1 lx—1]
[Vx+3-2= 1 (m+2)_\/m+2< 2

(b) Choose ¢ = .0002. Then provided 0 < |x — 1| < §, we have x > —3 and therefore

-1 ¢
|Vx+3-2|< |x2 |<§=.0001

by part (a).
(c) Let € > 0 be given. Then whenever 0 < |x — 1] < § = min {2¢,4}, we have x > —3 and thus

(\/m—Z) (\/m+2)

ot 2
1 (Vx+3+2)

C Vx+3+2 2

|m_2|=|

Since € was arbitrary, we conclude that lirrll Vx+3=2.
17. & Let f(x) = sin x. Using a calculator, we find
f(f—o.1)zo.633, f(’f)zo.7o7, f(z +O.1)z0.774
4 4 4
Use these values and the fact that f is increasing on [O, g] to justify the statement

T
X - —

If 0<

<0.1, then < 0.08

- £(5)

Then draw a figure like Figure 3 to illustrate this statement.

95

SOLUTION Since f(x) is increasing on the interval, the three f(x) values tell us that .633 < f(x) < .774 for all x
between 7 — .1 and § +.1. We may subtract f(%) from the inequality for f(x). This shows that, for 7 —.1 <x < +.1,
633 - f(5) < f(x) = f(}) <774 — f(%). This means that, if |x — | < .1, then .633 - .707 < f(x) — f(}) < .774 = 707,
so —0.074 < f(x) — f(§) < 0.067. Then -0.08 < f(x) — f() < 0.08 follows from this, so |x — §| < 0.1 implies

[f(x) = ()] < .08. The figure below illustrates this.
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18. Adapt the argument in Example 1 to prove rigorously that
lim(ax + b) = ac + b, where a, b, c are arbitrary.

SOLUTION |[f(x) — (ac + b)| = |(ax + b) — (ac + b)| = |a(x — ¢)| = |a||x — c|. This says the gap is |a| times as large as
|[x —c|. Let e > 0. Let 6 = €/(1 + |al), where we have added 1 to the denominator to avoid division by zero in the case

a=0.If |x — | <9, we get

If(x) = (ac + b)| = lal |x = ¢| < |al <e€

€
1+ a|
which is what we had to prove.

19. Adapt the argument in Example 2 to prove rigorously that
limx* = ¢* forall .

x—c¢

SOLUTION To relate the gap to |x — |, we take

I =1+ o)x = o) = |x+cllx —

|)C2—C
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We choose § in two steps. First, since we are requiring |x — c| to be small, we require § < 1 + |c|, where we have added
1 to avoid complications associated with ¢ = 0. Then |x| < 2|c| + 1 and |x + ¢| < 3lc| + 1, so |x — c|[x + ¢| < (3lc| + 1)d.
Next, we require that & <

€
, SO
3lc] + 1

—clx+el < ——@lel+ ) = e
3le] + 1
and we are done.
Therefore, given € > 0, we let

€
5=mind 1 +]cl, ——
m'"{ et 3|c|+1}

Then, for |x — ¢| < §, we have

€

x> =2 =[x = cl|x + c| < @le| + 1)§ < Ble| + I)W =€

20. Adapt the argument in Example 3 to prove rigorously that
limx™' =1 forall ¢ # 0.

x—c

SOLUTION To relate the gap to |x — c|, we find:

c—x| |x—

cx |ex]

Since |x — c| is required to be small, we may assume from the outset that |x — ¢| < |c|/2, so that x is between |c|/2 and
3|c|/2. This forces |cx| > |c|/2, from which

|x — ¢ 2
< —l|x—
|cx] |l
If 5 < e('d),
X! —l‘ —lx—c| —@e:
cl e el 2

Therefore, given € > 0 we let

ool

'—l<eifO<|x—c| <.

‘We have shown that |x~

In Exercises 21-26, use the formal definition of the limit to prove the statement rigorously.

21. linz} Vx=2

+2
SOLUTION Let € > 0 be given. We bound | v/x — 2| by multiplying >
+
Vx+2 x—4 1
x—2|= x—-2)- =|—|=x—-4||——
[Vx = 2] ‘(\/_ )\/}+2 N | l\/}+2
We can assume & < 1, so that |x — 4| < 1, and hence vx +2 > V3 +2 > 3. This gives us
VE =20 = x4l |—— | < b 41~
Vx+2 3
Let 6 = min(1, 3¢). If |[x — 4] < 6,
IVE =20 = I — 4| ——| < v~ 4I% <om <3es
x=2|=|x- x —4|= - €= =€
Vx+2 33 3

thus proving the limit rigorously.

22. 1irr]1(3x2 +x)=4
X—
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SOLUTION Let € > 0 be given. We bound |(3)c2 +x) — 4| using quadratic factoring.
|3x* +x) =4 = 3? + x = 4| = |Gx + H(x = )| = [x — 1||3x + 4]
Let 6 = min(1, {5). Since 6 < 1, we get |3x + 4| < 10, so that
|37 +x) — 4] = |x — 1]13x + 4] < 10]x — 1]

Since § < &

15> we get

3%+ - 4] < 10k~ 1] < 105 = €

23. lirrllx3 =1
SOLUTION Let € > 0 be given. We bound |x3 - 1| by factoring the difference of cubes:
|x3 - 1| = |()c2 + x4+ 1)(x— 1)| =|x- 1||x2+x+1

Let 6 = min(1, £), and assume |x — 1| < 8. Since 6 < 1, 0 < x < 2. Since x> + x + 1 increases as x increases for x > 0,
X2+x+1<7for0<x<2,andso

b =1 == 1 | < T - 11 <75 = €

and the limit is rigorously proven.
24. lim(x* + x*) =0

x—0
SOLUTION Let € > 0 be given. First, we bound |x*> + x* — 0| = [x? + x*|:

¥ + 27| =[x - X1 + x|
Let 6 = min(1, £), and suppose |x — 0] = |x| < §. Since § < 1, =1 < x < 1. This means 0 < 1 + x < 2. Thus,
% + 2] = [x] - [xll1 + x| < 2lx < 2 % =€

and the limit is rigorously proven.

o1
25. }(ILI%X =7

SOLUTION Let € > 0 be given. First, we bound |x‘2 - i|:

2+ x

=2 -
12~ 4x2

‘,2 1' 4- ¢
P N
4x2

2=
Let § = min(1, %E), and suppose |x — 2| < 6. Since § < 1, |[x — 2| < 1, s0 1 < x < 3. This means that 4x%> > 4 and

2+
2+l <5, 50 that — a

5
2 < 7. We get

24+ x
4x%

BRI I
4 e 4 5°°°¢

1
x‘z——‘:|2—x|‘

and the limit is rigorously proven.
26. limxsin— =0
x—0 X

SOLUTION Let € > 0 be given. Let § = €, and assume |x — 0] = |x] < 6. We bound x sin i

.1 .1
xsm——O’:lxl s1n—|<|x|<6:e
X X

27. Let f(x) = l—xl Prove rigorously that liné f(x) does not exist. Hint: Show that for any L, there always exists some x
X X

such that |x| < ¢ but |f(x) — L| > %, no matter how small ¢ is taken.

SOLUTION Let L be any real number. Let 6 > 0 be any small positive number. Let x = %, which satisfies |x| < ¢, and
f(x) = 1. We consider two cases:

* (If(x) = LI > 1) : we are done.

1y, Th: 1 3 : _ s _ 3
* (|f(x) - L| < 3): This means 5 < L < 3. In this case, let x = —%. f(x)=-1,andso 5 < L— f(x).

In either case, there exists an x such that x| < ¢, but [f(x) — L| > %
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28. Prove rigorously that lin(l) |x] = 0.

SOLUTION Let € > 0 be given, and take ¢ = €. Then, whenever 0 < |x — 0| = |x| < ¢, it follows that

|x|—0'=|xl<6=e

29. Let f(x) = min(x, x?), where min(a, b) is the minimum of a and b. Prove rigorously that lirrll flx)=1.

SOLUTION Let € > 0 be given, and take § = min(1, £). Suppose 0 < |x — 1| < ¢. Then either 1 -6 < x < 1 or
l<x<1+6.If1 <x<1+6,then

@) -1=lx-1]<5< ; <e
as required. On the other hand, if 1 — 6 < x < 1, then |1 + x| < 2 and
f) =1 = =1=|x-1llx+1]<2x-1]<26<e
Thus, }(13} f(x)=1.
30. Prove rigorously that ltlilé sin i does not exist.

SOLUTION Let ¢ > 0 be a given small positive number, and let L be any real number. We will prove that |sin )lc - L| >
for some x such that |x| < 6.

1
2

Let N > 0 be a positive integer large enough so that m < 0. Let
2
X = ——
'T@N+ Dr
2
Xp= ————
27 @4N+3)r
Xy <X <0
. . (4N + Dm .1 @N+3n
sin— =sin——— =1 and sin— =sin——— =-1
X1 2 X2 2
If |sin ﬁ —L| > 1, we are done. Therefore, let’s assume that [sin i -] < 3§ -1 < sin ﬁ -L<isoL-3<
sin i =1 < L+ 1. This means L > 1, so that [sin é — Ll =|-1-L| > 3. In either case, there is an x such that |x| < &
but[sin 1 — L| > 1, so no limit L can exist.
31. Use the identity
+ p—
sinx +siny = 25in(x y)cos(x 5 y)
to prove that
in(h/2 h
sin(a+h)—sina=hsm}f/2/ )COS(CI+§)

sin x

Then use the inequality ‘— < 1 for x # 0 to show that
X

|sin(a + h) — sina| < |h| for all a. Finally, prove rigorously that
lim sin x = sina.
xX—a
SOLUTION We first write
sin(a + h) — sina = sin(a + h) + sin(—a)

Applying the identity with x = a + h, y = —a, yields:

2 2
ol ANTATT B\ i)
_251n(2)cos(a+2)—2(h)sm(2)cos(a+2)—h 12 cos(a+2)

Sin(h/2)| ‘cos (a + ;)‘

sin(a + h) — sina = sin(a + h) + sin(—a) = ZSin(a th _a)cos(za +h)

Therefore,

|sin(a + h) — sinal = |h| 12

Using the fact that

sin 6 . L. . ..
—| < 1 and that |cos 6| < 1, and making the substitution 7 = x — a, we see that this last relation is

equivalent to
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|sin x — sina| < |x — q|
Now, to prove the desired limit, let € > 0, and take 6 = €. If |[x — a| < §, then
[sinx —sina| < |x—a|<d =€

Therefore, a ¢ was found for arbitrary €, and the proof is complete.

Further Insights and Challenges

32. Uniqueness of the Limit Prove that a function converges to at most one limiting value. In other words, use the
limit definition to prove that if lim f(x) = L; and lim f(x) = L,, then L; = L,.

SOLUTION Let € > 0 be given. Since lim f(x) = L,, there exists ¢; such that if |x — ¢| < §; then |[f(x) — L,| < €.
Similarly, since lim f(x) = L,, there exists §, such that if |x — ¢| < 0, then |f(x) — L,| < €. Now let [x — ¢| < min(d;, 5>)
and observe that

ILy = Lo = ILy = f(®) + f(x) - Lo
<UL = fOl+1f () = Lo
=1f(0) = Lil +1f(x) - Lo < 2¢

So, |[L; — L,| < 2¢ for any € > 0. We have |L, — L,| = lirr(l) ILy — Ly| < lirr(l) 2€ = 0. Therefore, |L; — L,| = 0 and, hence,
L] = L2.

In Exercises 33-35, prove the statement using the formal limit definition.

33. The Constant Multiple Law [Theorem 1, part (ii) in Section 2.3]

SOLUTION  Suppose that lim f(x) = L. We wish to prove that limaf(x) = aL.
Let € > 0 be given. €/|al is also a positive number. Since lim f(x) = L, we know there is a 6 > 0 such that [x — | < ¢

forces |f(x) — L| < €/lal. Suppose |x — ¢| < 6. laf(x) —al| = Iallf(x) —al| < |al(e/|a]) = €, so the rule is proven.
34. The Squeeze Theorem (Theorem 1 in Section 2.6)

SOLUTION Proof of the Squeeze Theorem. Suppose that (i) the inequalities 4(x) < f(x) < g(x) hold for all x near (but
not equal to) a and (ii) lim i(x) = limg(x) = L. Let € > 0 be given.

* By (i), there exists a ¢; > 0 such that 4(x) < f(x) < g(x) whenever 0 < |x —a| < ¢;.

» By (ii), there exist §, > 0 and 63 > 0 such that |a(x) — L| < € whenever 0 < |x — a| < §, and |g(x) — L| < € whenever
0<|x—al<6s.

« Choose 6 = min {61, d,,3}. Then whenever 0 < |x — a| < § we have L — € < h(x) £ f(x) < g(x) < L + €; that is,
|f(x) — L] < e. Since € was arbitrary, we conclude that llﬁ f(x)=L.

35. The Product Law [Theorem 1, part (iii) in Section 2.3]. Hint: Use the identity.
S0gx) — LM = (f(x) — L) g(x) + L(g(x) — M)

SOLUTION Before we can prove the Product Law, we need to establish one preliminary result. We are given that
lim,,. g(x) = M. Consequently, if we set € = 1, then the definition of a limit guarantees the existence of a 6; > 0
such that whenever 0 < |x — ¢| < d1, |g(x) — M| < 1. Applying the inequality |g(x)| — |M| < |g(x) — M|, it follows that
lg(x)| < 1 + |M|. In other words, because lim,_,. g(x) = M, there exists a 6; > 0 such that [g(x)| < 1 + |M| whenever
0<|x—c|<d.

We can now prove the Product Law. Let € > 0. As proven above, because lim,_,. g(x) = M, there exists a §; > 0 such
that |g(x)| < 1 + |M| whenever O < |x — ¢| < ;. Furthermore, by the definition of a limit, lim,_,. g(x) = M implies there
exists a §; > 0 such that |g(x) — M| < m whenever 0 < |x — ¢| < §,. We have included the “1+” in the denominator
to avoid division by zero in case L = 0. The reason for including the factor of 2 in the denominator will become clear
shortly. Finally, because lim,_,. f(x) = L, there exists a 63 > 0 such that |f(x) — L| < m whenever 0 < |x — ¢| < 63.
Now, let 6 = min(;, 62, 93). Then, for all x satisfying O < |x — ¢| < 6, we have

If(x)g(x) — LM| = |(f(x) = L)g(x) + L(g(x) — M)
< 1) = Llg(ol + L[ g(x) — M|

€ €
— M)+ L
<t MY
<E+E_
2727°€
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Hence,

lim f(x)g(x) = LM = lim f(x) - lim g(x)

36. Let f(x) = 1 if x is rational and f(x) = O if x is irrational. Prove that lim f(x) does not exist for any c. Hint: There

exist rational and irrational numbers arbitrarily close to any c.

SOLUTION Let ¢ be any number, and let 6 > 0 be an arbitrary small number. We will prove that there is an x such that
[x —c| <6, but|f(x) - f(c) > % ¢ must be either irrational or rational. If ¢ is rational, then f(c) = 1. Since the irrational
numbers are dense, there is at least one irrational number z such that |z — ¢| < 4. |f(z) — f(c)| =1 > %, so the function
is discontinuous at x = ¢. On the other hand, if ¢ is irrational, then there is a rational number ¢ such that |g — c| < 6.

lf(@—-fl=N1-0=1> %, so the function is discontinuous at x = c.
37. & Here is a function with strange continuity properties:

1 if x is the rational number p/q in

f =14 lowest terms

0  if x is an irrational number

(a) Show that f is discontinuous at c if ¢ is rational. Hint: There exist irrational numbers arbitrarily close to c.

(b) Show that f is continuous at c if ¢ is irrational. Hinz: Let I be the interval {x : |x — ¢| < 1}. Show that for any O > 0, /
contains at most finitely many fractions p/q with ¢ < Q. Conclude that there is a ¢ such that all fractions in {x : |x — ¢| < ¢}
have a denominator larger than Q.

SOLUTION

(a) Let ¢ be any rational number and suppose that, in lowest terms, ¢ = p/q, where p and g are integers. To prove the
discontinuity of f at ¢, we must show there is an € > 0 such that for any ¢ > O there is an x for which |x — ¢| < ¢, but

that |f(x) — f(c)] > €. Lete = i and 6 > 0. Since there is at least one irrational number between any two distinct real

numbers, there is some irrational x between ¢ and ¢ + 6. Hence, [x — ¢| < &, but [f(x) = f(O)| =10~ 1| = 7 > 5. = €.

(b) Let ¢ be irrational, let € > 0 be given, and let N > 0 be a prime integer sufficiently large so that % <e. Let ’;—l‘, e, %
be all rational numbers § in lowest terms such that |§ —c| < 1and g < N. Since N is finite, this is a finite list; hence, one

number gif in the list must be closest to c. Let § = %l% — c|. By construction, |% —c| > déforalli=1...m. Therefore, for

any rational number § such that |§ —¢c|<68,g>N,so0 é <r<e
Therefore, for any rational number x such that |x — ¢| < 6, [f(x) — f(c)| < €. |f(x) — f(c)| = O for any irrational
number x, so |x — ¢| < § implies that |f(x) — f(c)| < € for any number x.

38. & Write a formal definition of the following:
lim f(x) =L
SOLUTION lim f(x) = L if, for any € > 0, there exists an M > 0 such that |f(x) — L| < € whenever x > M.
X—00

39. & Write a formal definition of the following:

lim f(x) = oo

x—a

SOLUTION lim f(x) = oo if, for any M > 0, there exists a ¢ > 0 such that f(x) > M whenever 0 < |[x —a| < 6.
X—a

CHAPTER REVIEW EXERCISES

1. The position of a particle at time 7 (s) is s(f) = V> + 1 m. Compute its average velocity over [2, 5] and estimate its
instantaneous velocity at t = 2.

SOLUTION Let s(f) = V> + 1. The average velocity over [2, 5] is

s(55) - ;(2) _ ‘/%3‘ V5 ~ 0.954 m/s

From the data in the table below, we estimate that the instantaneous velocity at ¢ = 2 is approximately 0.894 m/s.

interval [1.9,2] [1.99,2] | [1.999,2] | [2,2.001] | [2,2.01] [2,2.1]
average ROC | 0.889769 | 0.893978 | 0.894382 | 0.894472 | 0.894873 | 0.898727
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2. A rock dropped from a state of rest at time ¢ = 0 on the planet Ginormon travels a distance s(f) = 15.2¢> m in ¢
seconds. Estimate the instantaneous velocity at ¢ = 5.

SOLUTION To estimate the instantaneous velocity at # = 5, we examine the following table.

time interval [4.99,5] | [4.999,5] | [4.9999,5] | [5,5.0001] | [5,5.001] | [5,5.01]
average velocity | 151.848 | 151.9848 | 151.99848 | 152.00152 | 152.0152 | 152.152

The instantaneous velocity at r = 5 is approximately 152.0 m/s.

3. For f(x) = V2x compute the slopes of the secant lines from 16 to each of 16 + 0.01, 16 + 0.001, 16 + 0.0001 and
use those values to estimate the slope of the tangent line at x = 16.

SOLUTION

x interval [15.99,16] | [15.999,16] | [15.9999,16] | [16,16.0001] | [16,16.001] | [16,16.01]
slope of secant | 0.176804 0.176779 0.176777 0.176776 0.176774 0.176749

The slope of the tangent line at ¢ = 16 is approximately 0.1768.

4. Show that the slope of the secant line for f(x) = x* — 2x over [5, x] is equal to x> + 5x + 23. Use this to estimate the
slope of the tangent line at x = 5.

SOLUTION Let f(x) = x> — 2x. The slope of the secant line over the interval [5, x] is

— 3 _ — - 2
fO-fO) _xm2x- 115 @@ A50+2D) _ n 5,0
x-5 x=5 x=5

provided x # 5. To estimate the slope of the tangent line at x = 5, examine the values in the table below.

X 4.99 4.999 4.9999 5.0001 5.001 5.01

slope of secant | 72.8501 | 72.985001 | 72.998500 | 73.001500 | 73.015001 | 73.1501

The slope of the tangent line at x = 5 is approximately 73.0.
In Exercises 5—10, estimate the limit numerically to two decimal places or state that the limit does not exist.

3
5. lim 1295
x—0 X

SOLUTION Let f(x) = 1—%@;% The data in the table below suggests that

1- 3
lim —% X 150

x—0 _x2

In constructing the table, we take advantage of the fact that f is an even function.

X +0.001 +0.01 +0.1
f(x) | 1.500000 | 1.499912 | 1.491275

(The exact value is %.)

6. lim x'/V

x—1

SOLUTION Let f(x) = x"/®~D. The data in the table below suggests that

limx"/* D ~ 272

x—1

X 0.9 0.99 0.999 1.001 1.01 1.1
f(x) | 2.867972 | 2.731999 | 2.719642 | 2.716924 | 2.704814 | 2.593742

(The exact value is e.)

-4
7. lim =
-2 X7 —
SOLUTION Let f(x) = ;;j. The data in the table below suggests that

X

lim
x—2 _x2 -

~ 1.69
4
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X 1.9 1.99 1.999 2.001 2.01 2.1
f(x) | 1.575461 | 1.680633 | 1.691888 | 1.694408 | 1.705836 | 1.828386

(The exact value is 1 +In2.)

x=2
8. i
824
SOLUTION Let f(x) = éﬁ’_ﬁ. The data in the table below suggests that
x—2
li ~ 0.36.
22r—4
X 1.9 1.99 1.999 2.001 2.01 2.1

f(x) | 037332 | 0.36193 | 0.36080 | 0.36055 | 0.35943 | 0.34832

(The exact value is 1

T2
7 3
9. li -—
xl—r>r11(1 -x l—x3)
SOLUTION Let f(x) = ;25 — =5 The data in the table below suggests that
7 3
li - ——1%2.00
VTII( 1-x7 1- )C3)
X 0.9 0.99 0.999 1.001 1.01 1.1

f(x) | 2347483 | 2.033498 | 2.003335 | 1.996668 | 1.966835 | 1.685059

(The exact value is 2.)

3*-9
10. lim ———
25725
SOLUTION Let f(x) = 25~ The data in the table below suggests that
li — ~0.24
i 5e g5 ¥ 0240
X 1.9 1.99 1.999 2.001 2.01 2.1

f(x) | 0.251950 | 0.246365 | 0.245801 | 0.245675 | 0.245110 | 0.239403

9 In3

(The exact value is 5z {=.

In Exercises 11-50, evaluate the limit if it exists. If not, determine whether the one-sided limits exist. For limits that don’t
exist indicate whether they can be expressed as “= —oco” or “= 00",

11. lin}(3 + 1%

SOLUTION  lim(3 + ) =3+Va=5

5-x%
12. i
N ax 47

SOLUTION lims_x2 _ oo _ 4
=l 4x+7 4D +7 11

13. lim i
-2 X3
SOLUTION li 4 4 !
im — = =—
x—-2 x3 (—2)3 2
2
14, lim S+l
x——1 x+1
32 +4x+ 1 3x+ Dx+1
SOLUTION lim o>+t 1 G D+ D Gra 1) =31+ 1= -2
x—-1 x+1 x—-1 x+1 x—-1

15. lim Vi-3

-9 f—
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-3 -3 1 1 1
SOLUTION lim Vi = lim Vi = lim = = -
29 1=9 9 (VE=3)(VE+3) 0 Vi+3 V943 6
16. lim 2122
x—3 x—3
SOLUTION
lim \/x+l—2_lim Vx+1-2 \/x+1+2_lim (x+1)-4
=3 x-3 =3 x-3 Vi+1+2 3 (x=3)(Vx+1+2)

1 1

= lim

1
=3 Vx+r 142 V3+l+2 4

3 _
17. lim = —%

-l X —

S - -Dx+1
SOLUTION lim *—% = fim X = D&+ 1)
-l x—1 xol x—1

2a + h)? - 2a

=limx(r+ 1) = 1(1+1) =2

18. lim

h—0
SOLUTION
2a+h)? - 2> 2a% + dah + 2h* — 2> i 144+ 20)

lim = lim =1l
h—0 h h—0 h h—0

= }lir%(4a +2h) =4a+2(0) =4a

19. Tim =%
1—9 \/;_3

SOLUTION As t — 9, the numerator r — 6 — 3 # 0 while the denominator vz — 3 — 0. Accordingly,

lim does not exist.

t—9 \/; -3
Similarly, the one-sided limits as t — 9~ and as r — 9* also do not exist. Let’s take a closer look at the limit as
t — 97. The numerator approaches a positive number while the denominator V7 —3 — 0~. We may therefore express
this one-sided limit as

-6
Vi-3

On the other hand, as t — 9%, the numerator approaches a positive number while the denominator \Vi-3 — 0%, so we
can express this one-sided limit as

lim
1—9-

Because one of the one-sided limits approaches —oo and the other approaches oo, the two-sided limit can be expressed
neither as “= —oc0” nor as “= c0”.

1-Vs2+1
20. lim — 0
5s—0 52
SOLUTION
Col=Vs2+1l . 1-WVs2+1 1+ Vs2+1 1-(s*+1)
lim > =lim > . =-lim—m——
5s—0 R} 5s—0 R} 1+ '\ISZ +1 s—0 52(1 + VSZ + 1)
. -1 -1 1
= lim = S
e Ve sl e vl 2
21. lim
x—-1t x+ 1

SOLUTION As x — —1%, the numerator remains constant at 1 # 0 while the denominator x + 1 — 0. Accordingly,

does not exist.

m
x—-1T X +

Taking a closer look at the denominator, we see that x + 1 — 0* as x —» —1". Because the numerator is also approaching
a positive number, we may express this limit as

lim =
x—-1* x + 1




104 CHAPTER 2 | LIMITS

2 4 Sy
2. lim 2222
y—1 6y* =5y +1

3y +5y -2 3y- Dy +2 2
SOLUTION Tim 2 TV =2 _ iy, QY= DO Dy, V42
=i 07 =5y+1 1 Gy-D@y-1) -1 2y-1

x> —2x

23. lim

-1 x—=1
SOLUTION As x — 1, the numerator x> — 2x — —1 # 0 while the denominator x — 1 — 0. Accordingly,

3

lim does not exist.
x—=1 X —

Similarly, the one-sided limits as x — 1~ and as x — 1" also do not exist. Let’s take a closer look at the limit as
x — 17. The numerator approaches a negative number while the denominator x — 1 — 0~. We may therefore express this
one-sided limit as

X —2x

lim =00
x—1- x—l

On the other hand, as x — 1%, the numerator approaches a negative number while the denominator x — 1 — 0%, so we
can express this one-sided limit as

X -2x
lim = —00
—l+ x—=1

Because one of the one-sided limits approaches —co and the other approaches oo, the two-sided limit can be expressed

neither as “= —o0” nor as “= co”.
2 2
24. lim a® —3ab +2b
a—b a— b
2 — 3ab + 2b? —b)a-2b
SOLUTION lim =% lim YDA 2D) by = b -2 = b
a—b a—>b a—b a—>b a—b
) 43x —4*

25

SOLUTION
A4 AW -1DE+ D)
lim = lim

=lim4*4 " +1)=1-2=2.
-0 4% —1 x—0 4x — 1 x—0

26. lim 05
6—0
SOLUTION
Jim S80S0 5y s
-0 @ -0 560
27. lim lJ
x—15 X
soLution lim |+ |= |- =]2|=0
wis| x| |15 3]
28. lim sec@
9—>%
SOLUTION  lim sec = sec% = V2
-7
z+3
29. lim ——
s 2+4z+43
SOLUTION lim —2>— = fim — 233y L =1
A2 14243 B +3)e+) Bzl 2

3 _ 2 -1
30, lim 4 raxr-1

x—1 x—1
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SOLUTION Using

x3—ax2+ax—1:(x—1)(x2+x+1)—ax(x—1):(x—1)(x2+x—ax+l)

we find
3 _ax? -1 “ D2 +x— 1
fim e rax=l o Dt xaxt D e e D
x—1 X — l x—1 X — 1 x—1
=12+1-a(l)+1=3-a
3_ 33
31. lim =
x—b X —
3-b —b)(x% + xb + b?
SOLUTION lim ~ i EZDOCH DA 02 b4 0P = B 4 b(b) + B = 30
x—b x—b x—b x—b x—b
32, 1im S
x—0 8in 3x
SOLUTION
sin4x _ 4 im sin4x 3x _ 4 ; sindx . 3x _ 4(1)(1)_ 4
x>0 sin3x 3 x-0 4x sin3x 3 x50 4x x-0sin3x 3 3
1 1
33. lim|— -
xli%(3x x(x+3))
SOLUTION lim = LIS DTRG0 ) ks SO W
—0\3x  x(x+3)] 0 3x(x+3)  03(x+3) 3(0+3) 9

34, lim 3
60— %

SOLUTION lim 3@ = gt/ — 31 — 3
94)%

. lx
35. lim u
x—0" X
SOLUTION For x sufficiently close to zero but negative, | x| = —1. Therefore, as x — 07, the numerator |[x] - -1 #0
while the denominator x — 0. Accordingly,
. .

lim ] does not exist.

-0 X
Taking a closer look at the denominator, we see that x — 0~ as x — 0~. Because the numerator is also approaching a
negative number, we may express this limit as

Lx]

lim — = o0
x—0" X

36. lim L
=0t X
SOLUTION For x sufficiently close to zero but positive, | x] = 0. Therefore,

0
lim m =lim -=0
-0t X x—0t X

37. lim fsec
0%
SOLUTION First note that
0
Osecd = —
cos @
As 6 — 7, the numerator § — 5 # 0 while the denominator cos 8 — 0. Accordingly,

. . 0 .
lim f#secd = lim —— does not exist.
0-2 4—Z COS
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Similarly, the one-sided limits as 6 — %~ and as § — %7 also do not exist. Let’s take a closer look at the limit as
6 — 3~. The numerator approaches a positive number while the denominator cos § — 0*. We may therefore express this

one-sided limit as

. . 6
lim fsecd = lim —— =
0% 6-1- cosf

On the other hand, as 6 — 57, the numerator approaches a positive number while the denominator cos§ — 07, so we

can express this one-sided limit as

lim fsecd = lim =
01+ 0—2* cos 0

—00

Because one of the one-sided limits approaches —co and the other approaches oo, the two-sided limit can be expressed
neither as “= —co” nor as “= c0”.

12
38. lim (sin —)
y—3 y

SOLUTION

o] e ()
1m | sin — =|sin = =|l— = -
LY 3 V3 V3

39, 1im <02
-0

SOLUTION As 6 — 0, the numerator cos # — 2 — —1 # 0 while the denominator § — 0. Accordingly,

. _cosf—2 .
lim ——— does not exist.
6—-0 0
Similarly, the one-sided limits as 8 — 0~ and as & — 0* also do not exist. Let’s take a closer look at the limit as § — 0~.
The numerator approaches a negative number while the denominator 6 — 0~. We may therefore express this one-sided
limit as

. cosf—2
lim — =
6—0~ 9

(0]

On the other hand, as 6 — 0%, the numerator approaches a negative number while the denominator § — 0*, so we can
express this one-sided limit as
. cosf—-2
lim — =
6—-0* 0

—00

Because one of the one-sided limits approaches —co and the other approaches oo, the two-sided limit can be expressed

neither as “= —oco” nor as “= co”.
40. 1l
xLIAILIB x—|x]
SOLUTION i ! ! ! 10
m = = — = —
43 x—|x] 43-143] 0.3 3

41. lim 2=

xo27 X —

SOLUTION As x — 27, the numerator x — 3 — —1 # 0 while the denominator x — 2 — 0. Accordingly,

. X — .
lim does not exist.
=2t X —

Taking a closer look at the denominator, we see that x —2 — 0~ as x — 2. Because the numerator is also approaching
a negative number, we may express this limit as

)
. sin“ ¢t
42. lim
-0 £
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SOLUTION First note that

sin’¢t  sinz sinz 1

T T
As t — 0, each factor of %‘” approaches 1; however, the numerator of the last factor remains constant at 1 # 0 while the
denominator of the last factor + — 0. Accordingly,
. sin’t .
lim — does not exist.
1—0 IS

Similarly, the one-sided limits as t — 0~ and as  — 0" also do not exist. Let’s take a closer look at the limit as t — 0.
The numerator of the last factor approaches a positive number while the denominator of the last factor r — 0~. We may
therefore express this one-sided limit as

sin® ¢ B

m 3 = —00
t—0-

On the other hand, as t — 0", the numerator of the last factor approaches a positive number while the denominator of the
last factor + — 0%, so we can express this one-sided limit as

sin® ¢
=0

-0t

Because one of the one-sided limits approaches —co and the other approaches oo, the two-sided limit can be expressed
neither as “= —00” nor as “= c0”.

1 1
43. lim | — - ——
Hl*(\/x—l Vx2 -1

SOLUTION First note that

1 B 1 B 1 Vx+1_ 1 _\/x+l—l
V-1 Vx2-1 Vx-1 vVx+1 Va2-1 Va2 -1

As x — 17, the numerator Vx + 1 — 1 — V2 — 1 # 0 while the denominator Vx2 — 1 — 0. Accordingly,

1 1
lim -
a( o1 Vel

Taking a closer look at the denominator, we see that Vx> — 1 — 0% as x — 17. Because the numerator is also approaching
a positive number, we may express this limit as

) does not exist.

1 1
lim _—
H”(Vx—l xz—l)

=

44. lim V2#(cost— 1)

n
—%

SOLUTION

lim \/2_t(cost— 1) = lim \/2_t-lim(cost— 1= \/7_T(cos7—2r - 1) = -+
=3 =5 =%

45. lim tan x
x— %

SOLUTION First note that

sin x

tan x =
CcOs X
.y

As x — 7, the numerator sin x — 1 # 0 while the denominator cos x — 0. Accordingly,

. . sinx .
lim tan x = lim does not exist.
x— ’21 x—>% COS x

- T+

Similarly, the one-sided limits as x — 7~ and as x — 7" also do not exist. Let’s take a closer look at the limit as
x — 3°. The numerator approaches a positive number while the denominator cos x — 0*. We may therefore express this
one-sided limit as
. . sinx
lim tanx = lim
Xk X% COSX
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On the other hand, as x — ’2—”, the numerator approaches a positive number while the denominator cos x — 07, so we

can express this one-sided limit as

. . sinx
lim tanx = lim = —c0
X—>%+ x—»%*’ COS x

Because one of the one-sided limits approaches —co and the other approaches oo, the two-sided limit can be expressed
neither as “= —oco” nor as “= co0”.

=

46. lim cos 7

SOLUTION Ast— 0, } grows without bound and cos(}) oscillates faster and faster. Consequently,

. 1 .
lim cos (—) does not exist.
t—0 t

Similarly, the one-sided limits as t+ — 0~ and as + — 0% also do not exist. None of these limits can be expressed as

“= _0o” or as “= co”.

1
47. lim Vrcos -
-0+ t

SOLUTION Forz > 0,
1
—1 < cos (7) <1

-V < \Gcos(;)s Vi

SO

Because
lim - V¢ = lim Vr=0
1—0* 1—0*

it follows from the Squeeze Theorem that

lim \/;cos(l) =0
t—0+ t

x* =24
48. lim ———
rigl* x2 -25
SOLUTION As x — 5%, the numerator x*> — 24 — 1 # 0 while the denominator x*> — 25 — 0. Accordingly,
x> 24

lim —— does not exist.
xo5t x2 =25

Taking a closer look at the denominator, we see that x> — 25 — 0" as x — 5*. Because the numerator is also approaching
a positive number, we may express this limit as
X2 -24
im =00
x5t x2 =25

. cosx—1
49. lim ———
-0 SInx
SOLUTION
. cosx—1 . cosx—1 cosx+1 . —sin® x . sin x 0
lim — = lim — . = lim — =—-lim——=—-———=0
-0 sinx -0 sinx cosx+1 x-0sinx(cosx+ 1) x-0 cos x + 1 1+1
. tan6 —sin6
50. lim —
6-0 sin” 6
SOLUTION
. tanf —sin6 . secf-1 . secH—1 secH+1 . tan® 0
lim — =lim ——— =lim ———- =lim —
6-0  sin° 6-0  sin* 6 -0 gsin*@ secd+1  6-0sin*G(sech + 1)
sec’0 1 1

=lim—mo2m = —— =
t0secO+1 141 2
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51. Find the left- and right-hand limits of the function f in Figure 1 at x = 0,2,4. State whether f is left- or right-
continuous (or both) at these points.

FIGURE 1

SOLUTION According to the graph of f(x),
Jim )=l f9 = 1
Jim 109 = Jim 1) =
fim )= ==
Jim 1) = o

The function is both left- and right-continuous at x = 0 and neither left- nor right-continuous at x = 2 and x = 4.

52. Sketch the graph of a function f such that
(a) lir? fx) =1, lirgl+ fx)=3
(b) lini f(x) exists but does not equal f(4).

SOLUTION

53. Graph & and describe the discontinuity:

2% forx <0
h(x) = -
*) {x‘”2 for x > 0

Is h left- or right-continuous?

SOLUTION The graph of A(x) is shown below. At x = 0, the function has an infinite discontinuity but is left-continuous.

54. Sketch the graph of a function g such that

.lin; g(x) = oo, ling+ g(x) = —oo, ljni g(x) =
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SOLUTION

55. Find the points of discontinuity of

cos(n—zx) for x| < 1

g(x) =
[x—1| for |x| > 1

Determine the type of discontinuity and whether g is left- or right-continuous.

SOLUTION First note that cos (’%‘) is continuous for —1 < x < 1 and that |x — 1] is continuous for x < —1 and for x > 1.
Thus, the only points at which g(x) might be discontinuous are x = +1. At x = 1, we have

liIE glx) = 111‘{1 cos(%) = cos(i—r) =0

2
and
lirﬂg(x) = lirﬂ|x— II=]1-1=0

so g(x) is continuous at x = 1. On the other hand, at x = —1,

. . X by

im0 = fim cos(5) = eon[5) =0

and

lim g(x) = 1in} x-1=]-1-1=2

x—-1" x—>-1"
so g(x) has a jump discontinuity at x = —1. Since g(—1) = 2, g(x) is left-continuous at x = —1.

56. Find a constant b such that 4 is continuous at x = 2, where

x+1 for|x] <2
hoy =477
b—x= for|x|>2

With this choice of b, find all points of discontinuity.

SOLUTION To make h(x) continuous at x = 2, we must have the two one-sided limits as x approaches 2 be equal. With
lim A(x) = lim(x+1)=2+1=3
x—>27 x—27
and
lim A(x) = lim(b-x*) =b—4
x—2+ x—2*
it follows that we must choose b = 7. Because x + 1 is continuous for =2 < x < 2 and 7 — x? is continuous for x < —2
and for x > 2, the only possible point of discontinuity is x = —2. At x = -2,
lirrzl+ h(x) = lin‘21+(x+ H=-2+1=-1
and
lim h(x) = lim (7 - ¥)=7-(-2=3
s0 h(x) has a jump discontinuity at x = —2.

In Exercises 57-64, find the horizontal asymptotes of the function by computing the limits at infinity.

9x* -4
57. f(x) = m



SOLUTION Because

and

. 9x?
it follows that the graph of y = ———

X2 = 3x*
x—1
SOLUTION Because

58. f(x) =

and

2
it follows that the graph of y = al

8u-3
V16u? + 6

SOLUTION Because

59. f(u) =

and

it follows that the graph of y =
2u® -1

60. f(u)=
V6 + ut

SOLUTION Because

and

it follows that the graph of y =

3x%3 4+ 9537
6L f() = S

SOLUTION Because

and

it follows that the graph of y =

Chapter Review Exercises

ox* -4

2x2 —x

9-4/% 9

1i = fim —* =2
! R

xX——00

_4 9
has a horizontal asymptote of y = —.
2x2 - x 2

i x2 = 3x* i x-3x°
m = lim = —
X—00 X — X—00 ] — ]/x

X2 =3 Cox=3x

lim = lim = o0
x—o-o00 x—1 xa—ool—l/_x

—3x*

does not have any horizontal asymptotes.

lim —%=3 o _ 8 _,
oo e +6 = \16+6/u> V16
. 8u—-3 . 8-3/u 8
lim ———— = lim = =2
o NG + 6 e —\[16+ 6/ - V16
_Bu=3 has horizontal asymptotes of y = +2
View? + 6 o
fim 202 g 22U 2
R N S ]
ol -1 . 2—1/u? 2
lim = lim = =2
N N e 1

2 _

- has a horizontal asymptote of y = 2.
6+u

3x%3 + 9537

3x—2/15 +9x—13/35
m —-———— —_— =
w0 TS5 — A4y 173

= m 7 _ 417715

X—00

3523 1 937 3x2/15 4 9y13/35

XI_I,IPDO TxH5 — 4x-13 7 — 4x-17/15

3x23 4 9537 .
5 has a horizontal asymptote of y = 0.

X——00

xS — 4x

111
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PIVEIPS VK
62. f(r) = TEY=TE

SOLUTION Because

i (B _ 13 L 1 — 2B 1 |
tom (1=t )B e (I— 2B 115
and
i M1 i -3 .
e (t—HB~ am A=-r2B 1B
A3 _ 413
it follows that the graph of y = m has a horizontal asymptote of y = 1.
63. f(r) = %
SOLUTION Because lim 2’ = 0 and lim 2’ = oo, it follows that
t——c0 t—o00
17 17 17
li =—=17 d lim——=0
A T+20 T 140 R g
17 .
The graph of y = T+ has horizontal asymptotes of y = 17 and y = 0.
64. g(x) = %
SOLUTION Because
li 6 6 d 1 0
im — = —— = an im =
x—-00 | — 32-" 1-0 x—oo0 | — 32)‘

it follows that the graph of y = 17‘? has horizontal asymptotes of y = 6 and y = 0.
65. Calculate (a)—(d), assuming that

lin} f(x) =6, lir131 gx)=4

(@) lim(f(x) - 2g(x) (b) lim * f(x)
© tim L0 (@ im0 - ¢(0")
SOLUTION

@ Lm(f(x) - 2g(x) = lim f(x) = 2lim g(x) = 6 — 2(4) = -2
(b) lim X f(x) = lim X lim f(x) = 32.6=>54

© tim L@ __limesf@ 6 6 _6

o5 g(x) +x limes(g(0) + 1) limsg(x) +lim,sx  4+3 7
3 3/2
(@ Time)* - g0 = 2(limg(0) - (limen) =264 - 47 = 120

66. Assume that the following limits exist:
A = lim f(x), B = lim g(x), L =lim ——
X—a X—a A

Prove that if L = 1, then A = B. Hint: You cannot use the Quotient Law if B = 0, so apply the Product Law to L and B
instead.

SOLUTION Suppose the limits A, B, and L all exist and L = 1. Then

B=B-1=B-L=Ilimg(x)- limM = limg(x)@ =limf(x)=A
x—a x—a g(x) x—a g(_x) x—a

67. & In the notation of Exercise 66, give an example where L exists but neither A nor B exists.

SOLUTION Suppose

1
= — d [ —
f=rmas ad g =
Then, neither A nor B exists, but

L = lim M
)—5

=lim(x —a)* =0
xX—a (x —d xX—a
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68. True or false?
(a) If ling f(x) exists, then lin} f(x) = f(3).

(b) Iflimo @ =1, then f(0) = 0.
1 1
(¢) If lim f(x) =8, then lim o
d If lirg f(x) =4and lir?_ f(x) =8, then lirrslf(x) =6.
(e) If ling @ =1, then lir%f(x) =0.
x— X X—

(f) If lim £(x) = 2, then lim f(x)?* =8.

SOLUTION
(a) False. The limit 1irr31 f(x) may exist and need not equal f(3). The limit is equal to f(3) if f(x) is continuous at x = 3.

(b) False. The value of the limit lxlfé @ = 1 does not depend on the value f(0), so f(0) can have any value.
(¢) True, by the Limit Laws.

(d) False. If the two one-sided limits are not equal, then the two-sided limit does not exist.

(e) True. Apply the Product Law to the functions @ and x.

(f) True, by the Limit Laws. !

69. & Let f(x) = |_1J, where | x] is the greatest integer function. Show that for x # 0,

1 1 1
——l<{— < -
X

X X

Then use the Squeeze Theorem to prove that

1
lim x {—J =1
x—0 X
Hint: Treat the one-sided limits separately.

SOLUTION Lety be any real number. From the definition of the greatest integer function, it follows thaty — 1 < [y] <y,
with equality holding if and only if y is an integer. If x # 0, then i is a real number, so

1 {1 J 1
—-—-l<|=|<=
X x| x
Upon multiplying this inequality through by x, we find
1
l-x<x {—J <1
X
Because
1 =) = lig 1 = 1

it follows from the Squeeze Theorem that

1
limx{—J =1
x—0 X

70. Let r; and r, be the roots of f(x) = ax®> — 2x + 20. Observe that f “approaches” the linear function L(x) = —2x + 20
as a — 0. Because r = 10 is the unique root of L, we might expect one of the roots of f to approach 10 as a — 0 (Figure
2). Prove that the roots can be labeled so that limr; = 10 and lim r, = co.

a—0 a—0

Root tends to co
asa—0

200 Root

near 10

=200

y=-2x+20

FIGURE 2 Graphs of f(x) = ax® — 2x + 20.
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SOLUTION Using the quadratic formula, we find that the roots of the quadratic polynomial f(x) = ax?* — 2x + 20 are

2+ V4-80a 1= VI-20a 20

2a a 1+ V1I-20a
Now let
20 20
r1:—1+m and rz:—l—\/m
It is straightforward to calculate that
lim ry :limL 20 =10

=0 a0 14 VT-20a 2

and that

20
limr, = lim

e ——,
a=0 =0 1 — V1 = 20a

as desired.

71. Use the IVT to prove that the curves y = x> and y = cos x intersect.

SOLUTION Let f(x) = x*> — cos x. Note that any root of f(x) corresponds to a point of intersection between the curves

y = x? and y = cosx. Now, f(x) is continuous over the interval [0, 2], f(0) = —1 < 0 and f3) = é > (. Therefore,

by the Intermediate Value Theorem, there exists a ¢ € (0, Z) such that f(c) = 0; consequently, the curves y = x> and
y = cos x intersect.

xX2+2

72. Use the IVT to prove that f(x) = x> — ———— has a root in the interval [0, 2].
CcosS X+ 2

2 . . .
SOLUTION Let f(x) = - C;‘s ﬁz Because cos x + 2 is never zero, f(x) is continuous for all real numbers. Because

f(0)=-=<0 and f(2)=8 ~421>0

2 —
3 cos2+2

the Intermediate Value Theorem guarantees there exists a ¢ € (0, 2) such that f(c) = 0.

73. Use the IVT to show that 2" = x has a solution on O, 1).

SOLUTION Let f(x) = 2~ — x. Observe that f is continuous on [0, 1] with £(0) =2°—=0=1>0and f(1) =21 -1 <
0. Therefore, the IVT guarantees there exists a ¢ € (0, 1) such that f(c) = 27 _¢c=0.

74. Use the Bisection Method to locate a solution of x> — 7 = 0 to two decimal places.

SOLUTION Let f(x) = x*> — 7. By trial and error, we find that f(2.6) = —0.24 < 0 and f(2.7) = 0.29 > 0. Because
f(x) is continuous on [2.6,2.7], it follows from the Intermediate Value Theorem that f(x) has a root on (2.6,2.7). We
approximate the root by the midpoint of the interval: x = 2.65. Now, f(2.65) = 0.0225 > 0. Because f(2.6) and f(2.65)
are of opposite sign, the root must lie on (2.6, 2.65). The midpoint of this interval is x = 2.625 and f(2.625) < 0; hence,
the root must be on the interval (2.625, 2.65). Continuing in this fashion, we construct the following sequence of intervals
and midpoints.

interval midpoint
(2.625,2.65) 2.6375
(2.6375,2.65) 2.64375
(2.64375,2.65) 2.646875
(2.64375,2.646875) 2.6453125
(2.6453125,2.646875) | 2.64609375

At this point, we note that, to two decimal places, one root of x2 =7 =0is 2.65.

75. & Give an example of a (discontinuous) function that does not satisfy the conclusion of the IVT on [-1, 1].
Then show that the function

1
sin— x#0
flo) = x
0 x=0

satisfies the conclusion of the IVT on every interval [—a, a].
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SOLUTION Let g(x) = |x]. This function is discontinuous on [—1, 1] with g(—1) = —1 and g(1) = 1. Forall ¢ € (-1, 1),
¢ # 0, there is no x such that g(x) = c; thus, g(x) does not satisfy the conclusion of the Intermediate Value Theorem on
[-1,1].

Now, let

sin(1) forx#0
o009
0 forx =0

and let a > 0. On the interval

e[ a ac[ 1
S l25 22 @a

% runs from % to % + 2, so the sine function covers one full period and clearly takes on every value from —sin a through
sina.

1
76. Let f(X) = m
lx—2|

(a) Show that if |x — 2| < 1, then |f(x) - % < I Hint: Observe that if |[x — 2| < 1, then [4(x + 2)| > 12.

(b) Find 6 > 0 such that if |x — 2| < &, then | f(x) — 1| < 0.01.
(c) Prove rigorously that 11rr21 f(x) = zlr

SOLUTION
(a) Let f(x) = —5. Then

o -

1 _1‘_'4—(“2)’_ Ix —2|
x+2 47| 4x+2) | 4x+2)

Iflx-2|<1,thenl <x<3,s03 <x+2<5and 12 < 4(x + 2) < 20. Hence,

1 1 1 |x=2
Ao+ 12 and ‘f(x)_ 4‘ RRST)
(b) If |x — 2| < 6, then by part (a),
1| 6
f(x) - Z‘ <5

Choosing § = 0.12 will then guarantee that | f(x) — %I < 0.01.
(c) Let € > 0 and take 6 = min{1, 12¢}. Then, whenever |x — 2| < 6,

1
‘f(x)_Z“ x+2 4T a2 12 T2

1 1‘_ - k-2 _3

77. \GU|  Plot the function f(x) = x'3. Use the zoom feature to find a § > 0 such that if |x — 8| < &, then |x'/3 - 2| <
0.05.

SOLUTION The graphs of y = f(x) = x'/? and the horizontal lines y = 1.95 and y = 2.05 are shown below. From this
plot, we see that § = 0.55 guarantees that whenever |x — 8| < ¢, then |x!/® — 2| < 0.05.

y

2.05

2.00 1+ A

1.95

1.90 X
70 75 80 85

78. Use the fact that f(x) = 2* is increasing to find a value of § such that [2* — §| < 0.001 if |x — 2| < §. Hint: Find c,
and ¢, such that 7.999 < f(c;) < f(c2) < 8.001.

SOLUTION From the graph below, we see that
7.999 < £(2.99985) < f(3.00015) < 8.001

Thus, with § = 0.00015, it follows that [2* — 8| < 0.001 whenever 0 < |x — 3| < 6.
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8.002 g
8.001 =3
8.000 g
7.999
79971 A

X
2.9996 3.0 3.0004

79. Prove rigorously that lim1(4 + 8x) = —4.
SOLUTION Let € > 0 and take 6 = €/8. Then, whenever |x — (=1)| = |x + 1| < 6,

[f(x)— (D =14+8x+4=8x+1| <8 =¢€

80. Prove rigorously that ling(x2 - x)=06.

SOLUTION Let € > 0 and take § = min{1, €/6}. Because ¢ < 1, |x — 3| < & guarantees |x + 2| < 6. Therefore, whenever
lx=3| <4,

f(x) =6l = x> —x—6|=|x=3||lx+2| < 6lx-3] <65 <e



